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Abstract

Large interferometersare currently under constructionfor the detectionof
gravitationalradiation. Thesewill containa numberof optical surfacesat each
of which the relative phaseof incidentbeamsmustbe kept strictly controlledin

order to achievehigh sensitivity.

Thetypeof interferometeconsideredhereconsistof two Fabry-Perotavities
illuminatedby a laserbeamwhich is split in half by a beamsplitter, togethermwith
a recycling mirror betweenthe laserand the beamsplitter, which reflectslight
returningfrom the beamsplitter towardthe laserbackinto the interferometer.A
schemdor sensingdeviationsfrom properinterferencehasbeenanalyzedandthe
adequacyof this methodfor incorporationin a control systemhasbeenevaluated.
The sensingschemeinvolves phasemodulatingthe laser light incident on the
interferometerintroducinganasymmetryin thedistancedetweerthe Fabry-Perot
cavitiesandthe beamsplitter, and demodulatingthe signalsfrom photodetectors
monitoring three optical outputs of the interferometer. These optical outputs
are light returningto the laser, light extractedby a pick-off from betweenthe
recyclingmirror andthe beamsplitter, andlight leavingthe interferometerat the

beam splitter.

The analysishas shown that the matrix of transfer functions from mirror

displacemento demodulatedsignal is ill-conditioned, that as many as three of



the transferfunctions may containright half plane zeros,and that one of these
transferfunctionscan be affectedby the modulationdepth. The performanceof
the closed-loopsystem however,neednot be significantlyaffected,providedthat
certainconstraintsare observedn the optical and electronicdesign.

A table-topinterferometehasbeenconstructedio demonstrat¢he feasibility
of constructinga control systemusing this sensingschemeand to comparethe
responsef theinterferometewith thatpredictedby calculations.Goodagreement

betweenthe experimentand the calculationhasbeenobtained.
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Chapter 1 Introduction

In the year 1915, Albert Einstein publisheda theory which he called the
Generaltheory of Relativity. This theory interpretsthe force of gravity as a
distortion of spaceand time producedby objectswith mass. The theory also
predictsthat wave-like distortionsof spaceandtime be ableto propagateacross
the universe,in a fashionsimilar to the propagationof electromagnetiavaves.
Thesewaveswould be producedby acceleratingnass,much as electromagnetic
wavesare producedby acceleratingchage. The direct detectionof thesewaves
would providea strongconfirmationof Einstein’stheory. Their observatiorwith
good signal-to-noiseratio could provide a wealth of new information aboutthe
universe,sincemostanticipatedsourcesof gravitationalradiationare difficult to

observeoptically.

Although the Generaltheory of Relativity is conceptuallyquite subtle, the
effect of gravitationalwaveson detectorsis simple: they producea fluctuating
shearstraintransverseo the directionof propagation.This is shownin Fig. 1.1
for a gravitationalwave propagatinghorizontally througha humanbeing. Also
visible from the sizeof the effect indicatedon this figureis the fact thata human

beingis not nearly sensitiveenoughto detectgravitationalwavesdirectly.

The sizeshownis the rms amplitudeof gravitationalwavesexpectedvith a meanfrequencyof threetimesperyear

in burstsfrom coalescingcompactbinaries.
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Figurel1.1 Effectthata horizontally propagatinggravitationalwave might haveon a humanbeing.
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Thefactthatthewaveproducesa transversehearstrainmakesthe Michelson
interferometer(Fig. 1.2) an obvious candidatefor a detectorand in fact early
detectorausedthis configuratiod-?. Interferometersurrentlybeingdevelopedor
LIGO (Laser InterferometerGravitationalObservator§) will be variants(to be

describedbelow) of the Michelsoninterferometer.

If thedetectoris operatedvith themirrorspositionedsothattheantisymmetric

outputis dark thena displacemenof \/4 (about125 nanometerg$or greenlight)
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of either of the backmirrors PB and IB will causethe intensity at the outputto
changeto full brightness.One easyway to increasethe sensitivity is to increase
the length of the arms. The plannedLIGO detectorswill havearmsthat are 4
km long. Sincethe gravitationalwave strainsspace stretchingit in onedirection
andcompressingt in the orthogonaldirection,the changein lengthof anarmis

equalto the size of the straintimesthe initial length of the arm.

Anotherway to increasethe sensitivity of the detectoris to havethe light in
eacharm reflect severaltimesfrom eachbackmirror. This canbe accomplished
by using an optical delay line*, wherethe light strikesthe mirror in a different
spoton eachtraversalof the arm, or by using a “Fabry-Perot’resonantcavity,
wherelight from many traversalsinterferesin a single spot on eachmirror. In
initial LIGO detectorsthe Fabry-Perotresonatorgor “arm cavities”) are formed
by inserting partially transmitting“front” mirrors PF and IF betweenthe beam
splitter and the back mirrors, as shownin Figure 1.3. Sucha cavity is said to
be resonantwhen light enteringthrough the partially transmittingfront mirror
interferesconstructivelywith light traveling back and forth inside the resonator.
Nearresonancéhe phaseof thelight returningfrom theresonatoris very sensitive
to the length of the resonatorandthe effect of the small displacemenproduced

by a gravitationalwave on the intensity at the outputis magnified.

Larger signals can also be obtained by increasingthe amount of power
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Figure 1.3 Interferometerwith Fabry-Perotarms.
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incident on the beamsplittef. This is accomplishedjn a techniquereferred
to as“power recycling,’® by insertinga (partially transmitting)‘recycling mirror”
R betweerthelaserandthe beamsplitterasshownin Figurel.4. If light returning
from the armsto the beamsplitter interferesdestructivelyin the direction of the
photodetectorthenby enegy conservatiorthe light mustinterfereconstructively
in the direction of the laser. The recycling mirror allows this light to be reused.
To do so, therecyclingmirror mustbe placedsothatthelight it reflectsbackinto
the interferometelinterferesconstructivelywith freshlight transmittedthroughit
from the laser.

This work addresseswo problemsthat exist with the simple interferometric
detectoroutlined thus far. The first problemis that the intensity at the output
is minimum in the absenceof a gravitationalwave and increasesvhen a grav-

itational wave distortsthe armsin either direction. By symmetry,the signalis

A more preciseway to statethe advantageobtainedthusis to note that the signalto shotnoiseratio is improved.

We will discussthis in moredetail in chapter7.



at besta quadraticfunction of the gravitational-waveinduced distortion; thus

Xpp arethe displacementsf the two back mirrors, asshownin Figure1.4.

structuresufficiently stiff andthermally stableto hold the mirrorsin the locations
wherethe interferenceconditionsare satisfied. (Thereare four suchinterference
conditions,one for eachoptical surfacewhereinterferencetakesplace: the two
front mirrors, the beamsplitter, andthe recyclingmirror.) In practice the mirrors
areindividually suspendedrom wires (Figure 1.5)" in orderto attenuateseismic
noise which would otherwiseshakethe mirrors, imitating gravitationalwaves.

While thesepassivesuspensionseduceseismicnoiseat higherfrequenciesthey

5

Figure 1.4 Interferometerwith power recycling.
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T XrnoXs) = 0, where, is the signal from the photodetectorand X;p and

The secondproblemis that it is virtually impossibleto build a mechanical

can amplify low-frequencyseismicnoise.

+

Drawing courtesyof Aaron Gillespie.
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Figure 1.5 Interferometer, showing mirror suspensions.
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One way to keep the interferometer resonating is to implement some sort
of sensing scheme which produces signals corresponding to the deviations from
perfect interference, and to use these signals to feed back to the positions of the

mirrors and to the laser frequency, in order to cancel any such deviations.

In 1991 S. Whitcomb suggested that the following scheme”8°, illustrated in
Figure 1.6, would accomplish this task. The phase of the laser light is modulated
at aradio frequency (“RF’), typically on the order of 10 MHz (we will use 12.5
MHz in examples throughout this text). The effect of this modulation is to impose
two sidebands on the light, one at 12.5 MHz above the optical “carrier” frequency
and one at 12.5 MHz below the carrier. The arm cavity lengths are chosen so that
the sidebands do not resonate in the arms, the “in-line” cavity is placed farther

from the beam splitter than the “perpendicular” cavity by adistance iy — [p = 6,
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and the “average recycling cavity length” # is arranged to be” \,,,q/4 Where
Amod 1S the modulation wavelength ;00 = ¢/ finoa (@8Nd fr04 iS the modulation
frequency). The effect of these choices of lengths is to allow both the carrier and
the sidebands to resonate in the recycling cavity, and to allow sideband light to be
transmitted to the antisymmetric port while that port remains dark for the carrier.
When the interferometer is distorted by a gravitational wave, some carrier light
exits the antisymmetric port, where it beats against the sidebands. This light is

detected and demodulated with a mixer (circled “x” in Figure 1.6).

Figure 1.6 Signal extraction scheme.

Lp
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An average length of (n + ) 2mod for any integral n will work.
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The insertionof a pick-off* into the recycling cavity and an isolator between
the phasemodulatorandthe recyclingmirror’ produceswo moreoptical outputs,
eachof which canbe demodulatedising eitherthe inphasemodulatingsignal“I”
or the quadraturgphasesignal“Q”, asshownin Figure 1.6. Four of the signals
obtainedthis way* (labelledv; throughwv, in Figure 1.6) can then be fed back
asshownin Figure 1.7. The inphasesignal from the isolatoris fed backto the
laser frequency. The quadraturephasesignal at the isolator is fed back to all
four of the arm cavity mirrors in proportionsuchthat/; and/p are changedoy
equaland oppositeamounts.The inphasesignal from the pick-off is fed backto
therecyclingmirror, andthe quadraturgohasesignalfrom the antisymmetricport
is fed backin equaland oppositeamountsto the two arm cavity back mirrors.
Other feedbackconfigurationsare also possible;someof theseare discussedn

Appendix C.

This pick-off neednot be a separateptical element. From example the anti-reflection-coatedurfaceof the beam
splitter might be usableif it facesthe recyclingmirror. Evenif this surfacefacesaway from the recycling mirror, useful

signalsarelikely to be availablein the light reflectedat this surface. This latter situationhasnot beenanalyzedin detail.

T In addition,LIGO will havea passiveopticalfilter, sometime<alleda “modecleaner,installedbetweertheisolator
andthe recyclingmirror. This filter will be transparento the carrierandthe RF sidebandsandits effect is irrelevantfor

mostof the issuesaddressedhere.

¥ The quadraturephasesignal at the pick-off containsthe sameinformation as the quadraturephasesignal at the
isolator, but generallywith lower signal-to-noiseratio. Thereis in addition an optical output availableat the other side
of the pick-off (sincelight propagatesn both directionsin the recycling cavity); this output containsvirtually identical
signalsto the outputshown. Some(generallysmall) improvementdn someof the signalsare possibleby mixing down

the signalsfrom all of the optical outputsin both phasesandtaking appropriatdinear combinations.
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Figure 1.7 Feedbackcorfiguration.
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Let usrestatein greaterdetail the problemto be solved. We will concentrate
on the problemof keepingthe above-mentionethterferenceconditionssatidied,
and show along the way that the configurationdescribedhere also meetsthe
requirementof producinga gravitational wave signal. For each interference
condition,we mustexaminethe consequencef allowing small errors,sothatwe
can determinethe deviationsfrom eachcondition that can be toleratedwithout
significantly degradingthe sensitivity of the detector. This issueis examinedin

Appendix B; the resultsare summarizedbelow.

A constrainton the cavity lengthsis dueto the fact that if the arm cavities
deviatefrom resonancen the samedirection, the phaseof the light returningto
therecyclingmirror will change.Thiswould degraddhe constructiventerference

betweenlight reflectedthereand light enteringfrom the laser. This setsa limit
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of 6 x 10~13m to the common-mode-displacemeat the cavity back mirrors, or

equivalently,a limit on the common-modearm cavity phasé
dy <3x107° (radians) 1.1)
®. is definedasthe sum of the arm cavity round-trip phasek
O, =601+ 6Ppy (1.2)

The condition on the phaseof light returningto the recycling mirror also

constrainsthe common-modeecycling cavity phase,suchthat

¢+ =0dr0+09po
(1.3)
< 0.01
(Where¢10 = 2kolr — 2¢Guny and ¢P0 = 2kolp — 2¢Guoy)'
If the arm cavities deviatefrom resonancen oppositedirections,then the

destructiveinterferenceat the antisymmetricport could be disturbed,allowing

excesslight to hit the photodetectdr This setsa condition on the differential

We will seethat using differential and common-modecombinationsof phasess more convenientthan using the
individual phaseghemselves.

U Theround-tripphaseis the phasechangethe light accumulatedn travelling twice the lengthof the cavity, including

the Guoy phase,which is a phased€ficit due to the fact that the laser beam has a finite diameter. For example
@70 = 2koL1 — 20Gouy, Whereky = 2w/Xo is the wave numberof the light. It will generallybe more useful
for usto work with theseround-trip phaseghanwith the distanceshetweenadjacentmirrors. We usethe subscript0 to

identify quantitiesrelatedto the carrier; later we will usethe subscriptsl and—1 for the upperandlower RF sidebands.

¥ Excesdlight on the photodetectorepresentsin unnecessarioss of light from the interferometemwhich reduceghe

optical efficiency and generatesdditionalshotnoise.
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changein arm cavity phases:

D 56@]0—5@1?0
1.4
<5 x1074

The requirementabove, to keep excesslight from the antisymmetricport

photodetectoralso constrainghe differential recycling cavity phase suchthat

b_ =odr0—00pPo
(1.5)
<6x1072

In thefollowing chaptersve will investigatehebehaviorof theinterferometer
output signalsin responseto motion of the mirrors and changesin the laser
frequency.This detailedcharacterizations necessaryor the designandanalysis
of a control system. Thereare two partsto this analysis: an analytic approach
in which approximationsare madeand relatively simple expressionglescribing
the interferometeresponsere derived,and a numericalapproachwithin which
the approximationsare less significantand which thereforecan be usedto test
the validity of the approximationsnadein the analyticderivations.The value of
the analyticderivationis thatit more clearly expressesiow the choiceof certain
optical parameters theinterferometefsuchasmirror reflectivitiesandpositions)
affects critical aspectsof the behaviorof the instrument. For example,we will
seethat if the asymmetrys is chosento be too large, the responseof v, to ¢4+
containsa right-half-plane-zerowhich compromisegontrol systemperformance.
This sort of conclusioncan be derived from numericalmodelsonly through a

tediousexplorationof parametesspaceandthe useof inductive assumptions.
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On the other hand, someaccuracyhas beensacrficed in the derivation of
the analytic model. Our goal will be to derive expressionshich are accurate
to 10% over the rangeof frequenciesin which the servosfeeding back to the
mirror positionsare active. It is for honing thesepredictionsthat the numerical

models are useful.

The LIGO interferometersare not yet sufficiently well specifiedto merit a
detailednumericalanalysisand control systemdesign. Nonethelessthe exercise
of analyzinga possibleinterferometerand designinga control systemfor it is
useful, and will give insight toward a final design. A set of possibleoptical
parametersor a LIGO interferometeris listed in Table 1.1. We will apply
our analytic resultsand our numericalmodel to this interferometerto explore
its behavior,and then we will designa control systemaroundit, to meetthe

specificationdisted above.

It is virtually certainthat neitherthe optical parametersior the specfications
will remain unchangedbetweenthe time of this writing and the time when a
LIGO control systemis installed, and for this reasonwe will emphasizemore
the methodsof analysisand designthan the details of our numericalexample.

The numericalmodel will provide examplesof the size of neglectedquantities

*

For example,specificationsfor mirror surfaceerror have not beenset and possibletrade-ofs betweencost and

quality arestill beingevaluated.

i Thearmcavity lengthsaredisplacedslightly from thelengthwherethe RF sidebandsvould be exactlyanti-resonant.
Seealsothe footnoteon p. 27, and Section7.5.
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Table 1.1 Possibleoptical parametergor a LIGO interferometer.

Quantity Symbol Value Units
Recycling Tr 5%
mirror
) Arm cavity Tp 3%
Mirror front mirrors
(power) :
transmissiong M cavity | Tgs £
Back mirrors
Beam Tgs 50%-L/2
Splitter
Pick-off reflectivity R, 0.1%
Lossin eachoptical element | £ 100 ppm
) In-line cavity | L; 4002.004 meters
Arm cavity
length Perpen- Lp 4001.996 meters
dicular cavity
recycling lr 6.29 meters
mirror to
) in-line cavity
Recycling -
cavity lengths re_cycllng lp 5.71 meters
mirror to
perpen-
dicular cavity
2 , 18
Laserpower | 2] 2.6 10 photons/
second
Modulationindex r 0.1 radians
Modulation Frequency Q 12.5 MHz

comparedto relevantones, and will give us someidea of the magnitudeof
the errorsintroducedby the approximationamadewithin the analytic approach.

It is hopedthat, as the parametersand specificationsof LIGO interferometers
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becomebetterdefined,thesesamemethodswill be valuabletools for designing
and analyzing control systems,and may even influence the choice of optical

parametersnd the definition of performancespecfications.
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Chapter 2 DC Analysis

We begin our analysisof the interferometerby obtainingthe derivativesof

the voltagesv; with respectto the mirror positions?

Considera small region, as shownfor examplein Figure 2.1, inside one of

the laserbeampathswithin our interferometer.

Figure 2.1 Exampleof a sectionof laserbeam.

—— PB

Laser ‘ - ‘ ‘

1B
\ Region containing a

|
|
|
|
|
|
v section of laser beam

It containselectromagneticadiationtravelling in two directions,which we
will call the +z and —z directions, and the electric field due to that radiation

can be written:

- 2h : » : .
E(z,1) = m/;;’Re{Ew (e @™k 4 By (e L @

We will assumeuniform linear polarizationin the j direction. For the remainder

of this work, we will concernourselvesexclusivelywith the complexfunctions

¥ Expressionsimilar to the onesin this chapterwerefirst derivedby A. Abramovici usinga differentapproach.
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of time E,..(t) and E_.,(t), which we will referto asthefield travelingin the
+z direction and the field travelingin the —z direction, respectively. The factor
\/% is usedto make the units of the fields 1/v/second (the field magnitude
squaredequalsthe numberof photonsper second),which is convenientwhen

calculating shot noise.

The light from the laseris phasemodulatedat some angularfrequency(
before enteringthe interferometer. This meansthat® if F; is the field from the

laserand £;,,. is the field incident on the interferometer,

) - Eleif cos it
~ Jo(D)Ey + iJy(T) B 4+ iJy (T) Epe =¥ (2.2)
= Einc o+ Einc 1€iQt + Einc —le_iQt
we call E;,.( the carrier field, and E;,.1 and E;,. —1 the upper RF sideband
field and the lower RF sidebandfield, respectively. We will continueto use

numeral subscriptsto index different frequency componentsof the light, and

literal subscriptsto denotelocation.

In theremaindeiof this chapterwe will first showhowthefieldsincidentona
photodetectoaffect the correspondingnixer outputandhow the derivativesof the
mixer outputarerelatedto the derivativesof thosefields. Thenwe will analyzea
simple Fabry-Perotavity to find the fieldsandtheir derivativeswithin the cavity.

Finally we will solvefor thefieldsin the interferometelandtheir derivatives,and
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concludewith expressiongor the derivativesof the mixer outputswith respecto
thephasesb, . ®_, ¢, and¢_. Thesearetheneasilyinterpretedasthe response

in the mixer outputsto changedn mirror positionor laserfrequency.

2.1 Photodetector, Mixer

If we assumethat the photodetectorfiave unit quantumefficiency thenthe

photocurrentin a detectoris
- 2
ip = |E|
Q) 0 2
= ’Eo + E1e™ + E_qe™! t‘
. (2.3)
= |Eo|> + |E1f* + |E_1)* + ZRe{ElEileQ’Qt}

+2Re{ (B~ Bo + 3By )e™ |

We assumedhat the mixers are double-balancednixers, followed by low-passor
notchfilters to eliminateharmonicsof the modulationfrequency.To a reasonable
approximatiofi, the mixer multiplies its input by cos Qt (or sin Q¢ if the mixer is
fed by the quadraturephaselocal oscillator signal). By the Fourier shift theorem
(or “heterodyne’theorem?l), the only frequencycomponentof the photocurrent

which will passthroughthe low-passfilter unattenuatedre at frequenciesear

§ The true effect of mostmixersis to multiply by somethingmore closely resemblinga squarewave. This haslittle

effectif the modulationindexis smallor if the photodiodes tuned,with aresonanfilter, to be sensitiveonly to amplitude

modulationat frequenciemearthe modulationfrequency.
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2. The inphaselow-passfilter outputthenis

t

1 (O
vr(t) = T / QRG{ (E*1Eo + Ea‘El)eth } cos Qt'dt!
t-T

= Re{E* By + E{E1}

(2.4)

wherefor conveniencave havemodelledthe low passfilter asa devicewhich

averagesover an integral numberof modulationperiodsT = %’r

Similarly,

vo(t) = —[m,{E*_lE(] + EgEl} (2.5)

Note that for pure phasemodulation, for exampleif £ = E;,., both outputs
vanish: v5 = vg = 0.
Now we canfind the rate of changeof thesemixer outputs. Supposery, E1,

and £_; areall functionsof someparameter; then

6vI 8E0
a0 a0 a0

91 _ ped 220y 4 By 4 B (B + E—l)*} (2.6)

In the specialcasewhere F1 = E_; andboth are pure imaginaryand their

derivativesarerealandequal,and £y is realandits derivativeimaginary,we have

ovr . OEy 1 0E,

L 9%EE - 2.7
a9 — 0 1{(—2'50) 00 (—ib) ae] 2.7)
1 OF%

Recognizing;z- %4 asthe rate of changeof the phaseof Ej, we seethat
in this specialsituation % is proportionalto the differencebetweenthe rate of

changeof carrier phaseand the rate of changeof sidebandphase.



19

Similarly

dvg B oLk " 0 N
50 [m{%(ﬁh — E-1) + Boggs (B — E_y) } (2.8)

andif F; and E_; areequalandpureimaginary,andif Ej is real, we have

W = EO[?TZ{%(El — E_l) } (29)

We seethat a quadraturephasesignalis producedf onesidebandyrowsandthe

other shrinks.

2.2 Fields in Optical Cavities

Now let us showhow the fields are relatedto the mirror positions.

Figure 2.2 Partially transmittingmirror.

Laser
beam A

R

-

E

W4 -

Consideffirst a partially transmittingmirror A, illuminatedfrom theleft, asin
Figure2.2. We defineits reflectivityr 4 (sometimegalled“amplitudereflectivity”)
astheratio of thereflectedfield £, to theincidentfield £,. We will alwaysmodel
our mirrors as having positive real reflectivity on one side, and we denotethat
side with a “+” as shown. We will also model the transmissiont 4 as being
positiveandreal; thenenegy conservatiommequires? thatwe assignnegativereal

reflectivity to the other side of the mirror, denotedby a “-".
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Figure 2.3 Fabry-Perotcavity.
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Next, considerthe cavity AD, shownin Figure 2.3.

It is easyto find the otherfields in termsof F,:
E, =tal, —TaE,
E, = TDe_i‘jEm

Ey =rAE, +t4E,

(2.10)

(2.11)

(2.12)

where ¢ is the travel phasecorrespondingo the optical pathfrom A to D and

back: ¢ = 2kd — 2¢,,,. Solving:

1A

— —EU
1+ rgrpe=®

xr

tArDc_ié

Y 14y rpemio

14 rarpe=i®

12 rDe*i¢

_rat (G )rpeT

1+ rATDc*w"

(2.13)

(2.14)

(2.15)
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To find derivatives,we define

z=rpei? (2.16)
then

d (E —7AlA

= <E—> S—. 7. (2.17)
v (14+7r42)

d (Ey ta

E(F) - (2.18)
v AZ)

d (E, t2

_<_> B (2.19)

dz \ E, (147r42)

As we sawin (2.7), the rate of changeof the phaseof a field canbe a useful

guantity; we define

N

E, d E,

E,d(—ip) \ B,

- 1 (2.20)
14 ryrpei®

wioE_d_ (B
= By d(—ip) \ B,

tirpe_

and

o (2.21)

N (7(4 + (r% + ti)rl)e—"@) (1 + TATDG_M)

and call thesethe bounce number” and augmented bounce number respectively.
Foraresonantavity, the bouncenumberis theratio of therateat which the phase

of the field returningto the front mirror changesvhenthe rear mirror moves,to

The expressiorfbounce numbet is somethingof a misnomerin this context,sinceit doesnot correspondo the
numberof times any physical quantity “bounces.” It derives historically from an analogousquantity for “delay line”

gravitationalwave detectors.
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the rate at which that phasewould changeif the front mirror were absent. The
augmentedouncenumberis the sameratio exceptthatit is defined for the field

E,, reflectedfrom the cavity.

2.3 Fields in the Interferometer

We can use these expressiondo solve rather easily for the fields in our
interferometerand also for their derivatives. We will first find the carrier fields
everywherethenthe sidebandfields. Thenwe will find the derivativesof these
fields. Finally we will assemblegheseinto expressiondor the derivativesof the

mixer outputs.

Figure 2.4 Fields at in-line arm cavity.

PB
——PF
Inline Cavity

R LT
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First, considerthe carrierfields in anarm cavity, the in-line onefor example.

Using (2.15), and assumingthat the two arm cavitiesare identical, e.g.,r;p =
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rpp = rp, etc., we have

Ey n t%rBe_iq’f
— =7 .
B, 14 rprpe i®r (2.22)

=r.(Pr)

where®; is the round-trip phaseof the in-line arm cavity, and we havedefined

r. asthe reflectivity of an arm cavity. We choosethe length of the arm cavity

so that the carrierresonatesn it. This means

Org=m (modulo 2) (2.23)
Then from (2.19),
0 <Eb0) _ it%TB (2 24)
d%r0\ Eao (1 — TF""B)Q .

The arm cavity reflectivity andits derivativewill occurso frequentlythatwe

assignthem special symbols:

Ty = —re(T)
12 (2.25)
1—rprp
— M (2.26)
¢ (1-— TFTB)2

Next, we include the beamsplitter and pick-off, illustratedin Figure2.5:

For convenienceave will assumehatthe beamsplitter, pick-off andrecycling

mirror (identified by the subscripts“BS,” “p” and “R” respectively)are all

t The sign of r¢o is chosenso that this quantityis positive for an over-coupledresonantavity.
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Figure 2.5 Fields at beam splitter and pick-off.
PB

very close together”. The generalization to arbitrary component positions is

straight forward, but clutters the formulae. We make the approximation that

rps = tpg = % to get, for the carrier:

EretPO tp —id
— = —=T q)po € 9P 0
ETO \/5 C( )

E t g
retI0 _ 'p ’I’c(q)](])eilmo

ErO B \/§
EanttO P ) —id
£ (I) —idpo _ B [0)) t@lo)
B 2( Po)e re(®ro)e
Esym(] p ) —
£ (I) —idro R P 1¢P0)
5o 2 ( To)e +7e(®po)e
FO _ —p<7’c((1)] 0)e 1+ (Dp 0)6_10130)
E. o 2

Here “very close together” means separated by distances small compared to A, 04-

(2.27)

(2.28)

(2.29)
(2.30)

(2.31)
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where, in the final equation,we have written T}, for t2, using the convention
that uppercaseR’s and T's equalthe squaresof the correspondingower case

guantities. Taking

(I)[():@p():ﬂ' (232)
we have
E _T y g
e = ol ) =

In this lastequationwe havetheratio betweerthelight to theright of therecycling
mirror travelling away from the recycling mirror, and the light returningto the
recycling mirror. Anotherway to think of this (shownin Figure 2.6) is that all
of the mirrors of Figure 2.5 form a compoundback mirror for the cavity having
the recycling mirror as its front mirror.

Figure 2.6 Compoundmirror.
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Using (2.13) we have

Ero tRr

N - y 2.34
EincO 1— TRTpTCO%(e*“bIO + e igP 0) ( )

and to achievemaximum power buildup in the recycling cavity,’ we needto
arrangefor the secondterm in the denominatorto be asnearly as possibleequal

—1. Hencewe choose

¢ro=¢po=0 (2.35)

so that

E.o IR
Einco I- TRT})TCO

(2.36)

Using (2.14) and (2.15)

E —tpT,r.
10 _ THRpT (2.37)
Einco 1— TRTpTCO
Eref 0 —rp— t%{TpTCO
Einc 0 1 - TRT]?TCO (2 38)
rrR — Tpre '
1 —rgTyre

wherethe last expressiorwas derivedusing the approximationthat lossesin the

recycling mirror can be neglected 1% + t% ~ 1.

E, o

2
Yo is calledthe recycling gain or the recycling factor andis a measureof the benefitdeliveredby

f Theratio ‘

the recycling mirror.
¥ Lossesof a few tensof partsper million areanticipatedn the recyclingmirror, whereaghe total round-triplossin

the recycling cavity is expectedo be a few percent.
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Since Ey = Esymty,

Esym 0 _thpTCO
Einco 1 - TRTpTCO

(2.39)

and from (2.29)

Ea,nti 0— 0 (240)

Now we turn to the sidebandfields in an arm cavity. We begin with the
upper sideband;the derivation for the lower sidebandis almostidentical. The
armcavity lengthis chosersothatthe sidebandsrealmostexactlyantiresonari

i.e. ®r1 ~ 0. Referringbackto Fig. 2.4,

oy = Eyq
Ean 5 (2.41)
1%7B
:TF—|— 717
1+7rprp
and
TI _ 0 Ebl
cl =
0Pr1 Ey1
. 2.42
_ —zt%TB ( )
(1+7’F7’B)2

Becausethe sidebandsare nearly perfectly excludedfrom the arm cavities,
we can approximatethe expressionsaboveas being unity and zero, respectively

(in our numericalexample,their valuesare 0.99995and 0.008).

§ If they were exactly antiresonanthen the RF sidebandsat 2r$2 would all be resonantcausingthe interferometer

responsdo be very sensitiveto arm cavity lengthand modulationdepth. Seealso Section7.5.
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Figure 2.7 Equivalentoptical configurationfor the analysisof sidebandfields.

LEretP
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Accordingly, Figure 2.7 showsthe interferometerwith the arm cavitiesre-

placedby mirrors with unit reflectivity. Then

Eret 11 . tp e_ig‘;Il

Erl \/§

EretPl o tp e—i@)Pl

Erl \/§
Efl — &(eiéjl + efiép 1)
FE,q 2
Eantil t

_ v _—igp1 —ipr 1)
— | e — €
Eyq 2 (

(2.43)

(2.44)

(2.45)

(2.46)

We have statedalreadythat the averagedistancebetweenthe beamsplitter

andthe arm cavity front mirrorsisll 2ze1; becausef the asymmetrnyit is 2=t 4 &

I Seefootnote,p. 7, and Section7.5.
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for the in-line arm and Argl—d — % for the perpendiculalarm. Then

2nv +Q (Apod O
= 2 —
¢11 ( PR 2)

—grot B Amed 0 (2.47)
c 4 2

=T+«

wherea = £,

In similar fashionone canshowthat¢p ; = 7 — «. It thenfollows that

EEyill = _tycosa (2.48)

Egjtil = —it,sina (2.49)
Similarly

% = —tpcosa (2.50)

EE"’_II = itysina (2.51)

Finally, as we did for the carrier, we find the sidebandfields everywhereby
consideringthe pick-off andeverythingto its right asa compoundmirror (shown
in Figure 2.8). The difference2« betweeng; 1 and¢p ; affectsthe transmission
(to theantisymmetrigoort) of thismirror. Theaverageof ¢; 1 and¢ p ; determines
whetherthe cavity formed by the compoundmirror and the recycling mirror is
resonant.

From (2.13) through (2.15):

Er 1 tr
Eine1 1 — rgpT}, cosa

(2.52)
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Figure 2.8 Compoundmirror for the RF sidebands.
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Einc | E } ‘
— |/ / 1
Eret 'Es } !

Efy  —tgTycosa (2.53)
Einct 1 —rgpT), cosa '
Eoym1 _ —tpt, cos o (2.54)
Eine1 1 —rRT, cos '

Erer1 e t??Tp COS &
FEinc1 1 —rgpTy,cos (2.55)

rgp — Tpcosa
~J

1 —rpTy,cos

(the approximateequality above holds when we neglectlossesin the recycling

mirror) and using (2.49) and (2.52)

Eanti1  —itRptpsina (2.56)

Eine1 1 —rgrT,cosa

Let us summarizethis in words. For the carrier and for the sidebandsthe
field is amplified in the recycling cavity becausehe circulating field interferes
constructivelywith the incoming field. For the sidebandsthe amplification is
mainly limited by the transmissionto the antisymmetricport, whereasfor the

carrierit is limited principally by lossin the arm cavities.
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2.4 Derivatives of Mixer Outputs

Now we candifferentiatethe fields andfind the derivativesof mixer outputs.
We will considerfirst the differential signals: the derivativesof the gravitational
waveoutputvs andtheisolatorquadratureutputv, with respecto phasechanges
®_ and¢_. Thenwe will calculatethe common-modesignals: the derivatives

of the pick-off andisolatorinphaseoutputsy; andwvs with respecto ¢ and¢ .
First we note that since

, 1
6@rp = 5(04++ )
(2.57)

1(‘1’+ - o)

6Ppo = B

we have

0  0%rg 0 OBpy O
Ib_  9D_ 9b;y OD_ 0Dp

(0 0
-2 0@10 aq)p()

and that for 2 constantand 2 < v

(2.58)

2y
¢Il = 21[( - + Z) - 2¢G1my

Q
= ¢IO+QZI?

(2.59)

so that

Opr1
e (2.60)

whetherthe independentwariableis v or .
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Differential Signals

We beginwith the gravitationalwave signal. Differentiating(2.29)

aEam‘i 0 aEa,nfi 0 a®[ 0 aEva,m‘j 0 aq)P 0
ob_ 0Dy OP_ OPpy OD_

(2.61)
= —5 r Otpr/c()
and, using (2.8), we have (at the antisymmetricport)
;;3 = [771'{ ag(&)nti 0 (Eanti 1— Eanti 1)*}
- B (2.62)

N
|7c0’

ETO Eantil
= —FE2Jy(T)Jy(T)t
: 0( ) 1( )p<EincO)'<Eincl>

which can be further expandedusing (2.49) and (2.51). Equation (2.62) can
be understoodas follows. When ®_ deviatesfrom 0 we ceaseto have perfect
destructiveinterferenceat the antisymmetricport for the carrier. The size of this
deviationfrom perfectdestructiveinterferenceis proportionalto the rate .| at
which the carrierfield returningto the beamsplitter from the arm cavitieschanges
with ® . This carrier light then beatsagainstthe sidebandswhich are present
becauseof the asymmetry,producingmodulationof the photocurrentat 2, and

a signal at the mixer output.

A similar mechanisnis responsibldor the sensitivityto ¢_ at the antisym-
metric port. When¢_ deviatesfrom O we also ceaseto have perfectdestructive
interferenceat the antisymmetricport for the carrier. Quantitatively,to find go#i,

again differentiate(2.29)
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8113 2 ET 0 Eanti 1

— = EJo(I') L (T t,re 2.

ad)— : JO( >J1( )<Ein00> ( Einc 1 > pred ( 63)
We now move on to gg‘*_. From (2.45) the reflectivity of the compound

mirror for the upper sidebandis —7), cos (« + ¢_/2); using (2.19) with z =

—T, cos (o + ¢_/2) we have

E,. 5T, si
0 < fl) _ 7 w1y sina (2.64)

9¢— \ Einc1 1 —rgT,cos oz)2
Similarly,
19, <E,.ef 1) _ —t%%Tp sin : (2.65)
99—\ Eine -1 2(1 = rgT, cos «x)

Sincethe conditionsleadingto (2.9) are satisfied,we have

8/04 2
— = —E7 Jy(T)J1(T
Op— r (@) )Einco (1 — rpT), cos oz)2

Eiero tQRTp sin «

(2.66)

which can be further expandedusing (2.38).

In words, this sensitivity in v4 to ¢_ is due to the fact that when ¢_
changesthe reflectivity of the compoundmirror increasedor one RF sideband
and decreasesor the other. This causesa correspondinghangein the relative
size of the sidebandseflectedfrom the recycling mirror and a signal according
to (2.9).

Thereis alsoa smalldependencen v, on ®_. Becausdhe derivative(2.42)

of the arm cavity reflectivity for the sidebands not exactly0, it is non-negligible
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whenit is responsibldor the only contributionto the signal. We re-insertr.(®y 1)
andr.(®p 1) into (2.45) and differentiateto get (using (2.9))

Ovy
0P _

Ereto t%Tp sin o

= |rea| Bf Jo(T)J1(T) (2.67)

Einco (1 — 7T, cos a)
Common-mode Signals

Now let uslook at the common-modesignals. We beginwith v», the inphase

pick-off signal. Using (2.31) and (2.18) with

Eyy
z = o (2.68)
to find %(E]f:fo) we have:
0 Es m tpt !
_< y 0> _ Bl (2.69)
04 \ Einco 2(1 — TRTpTC())
Then, using (2.7), we obtain
802 2 Esym 0 Esym 1 |TIO|
= FE7. l Ny—= .
a(I)+ El ]0(F> ]1(F>Rp < Einc 0 Einc 1 0 e (2 70)
which canbe further expandedising (2.25), (2.26),(2.39) and (2.54),and where
NO _ ’ 1 aEsym 0
Esym 0 a¢+
o 1 0 Esym 0 (271)
Esym o 8¢+ Einc 0
EincO
B 1
1-— TRTpTc(]

is the bouncenumberfor the carrierin the recyclingcavity. In words: When®

changesthe phaseof the carrier light changesn proportionto the factors %
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(which is just the augmentedouncenumberfor the carrierin anarm cavity) and

Ny, generatinga signal accordingto (2.7).

When ¢ changesthe phaseof the carrierand of the sidebandsll change,
sothatby (2.7) the signalis proportionalto the differencein the ratesof change

of thesephases.To find ggi we have,using (2.31) and (2.45),

z = —e_i¢+/2Tp7“cg (2.72)
for the carrier and
z = —e_im/?Tp Cos & (2.73)

for the sidebandsthen using (2.18) and (2.7), we have

3112 2 Esym 0 Esym 1
I ) r MR, —— [Ny — N 2.74
20s 7 Jo(T)1(T) R, B o Eincl[ 0 — Ni] (2.74)
where
1
Ny (2.75)

T 1= rrT), cos
Np andN; arethebouncenumberfor thecarrieranduppersidebandrespectively)
in the recycling cavity. The bouncenumberfor the lower sidebandequalsthe

bouncenumberfor the upper sideband.

We now move on to v1, the inphasesignal at the isolator. This signal is

producedby the samemechanisnas ggi exceptthatthe rateof changeof carrier

phaseis proportionalto N, insteadof Nj. c‘%i is found using (2.31), (2.21),



36

(2.19), and (2.7):

0P4 \ E; T 9(1 — 2 '
+ inc( 2(1 TRTpTc(])
81}1 2 \ Ercf 0 Ercf 1 / |7./O|
=F r r Ny—== 2.77
aq)-l- : JO( )Jl( ) <Einc 0 Einc 1 0 Tc0 ( )
To find §4- we use(2.31), (2.19), (2.45), and (2.7):
81)1 9 Eref 0 Eref 1 ! !
— = E; Jo(T") J1 (T Ny — N 2.78
ad)—}— ! 0( ) 1( ><Ein00 Eincl [ 0 1] ( )

Herethe mechanisnis the sameasthe onefor ggi , exceptthatagain,augmented
bouncenumbersare used. With the approximationthat the recycling mirror is

lossless,we can write

1 OE.50
—iEefo 04
—t%szTCO
(rp —Tyreo)(1 — rrTyre0)

Ny =
(2.79)

and
1 OF, 51

B _iE”I’Pfl ad)-i-
—t%Tp coS &

N

(2.80)

"~ (rp—=Tpcosa)(l —rgT,cosa)
Both (2.77) and (2.78) can be expandedusing (2.38) and (2.55).

This completesour analysisof the signalsof interest. One canshowthatthe
remainingeightderivativesall vanish. Table2.1 showsthe factorswhich vanishto

make(2.6) vanish,andTable2.3 showsthe factorswhich causg2.8) to vanish.
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Table 2.1 Vanishing terms in equation (2.6) for derivatives of
vy and vy with respect to the differential degrees of freedom.

Output
U1 V2
iv- OFE OFE
Deriv e =0 g =0
ative P | (B +E ) =0 D (E1+E_1) =0
with re-
0Fo — () 0Fy — ()
spect 0p- 0o
o P | G (B + E_y) =0 By + Eoq) =0
Table 2.2 Vanishing terms in equation (2.8) for derivatives of
vz and vs with respect to the differential degrees of freedom.
Output
3 V4
Deriv- Ey=0 FE1—-—FEF_ 1=
ative U ggi =0 0%([?1 — E_l) =0
with re-
Ey=0 Ei—FE_1=
spect OFE d
o:

Finally we consider the effect of a change in the laser frequency. Since, for

example,
O 0= 2kLI + 2¢Guoy

4oy (2.81)

= TL[ + 2¢Guoy
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changes in this phase can be effected either by a change in the length of the in-line

arm cavity or by a change in the laser frequency. Now

00, _ srL

o ¢ (282)
and
9P+ — 8l (2.83)
v c
so that, for example
Jup _ Ov 0%y n Ovy Opy4
v 0b, Ov Op4 Ov
8T 8@1 01}1
=—|L [— 2.84
c<8<1>++0¢+> (289
N 8tL Ovp
o C (9(1)+

where we can make the approximation in the last line because | < L and because

vy 1 G :
5o- < g Similarly, we will use

vy 8L Ovy
v ¢ 0%y

(2.85)

which is a very good approximation for the same reasons.

In chapter 4 we will compare, for our numerical example, the values of the
derivatives found using this analysis and the values found by a numerical model
which makes fewer approximations.

It is easy to generdize the analysis above, of the response to particular

combinations of mirror displacements, to the case of arbitrary combinations. We
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simply note that the following combinations of mirror displacements and changes
in laser frequency produce no signal at all. They are in the kernel of the Jacobian

of interferometer outputs with respect to mirror position and optical frequency.

1. Displacement of the entire interferometer towards (or away from) the laser.
2. Displacement of the arm cavities towards the beam splitter and displacement
of the recycling mirror away from the beam splitter, all by equal amounts.
3. A change Av in the laser frequency, together with displacements of the
arm cavity input mirrors PF and IF away from the recycling mirror, through
distances [p52 and 1752, and displacements of the arm cavity back mirrors
Av

PB and IB through distances of (Lp + Ip)5Z and (L1 + Ir) =% respectively.

14

These three combinations have the property that they leave the relative phases of
any interfering beams unchanged.

From this observation we can conclude, for example, that a displacement of
the recycling mirror towards the beam splitter will generate the same signals as
an equal-sized displacement of all of the arm cavity mirrors towards the beam
splitter, since the two differ by an element (#2 above) of the kernel. Similarly,
displacement of the beam splitter and of the recycling mirror, such that i; and Ip
change by equal and opposite amounts, differs only by an element of the kernel
from a displacement of the two arm cavities in opposite directions in the same

amounts, and the two combinations must produce the same signal.
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Chapter 3 Interferometer
Frequency Response

Implicit in the analysisof the last chapter,sincewe did not allow any of the
fields Ey, E1, or E_; to dependon time, is the assumptiorthat changesn the
phasesP and ¢ occurslowly. Supposensteadthat we wantto know what the
responsan the output signalsis when the laserfrequencychangesabruptly, or
whena mirror vibratesat a high frequency.This is the problemwe will analyze

here.

3.1 Fabry-Perot Cavity

As in Chapter2 we will beginby analyzinga single cavity in somedetail,
andthenextendingthe resultsto the completeinterferometer.The responseof a
Fabry-Perotavity to backmirror motion hasbeenunderstoodor sometime!3:14
butwe will re-deriveit becauseur methodwill includethe RF phasemodulation
in a naturalway andwill be easilygeneralizedo more complexoptical systems.
Our cavity, shownin Figure 3.1, consistsof two mirrors A andD, separatedby a
distanced suchthatthe carrierresonatesn the cavity but the two RF sidebands

do not.
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Figure 3.1 Fabry-Perotcavity.
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If both mirrors are stationary,thenasin (2.2), the field at the back mirror

essentiallyconsistsof three frequencies:

Eyr = Eyro+ Exp16™ + Eyp _pe™ %

(3.1)

Now supposehe back mirror is shakingwith small amplitudeat a frequencyw

(w < ), ie.,
zp(t) :Re{Xei”t} | X < A

= X coswt for XeR

This motion modulatesthe optical path within the cavity so that

EI? — TDEWIEZ'Q]LY cos wt

~ rpEy (1 +ikXe™ +ikXe ™)
Clearly if Fjy; containsthreefrequencies

Eyx = Eyro+ Eyp1€™ + Epyp g™

then Er containsnine:

Er = TD[’lijEg\/[ _16_i(9+w)t + Ey _16_iQt + ik X Ey _16_i(9_w)t

(3.2)

(3.3)

(3.4)
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+ikX Eyroe” ! 4+ Bayro 4+ ik X Epyr g™

+ik X Eyf 1€i(Q_w)t + Eyp 16iQt + 1tk X Eyr 16i(Q+JJ)t] (3.5)

We will call the additional six frequencies‘audio sidebands”imposedon the
original three“RF frequencies”(the carrier and its two RF sidebands)and we

will identify themwith an additionalindex. Using this notation,we write:
ER = ER -1 _16_i(9+w)t 4+ 4 ER 1 lei(Q—}-w)t

1 1
_ Z Z ER ei(uﬂ—l—vw)t
= uv

u=—1lv=-1

In the summationabove,u indexesRF frequencyand» indexesaudiosidebands.

(3.6)

To avoid ambiguitiesbetweenthe useof the “-” to indicatea negativeindex and
a subtractionwe will encloseany operationin parenthesedpr exampleif « = 0

we would write £,y for £_;.

Now supposethe field E;; incident on the moving mirror containsnine
frequenciesnsteadof only three(which in generalit will, sincemirror A reflects
Er backto mirror D). Thenby (3.3) Er is a productof a factor (£,,) containing
nine termsanda factor (1 + ik Xe™! + ik Xe ) of threeterms,so Er has27
terms(at 15 distinctfrequencies) However,12 of thesetermsare of order(kX):2

andwe neglectthem. The remaining15 terms(at nine frequencieshyre:

1

ER =TD Z Eﬂ/[uoeiug)t + Z (ELMU,U + ikXEf\/[uo)ei(UQ_FUW)t
u=-—1 v=-—1,1
(3.7)
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Evidently the shakingof the mirror causesfor example,an amount

S()1 = TDikXEA[OO (3.8)

to be addedto the incident Ey; o1 field upon reflection (and corresponding
guantitiesto be addedto the other audio sidebandfields). The moving mirror
actsasa sourceof this frequencycomponenbof the light. As in (2.10)— (2.15)

we cansolve for the field at this frequencyeverywhere.At the two mirrors, we

have:
Exro1=—rae “°'Epgy (3.9)
Erpo1=rpEymo1+ So1 (3.10)
Solving:
Epoi = ! S (3.11)
RO1= T i 01 .
t ) 6—1690 1/2
Ero1=—= S0 1 (3.12)

14+ 7r4rpe o1

if the carrieris resonantin the cavity,

boo =T (modulo 27) (3.13)
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2y + w
for =~ T2

¥ (3.14)

=¢oo+wr  Wwhere 7= —

c
e 01 = _pTiwT (3.15)
eTi001/2 _ _jpmiwT/2 (3.16)

Then
it efin/Q

Erg1 = 4 S01 (3.17)

1-— rArDe_i’*'T

We call the ratio of the audio sidebandfield at the photodetectoto the source
Sp1 of that field the transmission function Ky ; from the shakingmirror to the

optical output and write
Ero1= Ko1501 (3.18)

We find for the lower audio sidebandon the carrier

_it4eiw7/2

Erg 1= So -1 (3.19)

1 — 7rarpeivT
Similar expressionsan be found for the other audio sidebands.

Givenfull informationaboutthe spectralcontentof £7 we still needto know
the mixer outputwhen this light is presentat the photodetector.As before,the

photodetectoroutput is
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. 2
ip(t) = |Er|

_ i i ETuvei(uQ%—vw)

u=—1v=-1

2
. (3.20)
Again, asin (2.3), this containstermsat a numberof frequenciespf which only
thosenear(2 will be mixeddownto nearDC andpassthroughthe low-passfilter.
Moreover,of thosefrequenciesye areonly interestedn the onesat frequencies
of Q4+ w and(2 — w becausehesewill be mixeddownto w, andit is theresponse

in the mixer outputat w that we want. Thesetermsare

0 0
’1:p at QFw = ZR(i{ Z Z (E} " ’UET (u+1) (v+1)6l(ﬂ+.u)t
u=—lv=-1 (3.22)
+ E; u (v—l—l)ET (ut1) Del(ﬂf’w‘)t)}
Then
t
1
vr(t) = T / ip at QFw (') cos Qt'dt’
t—T
0 0 |
= Re{ Z Z (Eik“ u UET (u+1) (v+1) + ET u (v+l)E;‘ (1) U)] ewt
u=—1v=-1
(3.22)
which is in the form
vr(t) = Re{V[ei”t} (3.23)

The only other componenipasseddy the lowpassfilter is at DC, correspondingo (2.4) and (2.5). We are usually

interestedn the responseéo small motionsaroundthe point of perfectresonancewherethis term vanishes.
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with
0 0

Vr= Z Z (Eik“ u vET (u+1) (v+1) + BTy ('v—l—l)E;“ (u41) v) (324)

u=—1v=-1

sothat |V7| is the size of the responseandarg (V7) is its phase.

Hencewe definethe transferfunction from mirror positionto inphasemixer

output

HUIIL'D - (325)

which is a function of frequency.By a similar agument,we can showthat

0 0
VQ = Z Z (E; u UET (ll+1) (v+1) - ET u (v-f-].)Eik—‘ (u—]—l) 1_!) (3'26)

u=—1lv=-1

In principle, this completesour analysisof the frequencyresponse.For a
givenamplitudeandfrequencyof mirror motionwe know how to find the spectral
contentof the light on the photodetectorand we know how to find the mixer
output given that spectralcontent. This algorithm is well suitedto numerical

implementatiorandis in fact the oneusedin the programdescribedn Chapter4.

Let us examinethe expressiondor V7 andV; more carefully. Eachtermin
theseexpressionss the productof anRF field whichis independenof the shaking
frequencyw and either an upperaudio sidebandfield or the complexconjugate

of alower audiosidebandield. Eachaudiosidebandield is proportionalto the
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transmission function from the shaking mirror to the optical output or to a sum
of transmission functions if several mirrors are shaking or if the shaking mirror
is illuminated from both sides. In any event, the transfer functions from X to V7
and Vg are linear combinations of transmission functions and complex conjugates

of transmission functions.

It is often the case that a few reasonable approximations can reduce these
linear combinations to a very simple form. In our analysis of the interferometer
we will see that the transmission functions for the audio sidebands on the RF
sidebands are al frequency independent, and that the complex conjugate of each
transmission function for the lower audio sideband on the carrier differs at most
by a constant from the corresponding transmission function for the upper audio

sideband on the carrier. From these two facts we can state immediately that

Vi=C+ FKy 1(00) (3.27)

for some constants C' and F* (and a similar expression for V(). The constants C
and F' can usualy be found from the DC model of Chapter 2; the transmission

function K1 will need to be derived separately.

For the simple cavity being analyzed here we assume that the RF sidebands are
essentially absent from inside the cavity so that the sources of audio sidebands

on the RF sidebands are negligible:
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S_1-1.5-11.51-1,511 >0 (3.28)
This means that the corresponding four terms in V; vanish, and
Vi=(Er 10+ Eri10)Ero1+ (Er—10+Er10)E7o 4 (3.29)

We also restrict our analysis to frequencies much smaller than the cavity free

spectral range:
wr L 1 (3.30)

So that (3.17) becomes (by neglecting the exponential in the numerator! and

Taylor expanding the one in the denominator):

_Z'tAC—L'wT/Q
Ero1 = ———501
— TATDE 3.31)
—it 4 1 g (3
o 1_7':17°D1+JL 01
where weqy = #
For the lower audio sideband on the carrier,
1t A 1
E% ~ : — S 3.32
T0O —1 I—rarp 1+ 1= 0-1 ( )
since Ejyr g IS pure imaginary,
56(71 = —iT‘DkXERIOO :’IZTD]{,’XEN[()O = S()l (333)

t The exponential in the numerator only produces a small phase change in the frequency range of interest.
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0 Ery_, = —Er01 and, using (3.29)

v, = _YrotakXEyoofrio 1 (3.34)
g 1 —rarp 14 2 .

Weav

For compatibility with notation used in references on control systems, we may

let s = 4w and write

Vi =Hypp(s)X (3.35)
where
1
Hv[lj)(S) = HvIrD DCl T 5 (336)
and
H _ o
R (3.37)
__4rptakXEmoobrio
1—rarp

What if we were to shake the front mirror instead of the back mirror? We
could use the same method to answer this question, adding an additional source
for each of the audio sidebands (since they would now be produced at both
surfaces of the front mirror). Thisis in fact the approach taken in the program.
In our analytic derivation, however, this becomes quite tedious since we can no
longer neglect the audio sidebands on the RF sidebands, and since, for each audio
sideband on the carrier, there are different transmission functions from each of

the two sources to the photodetector.
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Insteadwe use a simple thought-experimento argue that if the carrieris
resonanttheresponseo motion of thetwo mirrorsmustbethe samein amplitude
(andoppositein phaseexceptfor afactorwhichis negligiblefor frequenciesmall
comparedo 1/7). Supposewne shakeboth mirrors with the sameamplitudeand
in the samedirectionandwith arelativephasesuchthatmotion of thefront mirror
lags motion of the back mirror by a time delay of 7/2. Now if the back mirror,
mirror D, is moving with a certainvelocity whena particularbit of light reflects
from it, thenall of thefrequencycomponentsn thatpieceof light will be Doppler
shifted to new frequenciespnly to be shifted backto their original frequencies
when the bit of light reflectsfrom mirror A, after travelling the length of the
cavity, which takesa time 7 /2. Thelight travelling towardsthe backmirror then
has no audio phasemodulationbecausét is a combinationof fresh light from
outsidethe cavity andlight which hasbeenmodulatedby reflectionfrom the back
mirror and un-modulatedby reflection from the front mirror. The light inside
the cavity travelling towardsthe front mirror then hasa total phasemodulation
correspondingo onereflectionfrom a moving mirror, asdoesthe light reflected
from the outsideof the front mirror. All of the RF frequencycomponent®of the
light returningto the photodetectothen havethe sameaudio phasemodulation,

that amountcorrespondingo one reflectionfrom a moving mirror:

Er = (ET 00+ Eri10¢’ + Er _4 Oe*iQf) (1+ikXe™ +ikXe ') (3.38)
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which producesno signal at the mixer output. Sincethe mixer outputis linear
in (small) mirror motions,andsincethis combinationof mirror motionsproduces
no output, either motion by itself mustproducethe oppositesignalasthat which

the other motion by itself would produce.

Finally we want to show that the responsdo laserfrequencymodulationis
the sameas the responseo motion of the back mirror; we will show that for

frequenciessmall comparedto 1/7,

d
HU[ bv — ;ij X (339)

The argumentis the following:

Modulating the laser such that v(t) = vpc + 6v coswt, for exampleby

changinghelengthof thelasercavity, is equivalento modulatingthe laserphase:

E](t) =F Dcew sin wt (3.40)
with
6— 2T, (3.41)
w

andwe havealreadyseenthatthe latter will imposeaudiosideband®n thelight.
Now thefield E7 onthe photodetectoasbeforewill containninefrequencycom-

ponents.Theaudiosideband®n the RF sidebandsvill befrequencyindependent,
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whereaghe audiosideband®n the carrierwill havesomefrequencydependence.

2 ,—igu
rptoe
Ero1=|ra+ A~ 01
1+ ryqrpe—too 342
TDt24 1 (3.42)
~ 71 501 — : Sot

L—rarp 1+ 22

Weav

whereSy; o f is againthe sourceof audiosidebandgin this casethey originate

in the laser).

Becausef this, someof the termsin the expressiorfor V; will be frequency

independentand somewill havea 1/ (l + ) frequencydependence:

W
Weav

1
Vi=|C+F . 0 3.43
i ( + = > (3.43)

Weav

Now F' = —C', becausen thelimit w — 0 theresponsen V7 to finite év is finite

(seefor example(2.82)); hencethe responseo finite # vanishes.

|
V[:C<1— — )9
* eas (3.44)

2rC 1
_ T — v

wC‘(lU 1 + e

Weav

We know (asin (2.81-2.85))what the low frequencylimit of this responsas:
dvr 47rd%

v ¢ 0

_ 4md 1 0vr (3.45)

c 2k Oz
. da’()]
v Ox

Substituting,we get:

d
ij Sv = ;ij X (346)
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3.2 Response of the Complete Interferometer

At this point we arereadyto computethe frequencyresponsecorresponding
to the derivativeswe found in Chapter2. We will proceedin roughly the same
orderaswe did there,finding first the responseasa function of frequency,n the
gravitationalwave output vs andin wv4, the isolator quadraturgphaseoutput, to
®_ and¢_. Theseresponsearerelatively simplebecausdor eachof themeither
the audiosideband®n the carrieror the audiosideband®n the RF sidebandgan
be ignored. Moreover,we will arguethatthe transmissiorfunction for the audio
sidebandson the RF sidebandgs frequencyindependentthis further simplifies

two of the transferfunctions.

Next we will analyzethe responsen the common-modeutputsy; andwvs to
® and¢,. Theresponseso ¢ arethe mostcomplexoneswe will encounter.

In theseresponsesall of the audiosideband€ontributesignificantlyto the signal.

Throughoutour analysisof frequencyresponsewe will restrictour attention

to frequenciesnuch smallerthanthe free spectralrangeof an arm cavity:

WTgrm <K 1 (3.47)

(where 74, = 2EL ~ 2Le) This allows us to make a numberof simplifying

&
approximationsand moreovergives us all of the informationwe needto design

any of the servoloops which will feed backto a force on a mirror, sinceall of

theseloopsare constrainedo haveunity-gainfrequenciesnuch smallerthanthe
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arm cavity free spectralrange, due to internal resonancesn the mirrors. The
loop which feedsbackto the laserfrequencycan havea bandwidthapproaching
or evenexceedinghe arm cavity free spectralrange;hereour analysisis of little
help. For this oneloop we rely on a numericalmodel (seeChapter4) to verify
that the interferometettransferfunction is sufficiently well behavedo permit us

to implementa stable controller.

Differential Signals

We begin our characterizatiorof the interferometemith the signalin which
we would observegravitationalwaves. Supposeéhe mirrors|B andPB areshaking
at frequencyw with oppositephase. Eachwill be a sourceof audio sidebands
on the carrierandthesesidebandswvill propagateout to the beamsplitter. At the
beamsplitter, they will interferealmostperfectly destructivelyon the symmetric
side and almost perfectly constructivelyon the antisymmetricside. The reason
that the interferenceis not perfectis that one pair hashad to travel a distance
6 farther than the other. For an asymmetryof 57 cm and an audio sideband
wavelengthof \,, 4, = 30 km (correspondindo a shakingfrequencyof 10kHz),

a fraction sin? (ﬁi) ~ 1.4 x 1079 of the audio sidebandpower is diverted

from the antisymmetricport to the symmetricport. We will ignorethis effect.

Againweignoretheeffect of thearmcavity backmirrorsonthe RF sidebands.

Theneachtermin V3 is proportionalto the transmissiorfunctionfrom the sources
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of audio sidebands (at the back mirrors) to the antisymmetric port:

1
H, =H, 3.48
4B s®-DCT = (3.48)
where
1 _
we= — 1B (3.49)
TEFTBTarm

The response at this output to ¢_ is essentially frequency independent. To
see this we imagine shaking both mirrors of the in-line arm cavity in the same
phase, and at the same time shaking both mirrors of the perpendicular arm cavity
in the opposite phase. As we saw in the argument leading to (3.38), this produces
frequency-independent audio phase modulation of the light returning from each
cavity. The phase of the corresponding (frequency independent) audio sidebands
in the light returning from the in-line cavity are opposite in phase from the audio
sidebands in the light returning from the perpendicular arm cavity, and al of this

audio sideband light exits the interferometer at the antisymmetric port. Thus¥
HU3C§_ = HU3(§_DC (3'50)

Now let us consider the response in w4, the isolator quadrature phase output, to
®_ and ¢ . First we note that the audio sidebands on the carrier produced by
changesin ®_ and ¢_ interfere destructively on the symmetric side of the beam

splitter and therefore are absent at the isolator.

* The audio sidebands on the RF sidebands do not contribute to this signal since E, 1500 =0
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For the response to ¢_, we consider the compound mirror of Figure 2.8 as
the source of audio sidebands on the RF sidebands. For the cavity in which these

audio sidebands resonate (consisting of the recycling mirror and the compound

back mirror),
1 —rgpTycos ) lr+1p
Wree = with Tpee =
(rrT)p cos a)Tyee c (3.51)
~ 800 kHz

in our numerical example. This is far outside of the frequency range of interest

and we approximate

~1 (3.52)

to get
Hv4¢_ = va_DC (353)

For the response to ®_, asin (2.66), the source is the small audio sidebands
put on the RF sidebands by motion of the arm cavity back mirrors. We repeat
the steps leading up to (3.17), using ¢10 ~ 0 (modulo 27) for an RF sideband

in an arm cavity, to get

t e—iwrarm/Z
d S11 (3.54)

ET1 1= 1+ TFTBefinarm

which is essentialy constant in the frequency range of interest. The same thing
is true for the remaining audio sidebands on RF sidebands, and we conclude that

the response is frequency independent:

Hy,,s_ = H,3_pC (3.55)
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Common-mode Signals

Next we turn to the responseto @, which correspond€o commonmode
changeof arm cavity length. Whenthe arm cavity backmirrors shakein phase,
the audio sidebandsn the carrier interfere constructivelyat the symmetricside
of the beamsplitter. Becausethe carrier audio sidebandight coming from the
two arm cavitieshasthe sameamplitudeand phaseand becauseny of this light
reflectedback towardsthe cavitieswill be treatedin the sameway by the two
arm cavities, we can'®, for the purposeof calculatingthe responseto this type
of mirror motion, replacethe beamsplitter and arm cavitieswith a single arm
cavity, as shownin Figure 3.2.

Figure 3.2 Equivalentsystemfor the purposeof deriving common-modeesponse.

R

F

The mirrors R and F form a compoundmirror316:17 with (using (2.15))

reflectivity from the right of

rF+ (T% + t%)TpTR

+rrrrip
§ Implicit in this simplifying substitutionis the assumptiorthat the reflectivity of the compoundmirror is frequency
independent.This is in fact a very good approximation. Letting ¢9 = wrrec (With Tree = 2L iy (2.16), (2.21) gives

c

2
roughly tTFT,«eC asthe rate of changeof phaseof the reflectivity with w. This is exceedinglysmall comparedo 74y,

which is the rate of changeof round-trip phasedueto the length of the arm cavity.
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so that
1
Hyyo,(8) = Hu, pO7 = (3.57)
where
1 —
Wep = —LHHTB (3.59)
TF«xRTBTarm
Noting that
Eref 01— Esym 0 lthp (359)
Eref 0-1— Esym 0 —lthp (360)
we have immediately
Hy,e,(s) = H, ! (3.61)
v2<1>+ S) = U2¢+DC 1 + s .

Wee

It isuseful to write our expression for w.., intermsof individual mirror parameters,

in a more compact form. We write

rp=+\/1-Tpr — Lp

. Tr L (3.62)
o 2 2
where Lr =1 — Rp — TF is the loss in mirror F, and
T,=1-R,— L, (3.63)
T
g1 AR _ LR (3.64)
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PR S Eal %FT) + <1£_ EF)(lT— Rpﬁ_ Lp)(1—Tp — L)
1+( _TF__F)( __R_TR)(I_Rp—Ep)

1 TrTh 2 R,TF 2 (3.69)
~1— 2 {EF + 1 + 5 }
and
g (TF4TR # S L4 L+ TB) (3.66)

Unlike our previousexpressiorfor w,.., the evaluationof this expressiordoesnot
require subtractingnearly equal numbers.

Thetransferfunctionsfrom ¢, changesn which correspondo displacement
of all four arm cavity mirrors towards(or away from) the beamsplitter, are the
most complex of the oneswe will analyze. As we saw in the analysisleading
to (2.74),the low-frequencyresponsen the inphasepick-off signalwvy is dueto
the fact that whenthe recycling cavity length changesthe carrier phasechanges
in proportionto Ny andthe sidebandohaseschangein proportionto V1, so that
a signalis producedaccordingto (2.7). To generalizethis resultto the caseof
mirror motion at arbitrary frequencieswe first usethe audio sidebandpicture to
explainthe sameresult. At very low frequenciegwherethe two modelsoverlap),
the resultantphasorformedwhenthe carrier (or one of the RF sidebandsandits

two audio sidebandsare summedis a phasorslowly rotating back and forth at

The setof termsin parenthesesepresentshe setof “leaks” throughwhich carrierlight is ableto escape€rom the
system. If the laserwere abruptly shut off, it would take the field about1/10 of a secondto decayto 1/e of its initial

amplitude;in fact this stepresponseepresentsn alternateway of calculatingthe frequencyresponseo certaininputs.
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the shakingfrequency. The frequency-dependeranalogof the statementabove
involving phaseshangingat differentratesis the remarkthatthe audiosidebands
on the RF sidebanddeatagainstthe carrier, producinga signal which partially

cancelsthe signal producedwhenthe audio sidebandson the carrier beatagainst

the RF sidebands.

Now we seethat as the shakingfrequencyincreasesthe contributionto the
signalfrom theaudiosideband®n the RF sidebandsvill be constan{asin (3.52))
whereaghe contributiondueto the audiosideband®n the carriermay havesome
frequencydependenceroportionalto the transmissiorfunctions Ky 1 and K5 _;.

Anticipating that K; _; = Ky1 we write

I{(n(w)
Ny - Ko1(0)

N1 — Ny

(3.67)

Hy,s., (iw) = Hyg, DC

Let us find Kg1. We considerthe arm cavities and beam splitter as the
compoundback mirror and sourceof audio sidebanddor the cavity having the
recycling mirror and pickoff asits compoundfront mirror. The reflectivity of
this backmirror is frequencydependentUsing (2.15)with ®¢ ;(w) = 7 4+ wTgpm

we get

2
1 —rprp(l — iwTerm)

| _reis (3.68)

Tc(ﬂ + u)7—(1,7’777,) =TF —
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Now accordingto (3.11) and (3.14) with $¢g9 = 0 and wr,.. < 1 we have

1
E, = S
sym 0 1 1+ TRTpTc(W n W’ra‘rm) 01
X i (3.69)
= =501

1-— TRTpTC(] 1+ f}—’:c

1—rrTpreo

wherewe haveused w.. = 757
p

we. To find K, _;, we repeatthe above,
using —w insteadof w. andconcludethat K5 _; = Ky 1. Substitutinginto (3.67),

we get

Ny 1 _No 1
1+S(N1*J\70wcc lej\row‘c)

Hv2¢+(8) = Hv2¢+DC 1+ = (370)
Neglecting v~ 1 nextto -1 we have
1+ lej\g’ow
N cc
Hﬂ2¢+(3) = va_l_pc—li (3.71)

1+

To derive the responsein v; to ¢4, we use exactly the sameargument,
substitutingaugmentedouncenumbersN; and Nj for the bouncenumbersn,

and Ny, to get:

; N1 Ny 1
1+ M(mm ~ NT-N .

14 i

Wee

HUlO+ (8) = Hvl¢+DC
(3.72)

More relevanthereis the fact thatarg (e ~**7rec ) < arg (—re(m + WTarm))

t This can be shown to be equal to our previous expression for we. by simplifying as we did in (3.65).
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wherethe approximateequivalenceagainis derivedby neglecting%% next
R ]

N, 1
to mrw

Finally, since we intend to feed back to the recycling mirror, we needto
understandhe responsdo recycling mirror motion . We define H,;, to bethe

setof transferfunctionsfrom recycling mirror displacemen{fy = 4k(ézp)) to

the mixer outputs. We can seeimmediatelythat

Hyg. = H, (3.73)

o O+

by an agumentsimilar to the one advancedn Section3.1. Therewe found that
for a Fabry-Perotavity, the effect of motion of the front mirror differsonly by a
phasefrom the effect of backmirror motion. If we shakethe recyclingmirror, the
armcavity front mirrors,andthe armcavity backmirrorsall atthe samefrequency
andin the samephasethenagain,to a goodapproximatiof we imposean equal
audiophasemodulationon eachRF frequency,generatingno signal. This means
thatmotion of the recyclingmirror by itself producesa signalequalandopposité

to the signal producedby motion of the otherfour mirrors.

Togetherwith the responseo beamsplitter motion of Appendix C, this will completethe analysisof the dynamic
responsef the interferometer.
T This resultis exactif the mirror motionsarenot exactlyin phaseput insteadthe arm cavity front mirrors leadthe
recycling mirror by the time it takeslight to travel acrosstheir respectiveseparationsand the arm cavity back mirrors

leadthe front mirrors by the time it takeslight to travel the length of an arm cavity.

¥ This sign differencedoesnot appearin equation(3.73) becausewve usethe oppositedirection of motion for the

recyclingmirror to definef..
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In the nextchaptemwe will compareplotsof thefrequencyresponsealculated
accordingto our simplified analysisaboveto plots of the responsecalculatedoy

a purely numericalmodel, which makesfewer approximations.
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Chapter 4 Numerical Models

Two numericalmodelshavebeendevelopedor the purposeof analyzingthe

optical system.

The first one,the “numerical DC model” calculateghe samederivativesthat
we found in Chapter28. Written in Mathematicajt finds symbolic expressions
for all of the relevantfields in the interferometer.It then differentiatesthem as
requiredto find the symbolic derivativesof the mixer outputswith respectto
the phases BecauseMathematicadoesnot makethe approximationsve did, the
expressionfor thesederivativesarequitelong, typically filling severapages.Into
theseexpressionshe programsubstitutesiumericalvaluesfor mirror reflectivities
and phasesto generatea table of derivatives. The sameprogramis of course
alsoableto find valuesfor the fields at the outputs;thesenumbersare usefulfor

shot noise calculations.

The secondmodel,called“Twiddle,” calculateghe frequencyresponsef the
interferometer.To understanchow it works, we considerthe simple Fabry-Perot

cavity, fed by a sourceof light of unit magnitude.

The equationsfor this systemmay be written

B, =1 (4.1)

§ A modelwhich calculatedthe mixer outputsignalsinsteadof their derivativeswaswrittenin 1991by S. Whitcomb.

The modeldiscussederewas adaptedrom that earliermodel.
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Thereis one equationfor the source,a pair of equationsfor the front mirror, a
pair of equationsfor the spacebetweenthe sourceand the front mirror, and so

on. Thesecan also be written in matrix form:

E, 1
B

M| = ; (4.10)
B 0

and solved by matrix inversion. The Twiddle program constructsthe matrix
M from a set of commandsspecifying mirror propertiesand separations.For

example,a setof commanddor constructingthe cavity aboveis:

sl

sour ce[ ganmma]

mL mrror[rl,t1]
connect[sl,1,nl, 1,1 engthl]
m2 = endmrror[r2,t2]
connect[ i, 2, n2, 1, | engt h2]

Each commandabovecorrespondgo one group of equationsfrom (4.1) to
(4.9).

In addition to thesecommands,the program needsto be given a matrix
containingthe propagationphase,for the carrier and for eachRF sideband for
eachconnectiondefined. The programthen calculateghe propagatiorphasedor

the audio sidebanddrom the lengthsof the connections.When calculatingthe

audio sidebandfields, the equationsare slightly different becausehe sourceof
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this light is in a differentlocation. If the back mirror is shaking,thenit is the

sourceof audio sidebandsequation(4.1) becomes

B, =0 (4.11)

and equation(4.6) becomes

Ep=rpE,+ S (4.12)

where S is proportionalto the amplitudeof the mirror motion and the RF field
E, found in the previousstep. Thus to find the audio sideband,the program
inverts the samematrix (which howevercontainsdifferent valuesof ¢; and ¢»
sincethe frequencyis different) and multiplies it with a different sourcevector

to solve for the fields:

E(l 0

Y Ey :
"= s (4.13)
E; 0

In summary, Twiddle beginsby constructingthe matrix M from a set of
commandsspecifying mirror positions, reflectivities and transmissionsand a
matrix giving the propagationphasefor eachfrequency. It inverts this matrix
andmultiplies by the appropriatesourcevectorto find the RF fields everywhere.
Nextit formsthesourcevectorsfor theaudiosideband$rom the RF fieldsincident
on the mirror being shaken.Finally, for eachfrequencyof interest,it insertsthe

appropriatgoropagatiorphasento thematrix M andsolvesfor theaudiosideband
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fields everywhere.From the valuesof all of thesefields it calculatesthe mixer
output using! (3.24) or (3.26).

As mentionedearlier,the numericalmodelshavethe advantagef beingmore
precisethan the analysesof Chapters2 and 3. Both numericalmodelsinclude
the effects of lossin the recycling mirror and beamsplitter and neitherneglects
the RF sidebandfields in the arm cavities. The numericalfrequencyresponse
modelis not limited to frequenciesmuch smallerthanthe free spectralrangeof
the arm cavitiesandis believedto be accurateup to a significantfraction of the

modulationfrequency.

It is instructiveto seehow the calculationscompare. Table 4.1 showsthe
valuesof the derivativescalculatedin Chapter2, evaluatednumerically using
the parameterof Table 1.1, and the derivativescalculatedby the Mathematica
model describedabove. Evidently the amount of accuracysacrificedto the

approximationsmadein Chapter2 is not large.

Theplotsin Figures4.1and4.2 showthecomparisorbetweertheapproximate
frequencyresponsenalysisof Chapter3 andthe Twiddle program.Eachplot is
labelledH_nm; the first index indicatesthe output,i.e., V; throughVy, andthe
secondindex indicatesthe driven degreeof freedom,i.e., @, ¢4, ®_, and¢_,

in that order. We seefrom the plots that the approximateanalysisis good up to

I The program containsa generalizedform of theseequationswhich can include the effect of having more RF

frequenciesaswould be appropriatefor larger modulationdepth.
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Figure4.1 Table of numerical(upper)and approximateanalytic (lower) derivatives

of interferometeroutputs,for the optical parametergyiven in Table 1.1.

Derivative with respecto

Py P+ ®_ -
" -52.6161 | -0.226582 | 0. 0.
-52.5585 |-0.221949
v -4.06208 | 0.00664 0. 0.
-4.09635 | 0.00676
Ouput
v 0. 0. -27.9861 | -0.213105
-28.1611 | -0.214438
Vi 0. 0. 0.000200 |0.0263128
0.000207 | 0.0271507

frequenciesof aboutl kHz. The plot of H_11 extendsover a broaderfrequency

rangethanthe others;this is usefulfor the numericalservodesignof Chapter6.

The fact that the two curvesin this first plot agreeup to very high frequencies

is accidentakincethe approximationsmadein deriving the approximateanalytic

expressiorfor this responsere violated at high frequencies.
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Figure 4.2 Frequency response curves calculated using the approximate
analytical method and (dashed) the strictly numerical model.
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Chapter 5 Experiments with
the Table-top Prototype

Severaltable-top optical corfigurations of gradually increasingcomplexity
were setup over the pastseveralyears. This setof experimentsculminatedwith
the constructionof a completeinterferometeto be describedaterin this chapter.
The formal goal of theseexperimentsvasto verify a reasonablenumberof the
predictionsof the low-frequencyoptical modef. A secondarymotivation was
simply to demonstratéhe generalfeasibility of this extractionscheme.A large
numberof unmodelledeffects could in principle make the operationof sucha
configurationimpractical: extremesensitivity to misalignment,to asymmetryin
losses,to mirror imperfections,or difficulty in acquiringlock being important
examples. Although the successfulconstructionof a small scale prototype by
no meansproves that none of theseeffects will be importantin a full-sized

interferometerjt nonethelesgives one somecomfort.

The first section of this chaptercontainsa descriptionof the parts from
which all of the experimentswere set up. The following sectionsdescribe
the experimentsin order of increasingcomplexity, from the method usedto

characterizethe displacementiransducersto the characterizationof a simple

# It is difficult to test the frequencyresponsemodel in a table-topexperimentbecausethe lengths (hencedelays)
are shorterand the losseslarger; both of theseeffects lead to optical characteristidrequencieshard to attain with the

displacementransducersised.
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Fabry-Perotcavity, to the characterizatiorof the three-mirror“coupled cavity”

interferometerandfinally, to the characterizatiorof the full interferometer.

5.1 Setup and Hardware

All of the experimentsdescribedin this chapterhave in common certain
aspectsof the setup and certain building blocks from which the optical and
control configurationswvere assembledA (Coherentinnova 100) argon-ionlaser
operatingat 514 nm servedas the light source. This laser had been modified
by replacingits factory-installedmirrors with mirrors glued to piezo-electric
transducerssothatthelengthof thelasercavity, andtherebythe laserwavelength
could be adjustedelectrically. Furthermoretwo Pockelscells (GsangerPM 25)
outsideof the lasercavity were usedto effect high-frequencycorrectionsto the
laser wavelength. Thesefeedbackelementswere driven by a high-bandwidth,
low noiseamplifier in a configurationwhich madeit possiblesimply to connect
the demodulatedsignal from an appropriatephotodetectoto the amplifier input
in orderto lock the laserfrequencyto a cavity. This setuphad previouslybeen
usedwith anotherprototype within the LIGO project, and was easily adapted
for the work describedhere. The laser light was phasemodulatedat 12.33
MHz by an additional Pockelscell (GsangerPM 25), which was driven by a
power amplifier (LIGO 5 Watt Amp #9) and impedance-matchingransformer

(LIGO Step-UpTransformer). Thenthe laserbeampassedhroughan acousto-
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optic modulator(Intra-Action AFD 402) usedfor power stabilization,througha
single-modeopticalfiberto improvethe beamquality, andthrougha pair of mode-
matchinglensesusedto producea beamwith a convenientvaistsizeandlocation.
Beforeenteringthefiber, a portionof the beamwasdivertedto anopticalspectrum
analyzerwhich was usedto checkwhetherthe laserwas operatingsingle-mode,
and after the fiber, a portion was divertedto a “referencecavity,” a Fabry-Perot
cavity to which the laserfrequencycould be lockedwhena stablefrequencywas
necessaryfor exampleduring alignmentof the interferometer). Also after the
fiber, a strayreflectionfrom a mode-matchindenscaughton a photodetectowas
usedto stabilizethe powerleavingthe fiber, by feedingthe photodetectosignal
back to the acousto-opticmodulator. A roughly 4 by 10 foot areaof optical
tablewasreservedor the constructionof variousinterferometers A transparent
plastic cover with plastic curtainswas installed over this areato protectit from
air currentsand from dust. A small blower equippedwith a filter was installed
for the purposeof purging the enclosedvolumewith dust-freeair. In addition,a
cleanbenchin the room was operatedwheneverdoing so did not interfere with
the experiments.Unfortunately,it wasnecessaryo shutoff both the cleanbench
andthe blower whenevert was desiredto havean interferometeresonatingon

the table.

An RF signal was usedfor phasemodulationand as a signal to drive the

mixers. Figure 5.1 shows the setup usedto generateand distribute the RF
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Figure 5.1 RF Distribution.
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A relatively small numberof building blockswasusedto assemblall of the
experimentdisted herein. Mirrors of variousreflectivitieswere used. Someof
the mirrors were mountedon piezo-electricstacks(“displacementtransducery
allowing themto be electrically displacedalong the beamaxis. Someof these
were also supportedn mirror mounts(Klinger SL25.4BD) providedwith piezo-
electric fine alignment controls (“orientation transducers”;Marshall Industries
#AE0505D08 or AE0505D16, micrometer adaptermachinedin house). The
mirrors were 1 inch diametermirrors from various manufacturergbut mainly
from CVI), with thicknessrangingfrom 1/4 inch to 3/8 inch. Someof the mirrors
weresuperpolishedbeforecoatingandsomewerenot, but the differencebetween
thesetwo typesof mirror wasfound to be of little importancein the presenceof
larger lossesdueto dust. The piezo-electricstackswere madeby gluing together

(with Stycast#1266epoxy)two piezo-electricwasherq1 inch OD, 0.5 inch ID,
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type 550, from PiezoKinetics) with brasswashersservingasthe electrodes.The
mechanicaldesignof the assemblyof mirror mounts,displacementransducers,
and orientationtransducersvas adopted,with only minor modifications, from

experiment¥®12-20performedat the Massachusettistitute of Technology.

Two typesof photodiodeswere used: tuned RF photodiodesmadein house
(LIGO #5 and #6), and broadbandPIN photodiodes(Thorlabs DET1-Si); the
bandwidthof the latter type dependson the load impedance.Photodiodesvere
usedin two applications:low-bandwidthapplicationswhere the power at some
optical output was measuredhere the Thorlabs diodeswere usedwith a 5 k
ohmload),andRF applicationsan which fluctuationsin the outputintensityat the
modulationfrequencyweremeasuredby demodulating) Eitherthelessexpensive
Thorlabs diodes terminatedin 50 ohms or the in-housetuned diodes (which
provided better signal-to-noiseperformance)were usedin the RF applications.
The high-bandwidthphotodiodeswere sometimesfollowed with an amplifier
(LIGO ComlinearE103 CompositeAmplifier, #MEZ 8/17/84,or 1/3 of LIGO
Triple W/B Amp) butalwayswith amixer. Doublebalancednixers(Mini-Circuits
ZAY-1) were used, followed by low-passfilters to remove the modulation-
frequency componentsfrom the mixer output. The mixers were driven by
limiter/phaseshifters(LIGO #3,9,10and12), deviceswhich containanadjustable
delay line and a limiting and filtering circuit, so that the output is of fixed

amplitude (9 V peakto peak)but the phasedelay is adjustablewith a pair of
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knobson thefront panel. The phase-shiftersveredriven by the outputof a 6—way
powersplitter (Mini-Circuits ZFSC-6—1-BNC)in turn driven by the RF oscillator
(LIGO 12.33MHz Oscillator#4). Generapurposeadjustable-gaiamplifierswere
usedin variousapplicationsand high-voltageamplifiers (LIGO Dual translation
PZT Driver, #1 and 2) were usedto drive the displacementransducers.These
amplifiers (seeFigure 5.2 a)) havetwo inputs (a main input and a “test input,”
of which a linear combinationis formed internally) and two outputs. One output
is the high voltageto be appliedto the displacementransducerthe otheris that

voltagedivided by 100 andis called the “output monitor” signal.

Figure5.2 Schematiaepresentatiomf a high voltageamplifier and the dynamicsignal analyzer.

a) High Voltage amplifier b) Signal Analyzer

input ‘

test
input

HV output

S, d S,
output
monitor

Signal Analyzer

The standardbattery of test and measuremenequipmentwas used: oscil-
loscopes function generatorsand a voltmeter. One piece of equipmentwhich
deservesspecialmentionis the HP3562 Dynamic Signal Analyzer (Figure 5.2

b)). This apparatushasthe ability to generatea sweptfrequencysinewaveat its
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output and simultaneouslytake the ratio of the componentsat that frequencyin

the two signalspresentat its inputs.

5.2 Component Response Measurements

Displacement Transducers

As mentionedearlier, severalof the mirrorsin the interferometemwere sup-
portedon piezo-electridransducergdisplacementransducers$o that the optical
path lengths(and hencethe phases)could be modified by applying appropriate
voltagesto thesetransducersThe responsef eachdisplacementransducemwas
characterizedeforeinstallationinto the interferometerfor two reasonsFirst, in
orderto measurdahe responsef the interferometetto changesn mirror position,
it is necessaryo know whatthosechangesn positionare. Secondjt wasfound
that the responsef mostof the displacementransducergontaineda large reso-
nanceat around25 kHz; the installationin the loop of a notchfilter, adjustedto
cancelthe resonancaswell aspossible,allowedthe low frequencyloop gain to
be increasedsubstantiallywhile keepingthe loop gain at the resonancérequency
below unity. The setupfor displacementransducercharacterizations shownin

Figure 5.3.

The signal from the photodetectowasfed in to a differentialamplifier (GP
in Figure 5.3), the other input of which was driven by an adjustablevoltage

source. Before closing the servoloop, the displacementransducemwas driven
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Figure 5.3 Displacementransducercharacterization.
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with a large amplitudetriangle wave and the voltage supply adjustedso that the
differentialamplifier outputwaszerowhenthe signalfrom the photodetectowas
halfway betweenits minimum and maximumvaluesw,,;,, andv,,,,,.. To lock the
Michelson, the differential amplifier was fed back to the high voltage amplifier
driving the transducer. At this operatingpoint, the derivative of photodetector

signal with respectto mirror positionis given by

dv 2m
d(él) = T(”mam - 7)min)- (5.1)
d‘fff[) was then calculatedby dividing this into the responseaneasuredvith the

Michelsoninterferometerocked, using the signal analyzer.

Moving the mirror througha distanceof severalwavelengthgthe displacementransducersypically havea range
of % A) providedan additionalopportunityto measurehe responsef the displacementransducersThis wasdonesimply
by countingthe numberof bright fringesproducedat the outputfor a givenvoltagechangeat the displacementransducer.
Measurement®f displacementransduceresponsedone this way generallyyielded valuesfor the responsethat were

abouta factor 1.7 larger thanthe responsaneasuredising small driving voltages.
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Modulation Index

The modulationindex was measuredy configuringa Fabry-Perotcavity as

an optical spectrumanalyzet (Figure 5.4)

Figure 5.4 Measuringthe modulationindex.
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The oscilloscopen this setupwould showseparatgeaksfor eachfrequency
componentof the light asthey individually resonatedn the cavity. The modu-
lation index was then calculatedfrom the relative heightsof the carrierand RF

sidebandpeaks.
Mixer Gain

The mixer gain was measuredy driving the “RF” input (which is normally
connectedto the photodetectorwith a sine wave of known amplitude and at

a frequencyof 12.3 or 12.4 MHz (the mixer's “Local Oscillator” input was

connectedo a phaseshifter as usual). Under theseconditionsthe (low-passed)

The commercialspectrumanalyzersamplingthe beambeforethe fiber had insufiicient resolutionto measurethe

modulationindex accurately.
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mixer output was a sine wave at the difference frequency, a few tens of kilohertz.
The mixer response was calculated by taking the ratio of output amplitude to

input amplitude.
5.3 Response of a Fabry-Perot Cavity

An initial experiment consisted of measuring the response of a Fabry-Perot
cavity. The cavity was locked on resonance and the response measured by driving
the summing node, shown in Figure 5.5, and then taking the ratio of the two

outputs using the dynamic signal analyzer.
Figure 5.5 Measurement of the response of a Fabry-Perot cavity.

Piezo
mirror
Cavity
| |~
Ampllflers zzr&w?mg
Photodiode
W“@? +
= / I low- pass

Mixer filter

Signal Analyser

The expected result (calculated by multiplying together the gains of all of the

cascaded components) is easily found using (2.7) and (2.19); it is

dl/amp? d(QkZL‘) !
= VDC47'C(w JO JlN GmiwerGam 2
d%iezo dV})iezo ¥ (5'2)

~ 190 £ 30
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Wherej‘(ife‘zz Is thedisplacementransduceresponsel/p¢ is thevoltagefrom the
photodiodewhenthe cavity is far from resonance/y and.J; are Besselfunctions
evaluatedat the modulationindex, N’ is the augmentedoounce number, and

Gmizer aNdGap2 aremixer and amplifier gains. The measuredesultis

dVampZ
(ﬂ/})ie:o

=17249 (5.3)
The uncertaintyin the measuredesultis duemainly to fluctuationsin alignment.
The fact that this is a more accurateway to measurehe productof the gainsof
all of the cascadecelements(than the individual measuremenbf eachfactor)

was importantin obtaining more preciseresultsin experimentswith the full

interferometer,describedbelow.

5.4 Response of the Coupled-Cavity

The “coupled-cavity experimentconsistedof a three—mirrorinterferometer
as shownin Figure 5.6.

Theopticaloutputsweremixeddownandonewasfed backto thethird mirror,
the other to the laserfrequency. The responseof the interferometerwas again
measureddy injecting a swept-frequencyine wave into a summingnodein the
displacementransducer-drivingamplifier and, using the signal analyzer,taking
theratio of the signalfrom the mixer to the signalat the displacementransducer.

The DC optical model describedin chapter4 was usedto calculatethe

expectedesponsef the coupledcavity in the absencef any servos.Now let us
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Figure 5.6 Coupled-cavityexperiment.
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calculatethe responsen the presencef the servos.We will showthatif the gain
in the loop feedingbackto the laseris sufficiently large, thenthe measurement

describedabove dependsonly on the optical responseand not on the gain of

ail a2
a1 a22

)]

WhereX andzx representhangesn thelengthof thearmcavity andtherecycling

eitherloop. Let the optical responsébe the matrix A = { } sothat

cavity. We wantto representhe interferometelasa two-input, two-outputdevice
whereone of the inputs correspondg$o changesn the laserfrequency,which is
equivalentto equalchangesin both X andz. We do this by calling the new

system P:

1 1

_|ann ta2 arz
a21 + ag2 a2

P= AF 0}
(5.5)
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so that

i)l

where! is the cavity lengthand A the optical wavelength.

The two feedbackamplifierswe group into a “controller”
g1 0
C = 5.7
oo 5.7

Figure 5.7 Block diagramof the control systemfor the coupled-cavityexperiment.

S1
A

Thenthe closed-loopresponsecan be calculatedwith simple matrix manip-

ulations’: _
e=d+CP¢
(5.8)
=[1—cP]'d

T Historically, in control theory, the points in the loop where signals are summedin have often beentaken as
differencing,ratherthan summingnodes.This conventionbecomesawkwardif nodesexist at severalpointsin a loop or
if nonodesexistatall (the latter caseis of interestwhenanalyzingstability). We will usethe conventionthatno changes
of sign occur exceptwherethey are explicitly included. Becauseof this, someof the expressionsve derive may differ

by a signfrom expressiongound in sometextbooks.
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f=Pll—-CcP'd (5.9)

The experimentllustratedabovecorrespondso this block diagramwith

. To
Je {dz] (5.10)

the signal analyzerthen measures

s2 a2 — (g1 det A

s1 1—gi(a11 + ar2)
dot A (5.11)

a1l + a2

wherethe approximatioris valid wheng; is very largef. As in section5.3 above,
the value of this expressionwas multiplied by the appropriatefactors such as
power on the photodiode,.Jy./1, the displacementransducerresponseand the

amplifier gains,and comparedto the measuredralues.

Table5.1 belowshowsthe measuredndcalculatedesponsédor two different
valuesof the recycling mirror (labelled“R” in Figure 5.6) and severaldifferent
valuesof the modulationindex. The agreementvas good for small modulation
depthsand fair for larger modulation depths. It is suspectedhat the larger
discrepancyat larger modulationindex is due to the fact that this optical model
excludesthe effect of the higher harmonicsgeneratedn the optical spectrum

when the modulationindex is large.

¥ Specifically,for the approximationto be valid, we require|g1 | > |a22/ det (A)| and|g1| > |1/(a11 + a22)|
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Table 5.1 Resultsof Coupled-CavityExperiments

T 2J_%2 Respons€dB)
ot Measured Calculated
8.9% 0.012 46 49
16.9% 0.012 31 32
16.9% 0.10 36 40
8.9% 0.17 56 58
16.9% 0.17 39 42

5.5 Response of the Complete Interferometer

Once the coupled-cavityexperimentwas deemedadequatelyunderstooda
completeinterferometerwas set up. Its layout is shownin Figure 5.8. The
recycling cavity and both arm cavitieswere folded in half; the recycling cavity
becauseét neededo beslightly in excesof 6 m in lengthandthe arm cavitiesto
allow the convenienuseof cavity backmirrors with the samecurvatureasthat of
therecyclingmirror. Table5.2 showsthe optical propertiesof the interferometer.
The loss in the arm cavitieswas mainly due to dust on the mirrors and in the
air, andthelossin the recycling cavity is presumedo be mainly dueto pick-off
reflectivity and dustand scatteringloss on the surfaceswithin that cavity'.

Alignment of eacharm cavity was done by observingthe light transmitted
throughthe backmirror with anoscilloscopewhile driving the backmirror with a

large amplitudetriangle wave. The oscilloscopewvould showa numberof peaks,

Light traveling aroundthe recycling cavity encountersan averageof 16 surfacesduring one roundtrip (counting

surfacesencounteredwice astwo surfaces).
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Table 5.2 Fixed Mass InterferometerOptical Properties

Fabry-PerotArm Front Mirror 9%
Cavities Transmission
Back Mirror 13 ppm
Transmission
Losses 0.2%
Fringe Visibility 9%
Cavity Gain 40
RecyclingCavity RecyclingMirror 18 %
Transmission
Cavity Losses(including 16 %
Pickoff beams)
Fringe Visibilty 88 %
RecyclingFactor 4
Beamsplitter Contrast 99 %

onefor eachresonantransversenode,andonefor eachfrequencyof light incident
on the cavity. The height of the peakcorrespondingo the carrier resonatingn
the (degenerate)1 and 10 transversenodeswasthenminimizedby adjustingthe
orientationtransducewroltages.The recyclingmirror wasalignedby driving both
it and the secondarm steeringmirror (SAS in Figure 5.8) with triangle waves
(at differentfrequenciesand againminimizing the peakcorrespondingo the 01

and 10 transversemodes.

The feedbackconfigurationwhich was usedis shownin Figure 5.9". This

t Althoughthefigure showsloop 4 driving the beamsplitter, this drive wasactuallyappliedto the secondarmsteering
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Figure 5.8 Layout of completeinterferometer.
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configurationis quite differentfrom the morebalancedconfigurationwhich would
be usedin LIGO; howeverit holds the interferometeron resonanceand thusis

adequatdor the purposeof verifying the calculationgnadewith the opticalmodel.

Arranging for the interferometerto lock initially was a problemwhich was
only solvedby the applicationof considerablemountof patience.The“method
usedto adjustthe four gainsand mixer phasedo their operatingvalueswas to
observethe light transmittedthroughone of the cavity back mirrors with a pair
of photodiodesconnectedo a storageoscilloscopewhile driving severalof the

mirrors with low-frequencytrianglewaves. The drive andwhateverothersources

mirror (seeFigure5.8). The effect of driving the secondarm steeringmirror is nearly the sameas the effect of driving
the beamsplitter; one changesnly the optical pathlength (Ip) from the recycling mirror to the first arm, andthe other

changeonly the optical pathlength (17) from the recyclingmirror to the secondarm.
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of disturbancewere presentwould occasionallycausethe interferometerto pass
closeto resonanceandthe storageoscilloscopewould thenrecordthe length of
time theservosheldit resonanttypically only a fractionof a millisecondwhenthe
variousconnectionswvere first established.The operatorwould changea setting
on somegain or phasedial, andagainwatchthe oscilloscopeto seewhetherthis
changamprovedor worsenedhe performance Theservoswvereadjustedn order
of thedegreao which theyarecritical to resonancethelaserfrequencyservofirst
(becauséhe laserfrequencycontainsthe mostnoiseandbecauseleviationsin the
laserfrequencypushthe interferometeraway from resonancemost effectively),
the servodriven by the gravitational-wavesignal second,and the remainingtwo

in either order.

Figure5.9 Servocorfiguration of Table-topprototype. Feedbackamplifiersnot shown.

5

1 3

to laser
frequency
control

Photodiode
with 1 & Q
Demodulator
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Oncethe amplifiersand mixers were properly setup, however,the interfer-
ometerwould acquirelock with remarkableease.The mechanisnby which this
occursis not yet fully understoodput it was found that when the secondarm
steeringmirror was moved back and forth slowly with the other servosactive,
the otherservoswould acquirelock andhold it until the continuingmotion of the
secondarmsteeringmirror destroyedhe resonancéresonances relativelyinsen-
sitive to the positionsof the beamsplitter and secondarm steeringmirror, aswe
seein AppendixB). This fact madeit easyto deviseanautomatidock-acquisition
system:the power transmittedthrougheachof the two arm cavity back mirrors
is comparedto a threshold. When either power level is below threshold,the
secondarm steeringmirror displacementransduceis driven by a trianglewave;
onceboth powerlevelsexceedheir respectivehresholdsthe secondarm steering
mirror drive is disconnectedrom the triangle wave sourceand connectedo the
amplifier which suppliesthe appropriatefeedbacksignal. Figure5.10is a setof
oscilloscopetracesshowingthe light levelsin the interferometerandthe voltage
appliedto the secondarm steeringmirror displacementransducer. When the
interferometeris knockedout of lock (in this caseby rappingone’sknuckleson
the optical table cover),the voltagebeginsto rampup anddown; onceresonance

is re-establishedhe circuitry disconnectshe rampandreconnectshe servoloop.

Closed-loopresponsemeasurementsvere made as shown in Figure 5.11.

Loop numberingis shownin Figure5.9. If adriving signald is appliedin loop 5
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Figure 5.10 Time record of lock interruption.
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by the signal analyzer, and the analyzer inputs are connected to the displacement

drive signal of loop j and to the mixer output in loop % respectively, then the

expected ratio” of the signals at the two outputs is

S2
Hiy=—
Jk s1
1 (GBPA)TOUJ k- ([1 + GBPA]il) . (512)
_ col j
G (1+cBPa™)
JJ

Mathematica code was used to calculate the interferometer response, and Matlab™ code was used to calculate the

closed-loop response given the interferometer response. MatlabY is a registered trademark of The MathWorks, Inc.
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Figure 5.11 Block diagram representing setup for closed loop measurements.

P
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where P is amatrix representing the interferometer response, and A, B, and G are
diagonal matrices representing the A, By, and GG}, respectively. The products
A; B;, were found using

S
_i|FP = kacayvityAi (513)

where i—j| ~p Was measured, as shown in Figure 5.12, in each case using a single
Fabry-Perot cavity, whose response F...it, 1S deemed understood.

The responses calculated (and measured) for the full interferometer, unlike
the coupled-cavity response, are not frequency independent. Although the plant is

still frequency independent, and the gain of the laser frequency servo large enough
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Figure 5.12 Setupfor measuringthe factors A; and By.

F>cavity

d
S1 52

Signal Analyzer

to makechangesn it (with frequency)irrelevant,the gainsof theremainingloops
do changesignificantly with frequencyover the rangewhere the measurements
weremade.Figure5.13showsplots of experimentandcalculatedesponséHix)
for measurementsadeby driving loop 5 and measuringhe responsen loop £,
with both of thoseindicesrangingfrom 2 to 4. Phaseplots are modulo 18C°
and are shownfor referenceonly. The laserfrequencyloop was excludedfrom
thesemeasurementbecausat was difficult to achieveadequatesignalto noise
ratio without disruptinglock in any measurementhere a signal was injected

into the laserfrequencyloop’. In addition, samplesof the plotted curves(at 2

*

Somereadersmay considerthis result counterintuitive(this authorcertainly does). How canit be that the noiseis
large enoughthat addinga signal comparabldo the noiseevenin a small frequencybanddisruptslock, yet small enough
thatthe entire noisepowerover all frequenciegdoesnot disruptlock? The answeris thatthe elementwhich behavesn a
non-linearmanner disruptinglock, is in generallocatedat a differentpoint in the loop from the point wherewe measure

the output.
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Table 5.3 Sampledvaluesof experimentalbold) and calculatedresponse.

Measuredand Calculated Loop in which responseaneasured
Responset 2 kHz (dB) 2 3 4
2 38.3 37.7 9.86 16.4 154 17.8
Loop 3 269 24.6 |190 22.1 | 236 23.4
Driven
4 24.6 25.8 27.3 31.8 36.3 36.9

kHz) are presentedn Table 5.3, in order to allow the datato be summarized
more compactly.
The experimentauncertaintyestimatedor theseresultsis about+3 dB, due

mainly to uncertaintyin the displacementransducerresponse(about+1 dB),

The figure aboveshowsa block diagramof a systemwith two inputs,a signal s anda noisesourcen. If the pointin
the loop which limits the dynamicrange(the point where non-linearbehavioroccursmost easily) is at the input to H,

thenthe conditionfor maintaininglock canbe written

n Gs

= Ymax 5.14
v=1—em T1izcmg <V (5.14)
From which
n < (1—-GH)Ymax (5.15)
1-GH
: max 5.16
$<—F—Y (5.16)

andthe maximumcontributionto z = s/(1 — GH) + nH /(1 — GH) thatthe inputscanproduceis givenby ymaz/G
and ymae/H for the signal and the noiseinput, respectively. The dynamicrangeconstrainedsignal-to-noiseratio can

take any value, dependingon the distribution of gainwithin the loop.
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uncertaintyin the lossesin the arm cavities (about+1.5 dB), and fluctuations
in alignment(about+2 dB). All of the plots of experimentalversuscalculated
responseshow reasonableagreementvithin this uncertaintyexceptfor the case
of Hs3, wherethe discrepancyis perhapstwice the experimentaluncertainty. It

is not known whetherthis discrepancys dueto a randomlarge fluctuationin the

cumulativeerror or to an unmodeledsystematiceffect.

*

The fractionaluncertaintyin the arm cavity roundtrip losswasperhapst/-50% (dueto fluctuatingdustlevels), but
the correspondindractional uncertaintyin the recycling cavity roundtrip loss only about+/-15%, since arm cavity loss

was not the dominantlossin the optical system.
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Figure 5.13 Plots of experimental and calculated (dashed) response.
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Chapter 6 Design and Analysis
of a Control System

If we considerthe interferometeras a four-input, four-output device, then
the problem of designinga control systemis that of constructinganother4x4
devicewhich when connectedo thoseinputs and outputswill suppresseismic
disturbancesindkeepthe interferometeon resonanceAt this level of generality
the problemis quite complex, and the only systematicapproacheknown are
purely numerical. Our approachwill be insteadto makea numberof simplifying
assumptionsboutthe structureof the controller,to developsomeguidelinesfor
the designof a control system,and thento use numericalmethodsto calculate

the expectedperformance.

First let us write the matrix of transferfunctionsof our interferometerin a
simplerform. We assumethat we can connectamplifierswith arbitrary (stable)
frequencyresponseand gain to the outputsof the interferometerand we will
choosethe gain and frequencyresponseof theseamplifiers to make the new
systemassimple as possible.This simplified systemwe will call the “plant.” Its

transferfunctions can be written in matrix form:

1% 1 ei(s) 0 0 O,
Vool |1 e2(s) 0 0 bt
Bl o 0 1 | |o (6.1)
Vi 0 0 £4(5) 1 ¢_
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Figure 6.1 Equivalentblock diagramsfor the plant.

P,

S I P

o

Figure 6.2 Closed-loopsystem.

P,

Sincethe plantis block-diagonaljt is equivalent,asshownin Figure6.1, to
two disconnectedub-plantsthe common-modeub-plant’;. andthedifferential-

mode sub-plant P_.

ThereP; and P correspondo theupperleft andlower right 2x2 blocksof P.
P_ isasimplesubsystento controlbecausét is nearlydiagonal;it representswvo
loopswhich are almostindependent.”; on the other handis difficult to control
becausat consistsof two rows which are barely linearly independent.We will
spendmost of the rest of this chapterconsideringthe problem of designingan

adequatecontrol systemfor P.

This problem, then, consistsof finding a matrix of transferfunctions such
that the closedloop systemof Figure 6.2 performsadequately We will makean
effort to designa controller C' which is diagonal,which meansthatit consistsof

two independenteedbackamplifiers,C; and Cy asshownin Figure 6.3.
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Figure 6.3 Closed-loopsystemwith a diagonalcontroller.

Figure 6.4 Closed-loopsystemwith a “crossed” controller.

P.

o

c,

If we canachieveadequatgerformancewith sucha controller,thenwe will
have avoided some complexity. Severalquestionsarise in the designof this
controller which do not arisein the designof a controller for the P_ sub-plant.
For one thing, it is not obviousfor the P, systemwhich output should be fed
backto which input. For P_ that choiceof connectionschemes guidedby the
fairly intuitive rule that eachoutputis fed backto thatinput to which the output

iS most sensitive.

In the P4 systemit may be betterto connectthe feedbackin the “crossed”
configurationillustratedin Figure6.4. The systemobtainedthis way is equivalent
to the systemwe get by re-numberinghe rows of Py (i.e., interchanging:; and
£2) and connectingthe amplifiersin the “straight” configurationillustrated in

Figure 6.3.
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Anotherimportantconcernis that the transferfunctionsof P, may contain
right-half-planezeros,aswe canseefrom (3.71)and(3.72). It is well knowr?122
thatin a one-dimensionaservoloop, right-half-planezerosin the plant limit the
achievableunity-gainfrequency.In our case,we may wish to designthe optical
systemto avoid suchproblems.We will investigatethe effectsof right-half-plane
zerosin the first sectionof this chapter.

In the secondsection,we will considerthe size of the performanceprice
we are paying by using a signal-extractionsystemwhich producesa poorly-
conditionedplant. Other signal extraction method$3, which at the expense
of increasedcomplexity producea very well-conditioned plant, are available
for sensingdeviationsfrom resonancen the interferometer,and in evaluating
the relative merits of the systempresentedcherein againstsuch an alternative,
performancebenefitsare an importantcriterion.

At the end of this chapter,as a demonstratiorof the designguidelineswe
will have seen,we will designa control systemfor the exampleinterferometer

we havebeencarrying,andwe will evaluateits performancenumerically.
6.1 Feedback Configuration and Gain Constraint
The frequency-independent 2x2 plant

Considera systemas shownin Figure 6.5, with a plant

P = E g] (6.2)
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Figure 6.5 Block diagramfor analysisof systemcontainingfrequency-independemiant.

P

o

C

whereé; andés, areconstantsWe will usevery simplefeedbackamplifierswith
onepole each(both at the samefrequencyw, /(27)) andwe will leaveourselves

the freedomto adjustthe polarity and gain of eachamplifier:

1Ky
Cq = T (6.3)
and
(2K
Ch = T (6.4)

wherew, > 0 (for stableamplifiers), the Q; = F1 represenfpolarity switches,
andthe K; > 0 representdjustablegain controls. SinceC' and PP are open-loop
stable,the closed-loopsystemis stableif andonly ifT det [1 — C'P] containsno

right-half-planezerog*. Now

Q1K1 QK& | KK (& — &)

1+ 1+7 ( s )2
wa Wa 1+ =

— %[1 — Q1K1 — Q2K28 + Q1 K1Q2K3(& — &)

det[l —CP] =1—

2
+ (2 - Q1K1 — Q2K2§2)wi + <wi> ]
’ "/(6.5)

t We will continueto usethe feedbacksign conventionexplainedin the footnoteon page84.
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We know that a polynomial with real coeficients has zeroeswith positive
real part if any pair of coeficients has oppositesigng® (for a quadratic,it can
be shownthat the latter is also a necessarycondition for the former). The last
coeficient((i)Q) in the numeratompolynomial(in s) is positive,sofor stability,
all of the remainingcoeficients must be positive.

Now supposewne choose(); = 1 andwe wantto startoff with K; = Ko =0
andthenincreasethe gain K first. If we increaset to the pointwhere K; > 1
the systemwill be unstablesince the coeficient of s becomesnegative. This
is an undesirablesituation becausewve would prefer to be able to increasethe
gains arbitrarily and enjoy the resultingimprovementsin performance.In this
caseit is easyto understandvhatis wrong; asin a one-dimensionaservo,if the
sign of the feedbackis wrong, the systemwill be unstablefor gain exceedinga
certainthreshold. We needto choose(); = —1 to avoid this problem. Similarly
we find thatif ¢ > 0 thenwe needto choose()> = —1 to be allowed arbitrary
Ks when K1 = 0.

We might ask whetherthesechoicesof polarity guaranteestability for all
valuesof the gainsK; and K». The answers “no”: As we canseefrom the last

coeficient of s” in (6.5),if & — &1 < 0, the systemis unstableif

1+ K1+ K26

Ki1Ks >
e & — &

(6.6)

so againthe gain is constrainedoy stability considerations.It is easyto verify
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that hadwe numberedour outputsdifferently we would havehada stablesystem
no matterwhat (non-negativeyalueswe chosefor K; and K>. Equivalently,had
we hookedup the amplifiersin the crossedconfiguration the correspondingerm
in the s° coeficient would havebeené; — ¢ and againthe systemwould have
beenstablefor any non-negativeK; and K5.

With this motivation, we make the following
Definition:

The closed-loopsystemconsistingof the plant P andtwo controllersC; =
QII‘J andCy = 252 s gain constrained if AQ1, Q2¢{1, —1} suchthatthe system

1+ I+ 1I+=

is stablefor all positive real valuesof K; and K.

Now we can show the following:

Theorem 1:

The systemconsistingof the plant P = E 2} and controllersC; = ?;il
andCsy = ?ji_? connectedn the straightcorfigufationis gain constrainedf and
only if

§2(§2 —€1) <0 (6.7)
Proof:

Sufficiency: &2(&2 — &) < 0 implies either

. & >0andé& — & <0 or

. & <0andé — & >0



105

Casei) is the one we looked at in the exampleand we saw that it is gain-
constrained. In caseii), if we choose); = —1 thenthe term —(Q2K5¢s is
negativeand the coeficient of s’ becomemegativefor large K. If we choose

Q2 = 1, theterm Q1 K102 K2(&2 — 1) is negative.

Necessity:If £2(& — &) > 0 we take@; = —1 andthe sign of )2 opposite
the sign of &. Thenall of the coeficientsin the numeratorof (6.5) are non-

negativefor all valuesof K; and K».
Frequency-dependent plant
Now we will prove a weakerbut more relevantresult.

Theorem 2:

the systemconsistingof the plant

P L (1) (6.8)
11+ 2)
and the controllers
L= fﬁK_l (6.9)
and
Ch = _ Q2 (6.10)

2
(1+i)

¥+ P4 canbewritten in this form by factoring H_{ out of (3.57),(3.61),(3.71),and (3.72).
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connectedn the straightconfigurationis gain-constrained any of the following

is true:

i &(—¢) <0
i &(2-8) <o
. wy < 0

Proof:

As before, we form

QK& (1 + -
det[l—CP]:l—QlKl— i 22( 2)

S 2
1+ (1+§)

QK@K 61+ 25) —a(1+2)]

(1+2)
— %{[1 — Q1K1 — Q2K26 + Q1 K10Q2Ka(&2 — &1)]

(1+2)

+[3 = 201K1 — Q2 K28 <1 + Z—Z)
+ Q1 K1Q2K2w, (6—2 - 6—1>] <i)
w3

w1 W
2 3
+ [3 — Q1K1 — Q2K2fzﬂ} <i> + (i> }
wa | \wa Wa

Now it is easyto seethatif any of the conditionslistedin the theoremholds,

_|_

(6.11)

thenat leastone of the coeficientsof K, K>, or K1 K> will be negativeandthe

systemwill be unstablefor somevaluesof thesegains.
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Implications for the Interferometer
Becauseof the way in which we numberedthe interferometeroutputs,the
feedbackconfigurationof Figure 1.7 correspondso the straightconfigurationfor
Py. In Chapter7 we will seethatthis hasanimportantadvantag®verthe crossed

configuration(with the samenumbering). We let

S Hv o (8)
14— | = —"F—F = 6.12
Q) = mas 612
Substitutingfrom (2.77), (2.78), (3.57) and (3.72), we get
N} — N}
G =-2—+1 (6.13)
Nglri|
and
Ny — Ng
W] = ———Wee (6.14)
N
Similarly, letting
S Hv o (S)
1+ — )= —>">+< 6.15
& ( w2> Hvz<1>+ (S) ( )
andusing (2.70), (2.74), (3.61), and (3.71), we have
No — Ny
§o=———5— (6.16)
Nylrig|
and
N1 — N
w9y = lecc (617)

Now the necessarygonditionsfor freedomfrom gain constraint(Theorem?2)

become:
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(from the third condition,and from (3.66) which implies w.. > 0)

N1 — Ny
N >0 (6.18)
which implies {3 < 0 (since,from (2.17) and (2.75), %10' > 0);

then the first condition gives:

N N
S B N 6.19
<N0 Né) g (6.19)

andthe secondconditionenforceghe sameconstraintasthefirst. We will explore
the consequencesf theseconditionsfor the optical designin more detail in

Chapter7.

6.2 System Performance

Let us now addresghe questionof how much performancewe sacrificeby
operatingwith a poorly conditionedplant. Figure 6.6 showsa block diagramof
the closed-loopsystemwith d; andds representingseismicdisturbanceslriving
the systemaway from perfectresonanceand e¢; and e» the residualdeviations

from resonancen the presenceof the servos.

Figure6.6 Block diagramusedto analyzeperformanceshowinginputsdriven by seismicdisturbance.

d, €
R Yo W S
A P
4>Oe7 * —
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We solve for ¢

f=crue (6.20)
e=d+f (6.21)
e=[1—CPy'd (6.22)
If we let
S=[1-CP? (6.23)
then
ea = Sa1d1 + S22d2 (6.24)

We will considerthis term first.

The smallerey is, the bettera job our control systemis doing. Clearly the
larger we can make the elementsof C, the better. In a real systemthere are
alwaysaspectsf the high frequencyperformanceof the systemwhich limit the
unity-gain frequencyand therebythe gain one can achieveat thosefrequencies
whereonewantsto suppresslisturbancesin our systemassuminghatit is notin
a gain-constrainedonfiguration thesehigh frequencyfeatureswill be mechanical
resonancesat about 10 kHz for any loop driving a mirror, and propagation

delaysin the optical path and wiring, which producesignificant phasedelays
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Figure 6.7 Block diagram showing plant and one feedback loop as a single block.
(RQ*P,

,,,,,,,,,,,,,,,,,,,,,,

for frequencies exceeding about 1 MHz, for the loop feeding back to the laser.
In Figure 6.7 these are shown explicitly as additional factors R; and R».”
When one of the outputs of the plant is connected back to one of its inputs

via controller C; the resulting one-input, one output system'

(R1C1) * Py = Ca e + 101 (6.25)
1-C;

can be treated as a simple block from the point of view of analyzing loop 2. If we
assume that (R1C1) = Py is smooth and minimum-phase in the frequency range
where Ry is smooth, then its exact frequency response is irrelevant since we can
in principle cancel it by appropriate choice of frequency response of C. Then
the minimum achievable value of S»»> depends only on R», and, in particular, not

on whether or not P; is diagonal. The other contribution to e» is So1d;, and we

These factors have not been relevant until now because we model them as equalling unity at the frequencies where

we want to suppress seismic noise, typically frequencies of less than 10 Hz.

f For brevity, we will write e; and e2 instead of £1(s) and e2(s) throughout this section.
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may askhow the size of this contributioncomparedgo the other, sinceif we had

a diagonalplant, this contributionwould vanish. We canwrite S explicitly:
S=[1-CPy]*

_ i 1 —Cho Cieg (6.26)
A CH 1-Cq

where
A=1-C1—Cyeo+ 0102(52 — 51) (6.27)
and seethat
S21 Co
—_— = 6.28
Soo 1 —-C1 (6.28)

In otherwords,thefactthatour plantis notdiagonaldoesnotdegradeperformance

significantly if
|Ca < |1 = Ch (6.29)

A more useful expressioncan be derived by writing this in terms of the loop

gains, GG and Ga:
G1 = 01(P+ * 02)

B 10y
=G <1 i 0252) (6.30)

~ Cl <1 — 8—1)
€2

wherewe haveassumedhat |Cae2| > 1. Similarly

Gz = 02(01 * P+)
(6.31)
~ Ca(eg — €1)
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andif C; > 1 we get the approximateresult:

S
S22

(6.32)

N 0162

In other words, we do not sacrifice a significant amount of performanceby
adopting this schemeas long as G is sufficiently large. The required ratio
of Gy to G is 1/e9; typically a few hundred. This is easyto achievefor any
reasonabldoop shapein loop 2 sincethe unity gain limitations on loop 1 are

so much less severe.

Next we look at loop 1 to seewhetherperformancehereis degradedHere

e1 = S11d1 + S12do (6.33)
and the relevantratio is
Siz2| _ ' 1
511 - 1—8202
N Grer (6.34)
~ G

Sincee; is typically largerthanes, this meanghataswe increase’, we first start
to experiencea degradatiorin performancen loop 1" (over whatit could have
beenwith a diagonalplant) and then we stop experiencingany degradationin
loop 2. Oneof the loopsalwaysexperiencesomedegradation.In the numerical

analysispresentedater in this chapter,GG; is very large, so that the performance

In our numericalexampleg; ~ 0.0043 andey ~ —0.0016.

T The performancein loop 1 doesnot becomeworse as we increaseG; it just ceasego improve. If we had a

diagonalplant, the performancen this loop would continueto improve aswe increasedhe gain.
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in loop 1 is not as good as it would be with a diagonal plant. Nonetheless,
accordingto the predictionsof this numerical analysis, adequateperformance
can be achievedin both loops. If the specson loop 1 were much tighter or if
we found that we had trouble meetingthem, then we might want to consider
using a different signal extractionschemeor implementinga “decoding matrix’

to improve the performancein loop 1.

A decodingmatrix is a setof amplifiersinterconnectedo asto form a 2x2

systemwhich, whenconnectedo the outputsof P, producesa new plant, say
P, = E 5}} (6.35)

For anideal decodingmatrix, P, would be nearlydiagonal(i.e., s ~ 0 and¢< ~
o0). Under thesecircumstanceshe noiseinjectedinto eitherloop by the other
would becomenegligible. For a morerealisticdecodingmatrix all of the relations
betweerthe matrix P, andstability andperformancealerivedaboveapply equally
to P,, andperformanceanbe improvedif the newplantis morenearlydiagonal
thanthe original plant. Whenanalyzingsucha systemi,it is especiallyimportant
to considerthe imperfectionsin the componentsusedto build the electronic
decodingmatrix, and possiblefluctuationsin the interferometerresponse due
to misalignmentor deviationsfrom resonance.The designof anideal decoding

matrix would be straightforward if one had ideal electroniccomponentsand a
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non-varyinginterferometeresponsea real devicewith imperfectionsmay yield

smaller performancebenefits.

6.3 Numerical Example of a Control System Design

Mainly for the sake of illustrating some of the ideas developedabove, a
controller was designedand evaluatednumerically. The designwas done by
trial anderror. Polesand zeroswereaddedto the controllerandtheir frequencies
changeduntil adequateperformancewas achievedand all of the constraints
satisfied. The polesand zerosof the final desigd26, aswell asthe performance

predictedfor this design,are shownin Table 6.1.

Simple numericalmodelswere usedto representhe plantandthe controller.
For the plant, the rationalfunction approximationderivedin Chapter3 wasused,
for thecontroller,arationalfunction(pole/zeroyepresentatiowasused. Thusthe
numericalmodeldid not containthe effect of internalresonances the mirrors,
nor the effect of propagationdelays. That theseunmodeledeffects would not
causeinstability in a real systemwas checkedby inspectionduring the design

process.

Almost all of the analysisdescribedn this sectionwas doneusing Matlab” code.

T L. Sieversfirst observedthat adequateperformancecould be achieved,and all of the designconstraintssatisfied,

with controllerscontainingonly real polesand zeros(i.e., no complexconjugatepairs of polesor zeros).
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Constraints

Stability As mentionedabove,a mirror resonanceould causeinstability if the
loop gain at the resonantfrequencywere to exceedunity. Sincethe resonances
are expectedto have quality factorsof up to 10’ and are expectedto occur at
frequenciesaslow as10 kHz?’, this type of instability wasruled out by assuring
that the magnitudeof the loop gainin any of the loopsdriving a mirror wasless
than 10~ at frequenciesexceedingl0 kHz"%8,

In the loop feeding back to the laser frequencythe criterion was simply
that the unity gain frequencybe lessthan1 MHz. At that frequency80 ns of
delay (correspondingo 24 m of optical path),togetherwith 15 degreesf phase
changeseenin the high frequencyinterferometerresponsdH_11 of Figure4.2),
still leavesa phasemargin of up to 70 degrees.

The simplified rational function model of the closedloop systemcould also
be unstableby itself. This was checkedby finding the eigenvaluesf the “A”
matrix in the state-spaceepresentatiohof the closed-loopsystem to makesure

that their real parts were positive.

Noise Oneadditionalconstraintwasobservedduring the design.As we sawin

Chapters2 and 3, the gravitationalwave output,in additionto being sensitiveto

A Mathematicaprogramwas written to checkthis particular constraint. This was necessaryecausehe Matlab?
code,usingthe state-spacéormalism, underestimatethe attenuatiorat high frequencies.

f The (Matlab”) softwareusedto do this part of the analysisand designdoesall of its calculationsin statespace.
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®_, isalsosensitiveto ¢_. If ¢_ is controlledby aloop containinga noisysensor,

thenthe inducednoisein ¢_ will contaminatehe gravitationalwave signal .

Quantitatively, we require, at frequencieswhere we want interferometer
performanceo be limited only by shotnoiseat the antisymmetricoutput (above

100 Hz),

1 Gy 1
3] [S;,(f)] ‘ﬁ’ < S3_(f) (6.36)

Lo L e e
where S;_(f) and S3_(f) are the shot-noiselimited sensitivity to ¢_ at the
isolatorandto ®  at the antisymmetricoutput,andG;_ is the open-loopgainin

the ¢_ loop. In our numericalexample,this correspondgo
G, k0.1 (6.37)

andwe useG,_ < 0.01 asour constraint.

Performance

Figure6.8 showsthe expectedseismicdisturbancelriving eachof theinterfer-
ometermirrors'?®. To calculatethe rms deviationfrom resonancethis spectrum

is first multiplied by a numberi/;. correspondindo the numberof mirrors being

*

In principle, this noise, being separatelyneasurablén the ¢_ loop, could be subtractedout of the gravitational
wavesignal. However,the precisionwith which this canbe doneis limited by practicalconsiderationsandthe additional
complexityis undesirable.

T This curve was calculatedfrom a combinationof estimatedand measuredspectraof the seismicmotion, and from

the transferfunctionsof the mechanicalnti-seismicsolation.
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perturbed,and multiplied at eachfrequencyby the closedloop gain of the sys-

tem. This setof operationss representedliagrammaticallyin Figure 6.9. This

producesthe spectrumof residualdeviations,which is then squared,ntegrated,

and raisedto the power of 1/2.

Figure 6.8 Seismicspectrum.
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Figure 6.10 showsthe magnitudeof the open-loopgains, and the spectra

of residualmotion for the common-modadegreesof freedom. We seethat the

ratio of openloop gainseasilyexceedsl /¢, at all frequenciesvherethe seismic

disturbancas significant,and,asexpectedthe residualdeviationsaredue mainly

to the disturbancenputin loop 2. Thisis illustratedby Figure6.11,which shows
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Figure 6.9 Block diagramfor the propagationof seismicdisturbance.
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the contributionsto the residualdeviationsin loop 1 andloop 2, dueto seismic

disturbancesenteringloops 1 and 2.

Finally we note that although the performancespecfications set forth in
Chapterl and Appendix B were only barely met in this design, considerable
improvementsare possibleat the costof modestadditionalcomplexity. In loops
2 and 3, which arelimited in bandwidthby mirror resonancegainincreasexan
be achievedoy installing notchfilters in theseloops,to partially cancelthe effects
of the resonances.The gain in loop 4 can be increasedwithout contaminating
the gravitational-waveoutputif subtractioncircuitry is installedto re-subtracthe

noiseintroducedby this loop from the gravitational-waveoutput.
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Figure 6.10 Loop gains (a)) and residual motion (b)) in common-mode
degrees of freedom. Curves corresponding to the ¢4 loop are dashed.
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Figure 6.11 Contributions from loop 1 and loop 2 (dashed) to
residual deviations from resonance in loop 1 (a) and in loop 2 (b).
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Table 6.1 Loop shapes and performance predictions for numerical servo design.

pole zero Unity-gain Performance
frequen- frequen- frequency (RMS residual
cies (Hz) cies (Hz) deviation,
radians)
Degree of ol 0.00186, 1.6, 1.6, 16, 300 kHz 7.3 x 1078
Freedom 3 at 0.016 16,
o 0.00186, 1.6, 16 70 Hz 7.2x 107"
2 at 0.016
4 at 3000
D 3 at 0.016 92, 60 Hz 3.8 x10™*
4 at 3000 16, 16
o 2 at 0.0016, 3 9 Hz 2.5 x 1072
30, 30
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Chapter 7 Optical Design Considerations

In previous chapters,a number of somewhatarbitrary choicesof optical
parametersand layout have been made. In this chapterwe will investigate
the motivation behind some of those choices. In particular, we will consider
the choiceof common-moddeedbackcorfiguration, of asymmetry of recycling

mirror reflectivity, and of modulationdepth.
7.1 Common-mode Feedback Configuration

In Figure 1.7 we showedthe feedbackto the laserfrequencycoming from
theisolatorinphaseoutputandthe feedbackio the recyclingmirror positionfrom
the pick-off inphaseoutput. In principle one could reversetheseconnectiongor
some optical configurations. One compelling reasonto feed back to the laser
frequencywith v; is that the shot-noiselimited sensitivityto @, is betterin v
thanin vy (typically by a factor of about30). Sincewe insiston high gainin this
loop, any sensingnoisein this loop will be impressedon the laserfrequency.
This noise can be measuredand it could in principle be subtractedout of the
gravitationalwave signal, but this is technically difficult, and would require a

separatdow-noise frequencyreferencé.

Although the gravitationalwave outputof anideal interferometeiis insensitiveto v;, a smallasymmetryin thearm
cavitiescan compromisethis common-modeejection.
T The currently proposednodecleaner(seefootnote,page8) is almostquiet enough,and could be madesuficiently

quiet by narrowingits bandwidth.
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7.2 Asymmetry
An immediateconsequencef this choice of feedbackconfigurationis that
(accordingto (6.18)) avoiding gain constraintwill require

N1 — Ny

0 7.1
> (7.1)

which implies (using (2.71) and (2.75))
COSCx > T¢ (72)

A numberof other aspectf interferometerbehaviorare affected by the value
we choosefor the asymmetryd. Oneof theseis the shot-noisdimited sensitivity

in v3 to ®_, the gravitationalwave signal:

S (f)= VEeald) (7.3)
- Hy,p_(i27 f)
where
Suros () = |Bevcess|” + 3| Eanti 1| (7.4)
and
Hyo_ = E2Jo(T)J1(T) < EEROO> <%Zill>tp7"lco (7.5)

The aboveexpressions complicatedandits optimizationis usuallydonenumeri-

cally. However,é affectsonly theterm3|E, 1|2 in the numeratorand (%)

inc 1

in the denominator.The numeratorincreasesvith E,,;; 1 moreslowly thandoes
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the denominator so increasing(%) improvesthe shot-noiselimited sensi-

tivity to ®_. Now

Ea nti 1 sin o
7.6
<Einc1>0(1—rRTpcosa (7.6)
IS maximum when
cosa = rgT), (7.7)

which correspondso « ~ 0.2 in our numericalexample.However,the following

considerationsnotivate us to choosea smallervalue for «:

1. Thevacuumenvelopemustbe ableto accommodatehe test masspositions
correspondingo the desiredasymmetry.This may be easierwith a smaller
value of ¢.

2. The shot-noiselimited sensitivityto @ in v; is degradedf the amountof
sidebandreflectedfrom the recycling mirror (%) Is too small. From
(2.77) we can seethat in fact the signal will vanish when (%) = 0,
which happenswvhen cos o = ’T—f a value uncomfortablycloseto the value
in (7.7) above.

3. As mentionedabove,if we wish to be free from gain constraint,we must
choosecos o > r.5; moreover,we will seein the next sectionthat we wish

to chooserp ~ 7+, S0 againthis motivatesthe useof a smallervalue of «.

4. The shot-noisdimited sensitivityto ®_ is quite a weakfunctior¥ of .. This

¥ A numericalsurveyoveralarge rangeof valuesfor contrastdefect,recyclingmirror transmissiorandlossesshowed

thatthe shotnoiselimited sensitivity to gravitationalwaveswas degradedy at most5% whena wasreducedto 0.15.
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is becausea lack of efficiency in transmissiorto the antisymmetricport can

be partially compensatedby anincreasein the modulationindex.

Fromthe aboveargumentsve concludethatthe choiceof « is notcritical, and
we chooseone which is roughly 75% of the value which would give optimum

shot noise performance.

7.3 Recycling Mirror Reflectivity

Therecyclingfactor (seefootnote,page26) is maximumfor rp = 7,7, and
we would like to operateas closeas possibleto this value. Before choosingr g

we will make surethat condition (6.19) is not violated.

Ny N!
— ——=>0 7.8
No N, (7.8)
implies
— Tor,
<1 _ M) >0 (7.9)
rr — 1), cosa

which is satisfiedif
CoOsS Qx> T¢ (7.10)

But we have alreadychosento satisfy this in Section7.2, in order to achieve
wz > 0 (noright-half-planezeroin H,,,, (s)). We arefreeto chooseanyrecycling
mirror reflectivity we want. It is interestingto note that this would not be the

casewerewe to demandthat f,, . (s) alsobe free of right-half-planezeros.
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7.4 Modulation Index

The shot noiselimited gravitationalwave sensitivity of the instrumentis a
relatively sensitivefunction of the modulationindex I', especiallyif Feycess IS
large, and for large E....ss the optimum value of T is alsolarge. For large I'
the approximation(2.2) is no longer valid, and one needsto add (at least) an

additional pair of terms:
Fine = Bi(Jo(T) + (1) (i 4307/ ) = Jo(T) (2% 4 ¢7290)) - (7.10)

We call thefrequencycomponentseparatedrom theoptical carrierby 22 second-

order RF sidebands; they arereflectedalmostperfectlyfrom the recycling mirror

Eref 2
~1 7.12
<Einc2> ( )

since (by design) they do not resonaten the arm cavitiesnor in the recycling
cavity. They are capableof beatingagainstthe first-orderRF sidebandgo create

a signal at the mixer output. Generalizing(2.4):
v = Re{E’ng_1 + E* Eg+ EjEL + EikEz} (7.13)
If £_> = Es andthesefields aswell as £, arereal,andif £_; = E; then
vr = 2Re{E1(Ey + E»)} (7.14)

Thefields at the isolatorsatisfytheseconditions,andthe aboveexplanatiorholds

for v1, the inphasesignal at the isolator. We seethat the signal generatedn v

Seefootnotepage?7.
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whenthe carrier phasechangess unafectedby the presencef the second-order
sidebandsso that 7,, 5, (s) is unafected by the presenceof the second-order
RF sidebands.The contributionto H,,,. (s) dueto the changein phaseof the

first-order sidebandss affected, however;the size of this contribution changes

by a factor

Ey + E; E,..
Do+ B2y Lref2

7.15
E(] Eref 0 ( )

This contributionremainsfrequencyindependentsincethe signalis dueto audio
sidebandson the first-order RF sidebands,and we accountfor it by defining
N = (1+ g—f;z)N{ and replacing N! by Ny in all of our formulae. In

particular, (7.9) becomes

_T Ci ET’@ y
M<1+ f2> <1 (7.16)
rgr — T)cosa Erero

Using (7.11), (7.12) and (2.38), we find

Erego  Jo() 1 —rpTyre (7.17)
Erego  Jo(T) rp — Tpreo '

Now if (motivatedby the agumentsin Section7.2) we haverp — T, cosa < 0
then regardlesof whetherrp — 7,7 IS positive or negativé, (7.16)is harder

to satisfy than (7.10).

Thefields E; and E_,, areunafectedby the phasesn the interferometeisincethey do not resonaten it.

T Thesetwo casescorrespondo havingthe carrierbe “undercoupled’or “overcoupled, ’respectively at the recycling

mirror.



128

A sufficient condition for this effect to be small is

Eref 2 —(T)
Broro T S ! e
ref 0 Jo(D)E A
or
TR — TpTCO
) < | TR T 7.19
2(I) < 1 —rpTyre0 ( )

This effectof thesecond-ordeRF sidebandss inconvenienbecausd implies
that the frequencyresponseof the interferometerdependson modulationindex.
Increasingthe modulationindex to optimize the sensitivity will requirenot only
adjustingthe servogainsto compensatdor the changein overall responseput

will carry a risk of significantly degradingthe control systemperformance.

Onesolution,althoughitself inconvenientjs to amplitudemodulatethe beam
at 2Q before or after the phasemodulation occurg. If properly tuned, the

sidebandsppliedthis way will exactlycancelthosedueto the phasemodulation.

Another potential solution is to arrangethe arm cavity lengthsso that the
second-ordeRF sidebandsare exactly resonantn the arm cavities. This possi-

bility hasnot beeninvestigatedin any detail.

¥ If an electro-opticmodulatoris used as the power-stabilizingfeedbackelement,then a convenientand power-
efficient way to apply this modulationwill be to insert an additional crystal driven at 2§2 betweenthe polarizers,or
to sum the power stabilizerand 292 signalselectronicallybefore applyingthem. A stand-aloneamplitude modulatoris

power-ineficient becausehe beammustbe attenuatedo someextentfor the modulatorresponseo be quasi-linear.
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7.5 Arm Cavity and Recycling Cavity Lengths

The arm cavity lengthwhich is easiesto analyzeis one for which the first-
order RF sidebandsare exactly antiresonantj.e., a length of (n + 1)2mzet with
n a whole number. In this casethe sidebandsxperienceno phasechangeupon
reflectionfrom the arm cavitiesand the averagdength of the recycling cavity is
chosento be (m + %) A'“Td Thenwhenthe carrierresonatesn all threecavities,
the sidebandsesonateonly in the recycling cavity*®. This configurationhasthe
disadvantagé¢hatit allowsthe second-ordeRF sidebanddo resonatan all three
cavitiesaswell, makingthe responsef the interferometemharderto understand,
andvery sensitiveto smalldeviationsrom thesedesignlengths. For thisreasonijn
our numericalexamplethe arm cavity lengthswerechosento be slightly different
from thosewhich would makethe first-orderRF sidebandsxactly antiresonant.

It is alsopossibleto usevirtually arbitraryarm cavity lengths,so long asthe
first-order RF sidebandslo not resonat@! in the arm cavities. However, if the
sidebandsrefar from beingantiresonanin eitherarm, thentheywill experience
significantphasechangesiponreflectionfrom thatarm,andthe averagerecycling
cavity lengthaswell asthe asymmetrymust be adjustedto compensatdor this

phase.

§ If the sidebandsesonaten the arm cavities,thenthe RF sidebandpohasebecomesjuite sensitiveto @ andthe
plant becomegnoreill-conditioned.
I To avoid an exaggeratedensitivityto alignmentit is alsoimportantto avoid allowing the sidebandsgo fall ontothe

resonanfrequencyof otherlow-ordertransversenodes.
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Chapter 8 Summary and Conclusion

Whenthe systemfor extractingsignalsdescribechereinwasfirst conceiveda
numberof concerngexistedaboutwhethertheasymmetridayoutwouldfit into the
proposedvacuumsystem,whetherthe asymmetrywould causeexcessivdosses
becausef thedifferentmode-matchinglemandsmposedy thetwo armg31 how
the systemwould respondto imperfectionsin the optical componentor in their
alignment,and whetherit would be possibleto acquirelock with sucha system.
In addition,it wasunclearwhetherthefact thattwo of the outputsareproportional
to barelyindependentinear combinationsof two of the degreesf freedom(that
the plantis ill-conditioned) would proveto be a formidabletechnicalproblem.

Since then, a numberof theseissueshave becomebetter understood. An
experimentaprototypehasdemonstratethat, at leastfor a particularsetof optical
parametersthe assumptionamade in constructinginterferometermodels have
beenreasonableThe issueof whetherit is possibleto control theiill-conditioned
systemadequatelyhas beenresolved. The performancesacrificesinvolved are
understoodand the constructionof a working prototypeis further evidencethat
this problemis not critical. The dynamicsof the interferometerare alsobelieved
fairly well understood.The approximateresultsfrom a simpleanalysisagreewell

with an independentlyassemblechumerical model, and both predict behavior

# A. Abramovici hassinceshownthat this effect is completelynegligible.
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which is simple enoughnot to requireadditionalcomplexity from the controller.
Optical configurationscorrespondingo a plant which is hard to control have

beenidentified, and are easily avoided.

Other issuesremain less well settled. The following sectionsdescribea

number of suchissues.

8.1 Robustness

Although the prototype interferometerdescribedin chapter5 showed, for
one geometryand set of optical parametersthat the systemis not dangerously
sensitiveto imperfections,very little was done to quantify the magnitudeof
the imperfectionsexisting there,and in any case,it would be difficult to make
predictionsfor the behaviorof a full-sized interferometerthis way. In its full
generality,the issueof interferometerbehaviorin the presenceof imperfections
is very complicated. However,with a combinationof analysisof imperfections
perceivedas likely to causetrouble, and careful prototyping, the risk that an
importantproblemmay surfacevery late canbereduced.Oneareawhich remains
largely unexploredconcernsrobustness. This is loosely definedas the ability
of a control systemto maintain good performancein the presenceof various
imperfections. Theseimperfectionscan include differencesbetweenactual and
ideal mirror reflectivities, misalignmentjmperfectionsin electroniccomponents,

andeventhe effect on the interferometeresponsef deviationsfrom resonance.
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Both experimentajprototypingand numericalanalysisare powerful methods
for testing robustness. The former automatically tests for the simultaneous
effect of a large numberof imperfectionswhereasthe latter permitsa carefully
controlledcalculationof the effect of a relatively small numberof imperfections.
The systempresentechereinmay merit someadditionalnumericalinvestigation
beforethe next stageof prototypingis attempted.Sometypesof imperfections,

which arelikely bothto occurandto affect systemperformancearelisted below.

Beam Splitter Reflectivity

Even with today’s bestcoatingtechniquest is difficult to producea beam
splitter having a reflectivity differing by lessthan about5% from the specified
value of 50%. Consequentlythe RF sidebandssamplethe lengthsi/; and [p
in different proportions; the effective averagerecycling cavity length and the
effective asymmetry$ are both affected. The effect of an asymmetricbeam
splitter canbe partly cancelled? by an appropriatemodificationof I; andlp; this

hasbeencheckedin a limited numberof numericaltests.

Mixer PhaseErr or

In our modeleachmixer is driven by a local oscillator signalwhich is either
exactlyin phasewith the phasemodulatingsignalor exactlyin quadraturgphase.
In a real interferometerthesephaseswill be affectedby propagationdelaysin

the optical beampath, in cables,andin circuitry. The output vy is particularly
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vulnerableto this type of phaseerror becausethe inphasesignal at the same
photodetectolis more sensitiveto @, andto ¢ thanthe quadraturephaseis
to ¢_. In our numericalexamplethe performancen loop 4 is not significantly
degradecevenfor a mixer phaseerror as large as 20 degreeqthe derivation of
this resultis in Appendix D). Future designchangescould howeverreducethe

toleranceto this type of error.

Changes in Interferometer Response due to
Deviations from Resonance

For arbitrary positionsof the interferometemirrors, the output signalsare
non-linearfunctionsof thesepositions” andany substantiaeviationfrom reso-
nancecancausethe interferometeresponseo further small mirror displacements
to be changed. This changein responsecan affect the performanceof the con-
trol system,allowing evenlarger deviationsto occur. This mutual dependence
of control systemperformanceandinterferometeresponsemakesthis a difficult
problemto analyze,and further protoypingmay be the most effective approach.
A preliminary numericalexplorationwas doneto seehow the matrix of deriva-
tives (of chapters2 and4) is affectedby a few selectecdtypesof deviationfrom
resonance. The magnitudeof the deviationsexplored was comparableto the
deviationspermittedwithin the specficationsof AppendixB. It was found that

for deviationsin ¢ alonetherewas no significantchangein the matrix, for si-

For example the outputsare periodicin the round-trip phases.



134

multaneouschangesin ¢, and ¢_ or in ¢4 and ®_, the matrix changed but
the diagonalelementschangedoy lessthan 10%, and eachoff-diagonalelements
changedby lessthan 10% of the diagonalelementin the samerow. It remains
to be seenhow thesechangesn the plant matrix would affect performanceand
whetherothercombinationsof deviationsfrom resonancevill havemore serious

effects on the plant matrix.

8.2 Lock Acquisition

Whenthe laserandcontrol electronicgor aninterferometeiarefirst switched
on, the mirrors are in essentiallyarbitrary positions,and, for an interferometer
with suspendeccomponentsmoving with a wide range of velocities. In this
situation,the interferometemutput signalsare non-linearfunctionsof the mirror
positions and of the laser frequency. When the interferometeris locked, the
mirrors and laserfrequencyare not allowedto deviateexceptvery slightly from
resonanceand, to a good approximation the signalsat the outputare relatedto
the mirror positionsandlaserfrequencyby a (linear) matrix of transferfunctions.
Thetransitionfrom the former“out-of-lock” stateto the lockedstateis difficult to
analyzebecausef the non-linearresponsef the systemin the out-of-lock state.
Low-ordersystemshavebeenanalyzed®34 but the generalizatiorio higherorder

or multi-dimensionalsystemsis not obvious.
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It is in principle possibleto modelthe out-of-lock statenumericallyin thetime
domain,andthis hasbeendonewith limited succesdgor a servoloop controlling
a simple Fabry-Perotavity’. The algorithmsusedare computationallyintensive
and a thoroughexplorationof initial-value spacefor a completeinterferometer
will requirea large amountof computertime. Model developmenis alsotime-
consumingoecausdew analyticor experimentalesultsexistto confirm or refute

any numericalresult.

8.3 Conclusion

In additionto modelingefforts which will likely continuefor sometime, an
importantnextstepin the developmenbof this signalextractionandcontrolsystem
will be prototypingin the 40m interferometeron the Caltechcampus. In two
importantrespectsthis instrumentis muchmorelike a LIGO interferometetthan
thetabletopprototypedescribecherein. The mirrorsaresuspendedandthelosses
andlengthsaresuchthatthe optical dynamicsoccurmuchmoreslowly. The fact
thatthe mirrors are suspendedneansthat the spectrumof the seismicnoiseto be
suppressed quite similar to thatin LIGO. Thefact thatthe dynamicsareslower
will makeit possibleto measurethe responsdo mirror motion for comparison

with the numericaland analytic models.

A programcalled Simulink” was used. Simulink” is a trademarkof The MathWorks, Inc.
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Appendix A Shot Noise at the Mixer Output

To quantify the noise performanceof an instrument, we must somehow
characterizehe randomprocessx(t) correspondingo the outputin the absence
of any signal. For stationarynoise, this is most convenientlydone using the
one-sidechowerspectrums,, () of x(t¢), definedasthe Fouriertransformof the

autocorrelationR,,(7) of x(t):

Rar(7) = E{x(t + 7)x(t)} (A1)
Sex(f) =2 / Raoo(7)e2™ I dr (A.2)
Ry.(T) = / Sex(f) cos2m frdf (A.3)

0

(As in the widely-usedtext by Papouli$ we use boldfacedsymbolsfor random
variablesandthe notation £{} to meanexpectatiorvalue or ensembleaverage.)
The reasornthat this is a usefulway to characterizehe noiseis thatif x(t) is the

input of a linear systemH ( f), andy(¢) its output, then

Syy(f) = |H(f)*Sua(f) (A.4)

140



and

(A.5)

|H(f)]*Seal f)df

Now if, for example,H (w) wereanideal “brickwall” bandpassilter (onewhich
passedrequencieswithin the bandpassinattenuatedut attenuateut of band
frequenciesnfinitely) with passbandfi, f2] in anideal spectrumanalyzer,then

the expectedoower out of thatfilter (expectedoower *in that frequencyband”)

would be
o f2
[swinrar= [ satnar. A6)
0 fi

The outputis(t) of our model, in the absenceof signal, is not stationarysince
the photocurrentfluctuatesat twice the modulation frequencyand since it is

then demodulatedat the modulationfrequency. Similar problemsto this have
beenanalyzedprevioush¥3. Neither of thesesolutionswas derived within the

formalism of Papoulis’stext, and a re-derivationin this more standardanguage
is useful.

We notethati, () is cyclostationaryfor anyt the statisticsof i, (o) arethe
sameasthoseof i,(t9+7") whereT is the periodof themodulation.Consequently,

the autocorrelationR; ;, (t + 7,t) = E{io(t + 7)io(t)} is alsoperiodicin t. For
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an arbitrary cyclostationaryprocessx(t) with period 7', if we define an average
autocorrelation
t+T

1
7 / Ry (' +7.1")dt" (A7)
t

Ryx(1) =

and its Fourier transform,the averagepower spectrum

Sza(f) =2 / E(T)CQWUTCZT , (A.8)

thenthe latter also hasthe importantpropertiesascribedto S, (f) abové. Now,
if y(¢) is againthe output of a linear systemH (f) to which x(¢) is the input,
then R,,(0) hasthe significanceof being the time average(over the period T")
of the varianceof y(¢). In the exampleof the spectrumanalyzer,we expectthe
power at the outputof our filter to fluctuatewith period7’, but the averageof the

expectedpower over an integral numberof periodsis given by R,,(0).

Our goalis to calculateS,,, (f) and S,,.(f), the averagepower spectrum
of the signal at the mixer output. In Chapter2 we modeledthe mixer as being
a device which multiplies by cos Qt or by sin ¢ and then averagesover some
time interval 7', and for conveniencewe chose7 to be an integral multiple of
the modulationperiod. We beginby definingi; = i, cos Qt andigp = i, sin ¢ to
be the signal after multiplication by the appropriatesinusoidbut beforelow-pass
filtering, and finding S;;,(f) and Sjoio (f)-

To calculateR;,;, (1), we first find the expectedohotodetectosignali,():
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ip(t) = ’EO + Bt 4 E_le—if“’?
= |Bol* + |B1 [ + | Eaf*
+ QRG{E(’]‘EleiQt + EflEoeiQt} (A.9)
n QRe{EilEleimt}

= Ag+ A1 cosQt + By sin Qt + Ag cos 20t + Bo sin 20t
Next we modelthe shotnoiseprocessasa procesof Poissonimpulseswith

density A(t)
A(t) = Ag + A1 cos Qt + By sin Qt + A cos 2Qt + Ba sin 20t (A.10)

Eachimpulsecorrespondso the generatiorof one photoelectrorin our photode-

tector,andtheunitsof <, arephotoelectrons/secorimkcaus®f our definition(2.1)

of the fields. A Poissonprocessx(t) is defined® as a processwhich is constant

exceptfor unit incrementsat randompointsin time t;, wherethe densityof the

pointst; is A(¢), andthe processof Poissonimpulsesz(t) is its derivativé
dx(t)

a(t) = ot —t) . (A.12)

The autocorrelatiorof a non-uniformPoissonprocessis given by’:

th)\(t)dt {1 + ?A(t)dt} t1 > t2
Rl’w(tl« t?) = 9 0 (A13)

tflA(t)dt {1 + j?/\(t)dt} ts >t
0 0
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andthe autocorrelatiorof the derivativeof a randomprocesss given by?

aQRm:v (tl ) t?)

Ra?’a?’ (tl’ t2) - atl 8t2

(A.14)

Sincez(t) = x/(t) we haveonly to substituteinto the equationaboveto find

the autocorrelationwe seek.

82R$I<t1, t2>

Rzz(tl,tg) = D1, 0t

For t1 > to,

to

(‘3Rm Tl Tz

dt )\ f

67‘1 / 1
0

92 Rx$(t1,t2) _
Oty Ots N

Similarly, for ¢1 < t9,

Ryu(t1.t2) = /A(t)dt {1+/A(t)dt]
0 0

%f;t?) = A(t1) + //\(t)dt At1)
0

and we have

aQRmx(tl; t?)

= At1) (¢t
dty Ots (1)(2)
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(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)



again. However,thereis a discontinuityin%&“t"’) atty = t9, SO

R:(t1,t2) = Mt1)A(f2) + A(t1)o(t1 — t2) . (A.22)

We can use this result to find the averageautocorrelationof the inphase

signal ij:

Riyi;(t+71,t) = E{ip(t + 7) cos Q(t + 7)ip(t) cos Qt}
= E{i,(t + 7)ip(t)} cos Q(t + 7) cos Qt (A.23)
= [A(t 4+ T)A(t) + A(t + 7)6(T)] cos Q(t + 7) cos (2

and of the inphasemixer output vy

Rz’n’[(t +T?2‘,)dt

N

Riyif(7) =
(A.24)
[A(t+ T)A(t) + At + 7)6(7)] cos Q(t + 7) cos Qt dt .

S

St — 5 TT—

The first term in the abovewill turn out to be irrelevantto our analysis;it is

T

1
/ (t+ 7)A(t)] cos Q(t + 7) cos Qt dt
0

1 2 o (A.25)

+ (A% + Bf) cos 2Q7 + (A% + B%) cos 3Q7]

The secondterm is
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T

1
/ (t +7)0(7)] cos Q(t + 7) cos Qt dt
0

(A.26)
1 Ao
= -6 Ag+ —
70 )( 03 >
To find the averagepower spectrum,we take the Fourier transform:
Sizi,(f) =2 / Riyi, (1)e*™ 7 dr
A
= Ao+ 72
+ 4A%5(2n f) (A.27)

+ (4A] + 4AgAs + A3 + B3)s(2mf — Q)
+ (A7 + BY)s(2n f — 29)

+ (A3 + B3)é(2r f — 302)

This powerspectrumhasfour sharpcomponentspneat DCT, andthreemore
at harmonicsof the modulationfrequency,aswell asa broadbandcomponent.it
is only the broadbandcomponentwhich interestsus, sinceonly it falls into the
frequencyrangewherewe expectto detectgravitationalradiation. The lowpass
filter in our modelof thedetectionsystemwill leavethis partof thenoisespectrum

unafected, and will attenuatethe very high frequencycomponents.Hencewe

T It is interestingto note that the DC componentf the abovespectrumwill vanishor be very smallif our servos

are effective since A; and B; are proportionalto the mixer outputs.
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write

Suror(f) = Ao+ 5=
)=t (A.28)

= |Eo|* + |E1]” + |E1” + Re{E* 1 By}
For the averageshot noise spectraldensityat the inphasemixer output.

We take the sameapproachfor the quadraturemixer output. We write “sin”

insteadof “cos” in (A.23) and (A.24), and evaluatethe sameintegralsto get

A
SvaQ(f) = Ay — 72

(A.29)
= |Eof* + |E1)? + |E-1” = Re{E*1F1}

We have,in the processof deriving this last resultagainthrown away sharp
componentsn the spectrumat DC andat harmonicsof the modulationfrequency.

At either output, there could of coursebe light due to other sourcesthan
the idealizedfields we have modeledhere. Two examplesare light presentin
orthogonaltransversemodesbecauseof mirror imperfectons,and light from an
incandescenbulb which might be usedto performa shotnoisecalibration. When
thereis excesslight on the photodetectorjt frequently contributesonly to Ay

and we write
S’U]’U[(f) = |Eewcess|2 + |E0|2 + |E|1|2 + |E_1|2 + R@{EilEl} (A30)

and

Svqua(f) = |Bevcess|” + |Eol” + |E1|* + |B_1|” = Re{E*1E1}  (A31)
Where|Eemss|2 is the additionaloptical power (in units of photons/second).
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Appendix B Specification of Allowable RMS
Deviations from Perfect Resonance

B.1 Introduction

In this appendixwe will seea set of specficationson allowed root-mean-
square(RMS) deviationsfrom resonance. Each specificationis motivated by
some mechanismthrough which a low-frequency (less than 10 Hz) deviation
from resonancadegradeghe in-band (100 Hz to 10 kHz) signal-to-noiseratio
eitherby reducingthe signalstrengthor by increasingthe noise. Sincethe signal
to noiseratio at the output dependson a numberof factors,only one of which
is the deviationfrom resonancdeing consideredsettingspecificationon all of
thesefactorsinvolves an analysisof the costsand benefitsof changingany one
of the specifications. A thoroughtreatmentof theseissuesis impossiblehere.
It is likely that as researchprogressesnd new information becomesavailable,
the costsof changingcertainspecificationswill be reassessedndit is possible
that new mechanismwill be found which will imposeadditional constraintson
the specifications.

Our goal here will be only to derive a sample set of specfications for
illustrative purposes. It is hopedthat althoughthe numericalexamplesworked
outin this text will lose their applicability asthesenumbersevolve,the analysis

and designmethodsoutlined will remainrelevantand useful.
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The remainderof this appendixdealswith four mechanism$y which devia-
tions from resonancean degradenterferometeperformance . Theseinvolve the
needto keep ample power circulating in the arm cavities, the needto prevent
laserfrequencyor intensity fluctuationsfrom producinga signalin the gravita-

tional wave output, andthe needto keepthe antisymmetricoutput dark.

B.2 Power in the Arm Cavities

As we sawin chapter3, the generatiorof audiosideband®n the carrierin the
arm cavitiesproduceshe gravitationalwave signal. A deviationfrom resonance
thatreduceghe powerin the arm cavitiesby 10% would reducethe gravitational
wave signal strengthby 5%. We will adoptthis numberas our specfication on

power stability in the arm cavities.

From (2.13) we know that the powerin a cavity AD (asin Figure2.3)is
2

1
Pcav X ’ 1 _ TA'r'De_i‘Sé
(B.1)
2
1 1
L —rarp| |1 4+igHA2-6¢
and Pcav = 0-9Pca'v mazx for
1—ryqrp
b ~ 0.3—== (B.2)
TATD

We can derive a numberof specificationsby interpretingthis for the different

degreesof freedom.
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If thearm cavity backmirrorsmoveequalamountsn the samedirection,then
the relevantequivalentcavity is the one of Figure 3.2, which hasa compound

mirror consistingof the recycling mirror and a front mirror; then

1 —rp«RTB

By < (2)0.3
TFxR"B

(B.3)
~3x 107 (radians)

For changedn ¢, we takery = rp andrp = r.; then

1 —7rpr
by < 03&
TRTc0

(B.4)

~ 0.01

Thesetwo specificationsare similar to numbersquotedelsewheré

B.3 Frequency Noise

D. Shoemakér® has shownthat in order to avoid degradingthe expected
99% frequencynoiserejectionratio due to the symmetryof the arm cavities,we
requiré

§B? — 6025 =D, <2 x 1076 (B.5)
If &, satisfiesthe specificationabove,thenwe require

d_ < 0.07 (B.6)

Shoemakederivesthe constraintassumingthat all mirrors are stationaryexceptfor one arm cavity back mirror.

His resultis easily generalizedo the one shownhere.
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B.4 Intensity Noise

Since the gravitational wave signal is proportional to the product of the
laserpowerand ® , low frequencydeviationsin the latter can couplein-band
fluctuationsin the former into the gravitationalwave output. If 100 mW of
laserpoweris pickedoff for the purposeof power stabilization,thenthe relative
intensity noise (just after the pick-off, assumingthat it is limited by shot noise
in the referencephotodetector)will be

Si(f)

7 =28x 10 °%/VHz (B.7)

Now if the pick-off is locatedbetweernthe mode-cleanefseefootnoteon p.8) and
the recyclingmirror, thenthe low-passnatureof the recycling cavity will reduce

this noiseat the beamsplitter by abouta factor of 50 (~ w./we.):

i) 56 10 "/Viz (B.8)

If our target interferometersensitivity is 4 x 1072%m/v/Hz, correspondingto

S =2 x1071%2/VHz, thenwe require
d_<4x102 (B.9)

B.5 Dark at the Antisymmetric Output

If the light returningfrom the two arm cavitiesdoesnot interfere perfectly

destructivelyat the antisymmetricoutput, then the additional photonshitting the
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photodetectotherewill generateexcessshotnoise. It is believedthat about1%
of the powerreturningto the beamsplitter will arrive at the antisymmetricport
photodiodebecausef mirror-imperfection-inducedlifferencesan beamshapeor
intensity. We adoptthe requirementhat no more thanan additional0.1% of the
powerreturningto the beamsplitter exit the antisymmetrigport dueto deviations

in¢_ and®_.

For® =0, Esutio0 = E,¢sin (%‘) SO we require
.o (9=
sin <7> < 0.001 (B.10)
and'

$_ < 6x1072 (B.11)

To derivethe specificatiorfor ® _, we notethatthe phaseof thelight returning

to the beamsplitter changesV,,... = |”Lg| ~ 130 timesfasterfor ®  thanfor ¢,

Tl

so that the specificationmust be tighter by this factor:
d_<5x107* (B.12)
B.6 Summary

For our final setof specfications,we choosethe tightestconstrainton each

of the degreesof freedom:

f Specifyingseparatdimits on ¢_ and®_, in orderto ensuredarknessat the antisymmetricport, is a conservative

strategysince the power leaving the antisymmetricport is actually proportionalto ¢— + N/

arm

®_. A slightly more
sophisticatechumericalservomodelthanthe onein Chapter6 would showthatthe effect of residualdeviationsin ¢_ is

partially cancelledby opposingdeviationsproducedin ®_ by the loop feedingbackto ®_.
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dL <3x107° (B.13)

(7§+ < 0.01 Bl4
( )

d_<5x107° B.15
4 ( )

o < 6 x 10 B.16
2 ( )

We demand that the RMS deviations in any of these degrees of freedom not

exceed the above-listed bounds.
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Appendix C Alternative Feedback
Configurations

In this appendixwe considertwo alternative feedbackconfigurationsand
outline the consequencesf adoptingone of theseconfigurationsinsteadof the
one describedin Chapterl.

Thefirst modified corfigurationwe consideris shownin FigureC.1; it differs
from the configurationof Figure1.7 only in thatthe quadraturghasesignalfrom
the isolator, insteadof being fed backto the arm cavity mirrors, is fed backto
the beamsplitter and the recycling mirror in proportionsuchthat(; and/p are

changedin equaland oppositeamounts.

Figure C.1 First alternativeconfiguration: feed-backto beamsplitter.

Inverting
Amplifier

Laser
frequency
feedback

J
SUanming Photodiode/
Node with 1 & Q

Demodulator

Let us find the responseof the interferometerto this type of mirror motion.

Sincethe beamsplitteraffectsonly {p andsincethe beamsplitteris angledat 45°,
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this occurswhen the beamsplitter is displacedby /2 as much asthe recycling

mirror (6zps = V2(6zg)) and we let

0_ =2k <6$R - %(52735) (Cl)

representhis combinationof displacementsTo derivethe transferfunction from
6_ to vs we first note that motion of the recycling mirror producesno signal
here, and we chooseto use that combinationof beam splitter and recycling
mirror motion which makesthe audio sidebandspropagatingtowards the two
input mirrors exactly equalin amplitudeand oppositein phase.This occursfor
drp = ]'Rl\/§(5.’1735. Then theseaudio sidebandswill interfere destructivelyon

the symmetricside of the beamsplitter and constructivelyon the antisymmetric

side, so that
Hyo_ X 7e(T + wTapm) (C.2)
_rriw
Hyp = Hamgpc#?}fc (C.3)

This result has no important effects on systemperformancesince we still have
Hv30, < Hv3<I>,-

Next we note that
Hv40_ = Hv4¢)_ = Hv4¢_DC (C4)

since, as before, the characteristidrequenciesxperiencedyy the sidebandsare

all very high.
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Finally we look at the responsen v; andvs. The abovecombinationof dis-
placementswith 6z = ﬁth, mustproducea frequency-independesignal
in 1 andvy becausehe audiosidebandgpresentat theseoptical outputshavenot
interactedwith the arm cavities. Let us find the differencebetweenthis displace-
mentand /_. We want to considerthe beamsplitter and recycling mirror asa
compoundmirror which is a sourceof audiosidebandsandwe wantto solvefor
the proportionof displacementor which the sidebandgeneratedn the direction
of the perpendiculararm are exactly equal and oppositethosegeneratedn the
directionof thein-line arm. Motion of the beamsplitter aloneproducessidebands
propagatingowardsbotharms,in theamount[r3 E,.;p(T,r1) + tp Err2|2ps/ V2
in thedirectionof the perpendiculaarmandin theamounv2E7,Ptprr1t2xBS/\/§
in the directionof thein-line arm. Therecyclingmirror whendisplacedproduces
sidebandof the samesizer Est,rozp (if we takers = 22) propagatingowards
both arms. Settingthe total sidebandgpropagatingtowardsthe two armsequal

and opposite,and neglectingbeamsplitter loss, we get:

:(
zp=—-|1+

2

>$Bs/\/§ (C.5)

Tl""cOTp
for the ratio of displacementsvhich producesa frequency-independemésponse

in v1 and v9. Since

Hy, 4 pc=Hys pc=0 (C.6)
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we must have

1 1
H,y == —1\[Hy . — Hy6. DC
- =5 <7'17'c0Tp > [ 104 1O+DC]
, s (C.7)
1 1 N Ny o
2 170l 019+ DC N{— Ny 1+ wee
and
1 1 N =
H,y =~— —1)H,,s.DC e C.8
20 2 <T1T00Tp > 2¢+DC N1 —No 14 wee ( )
Theseeffects can be summarizecby writing the new plant P asfollows
0 Hyg
P -
P _ T0 Hy,
P = 2 (C.9
0 0 p
0 0 B

where P_ differsfrom P_ only in its upperright element. The analysisand
designmethodspresentedn Chapter6 still apply. The non-zeroelementsn the
upperright sub-blockrepresentdditionalnoisesummedinto the common-mode
subsystenfrom the differential subsystem.Thesewill degradethe performance
of the system. In a numericalanalysisusing the samecontrollersas in Table
6.6, the predictedperformanceis the sameas in that example,exceptthat in
the @, loop the RMS residualdeviationis increasedo 1.5 x 107°. A word of
cautionis appropriatenere. The specsderivedin AppendixB implicitly assumed
very-low-frequencydeviationsfrom resonancandtheir generalizatiorio dynamic
deviationsis not obvious. Moreover, becauseof the method usedto assess
performancenumerically,we implicitly changedhe dynamicgeneralizatiorof the

performancespecificationsvhenwe switchedplants,andthisis partly responsible
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for the degradationn predictedperformance.Only a more careful derivationof
the specificationson allowable deviationsfrom resonancewhich specifies,as a
function of frequency the constraintson mirror displacementsr changesn laser

optical frequency,can resolvethis issueproperly.

The secondalternativeconfigurationto considerinvolves no feedbackto the
arm cavity back mirrorst. Insteadthe front mirrors are driven. This is shown

in Figure C.2.

Figure C.2 Secondalternativefeedbackcorfiguration.
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The correspondingplant matrix is

0 Hyqg_
P " 0 LAY
P= 26 C.10
0 0 Hye —Hye Hyg (C.10)
0 0 Hye_ —Hy,y Hyyg_

The main consequencef this changeis to make the lower left elementof P
comparablein magnitudeto its lower right element. This meansthat residual

deviationsin loop 4 will producea largersignalin loop 3. This effectis unlikely
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to be importantsincethe specificationsare tighter for deviationsin loop 4 than
in loop 3.

One additional considerationin analyzing thesealternativesis that in the
presenceof mixer phaseerror, the commonmode and differential subsystems
becomefully coupled.Theycanno longerbe analyzed(asin FigureD.1) astwo
subsystemavhich are independenexceptthat one injects noise into the other,
since signalsnow flow in both directions. Both performanceand stability can

be affected.
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Appendix D Effect of Mixer Phase Error

In this appendix,we will fill in the derivationof the effect of mixer phase

error mentionedin Chapter8. As mentionedthere,the output v, is particularly

vulnerableto this type of phaseerror becausethe inphasesignal at the same

photodetectors more sensitiveto @, andto ¢, thanthe quadraturephaseis to

¢_. This errortransformghe interferometeplant matrix from the block-diagonal

form of equation6.1 to the modified form*

1 €1
1 €9
0 0
K Ke

P =

where
87}1
0%

(97)4
0o—

K:

sin 3

0 0
0 0
1 €3 (B-1)
€4 1
(D.2)

and j is the phaseerror in the local oscillator at the v3 mixer. If we neglect

the small coupling betweenloops 3 and 4, then the effect of this error can be

analyzedusing the block diagramof Figure D.1.

dy
1-Cy

d
~ —4+K61+K6162
Cy

+ [Ke1 + Keqes)]

Cy

1—-0C4

(D.3)

~25x 10724+ 1.5x 107 2sin B+ 6.5 x 10 3 sin 3

¥ We neglectthe frequencydependencef the plant sincewe seekonly a rough estimateof the size of the effect.
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Figure D.1 Block diagram used to analyze the effect of mixer phase error.
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In the second line of this last equation, we have used the approximation that

|C4] > 1, and in the third line we have substituted values from our numerical

example (where K ~ 2100sin 3). This is the result we use in Chapter 8.
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