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Vergleich optischer Anordnungen

in laser-interferometrischen

Gravitationswellen-Detektoren

Zusammenfassung

Verschiedene optische Konfigurationsmöglichkeiten von laser-interferometrischen

Gravitationswellen-Detektoren werden vergleichend diskutiert. Es wird gezeigt,

daß die erreichbare Empfindlichkeit wesentlich bestimmt ist durch die Größe der in

dem optischen System gespeicherten Lichtenergie, mit nur schwacher Abhängig-

keit von der gewählten Konfiguration. Um die in zukünftigen Gravitationswellen-

Observatorien (wie LIGO und VIRGO) angestrebten Empfindlichkeiten zu er-

reichen, müssen 20 J bei 1µm Wellenlänge gespeichert werden.

Eine neue Konfiguration, Resonante Seitenband-Entnahme (RSE), wird vorge-

schlagen und unter Benutzung eines linearen Modells ausführlich untersucht. Da-

mit können die Parameter für eine gewünschte Empfangs-Charakteristik passend

gewählt werden. Die zu erwartende Empfindlichkeit ist gleichwertig oder über-

legen der anderer Anordnungen, insbesondere dann wenn die Detektor-Bandbreite

groß ist.

Die Empfindlichkeiten der verschiedenen Anordnungen bei Anwesenheit von ther-

misch verursachten Verformungen des Lichtstrahls werden abgeschätzt. Es wird

gezeigt, daß bei Auftreten solcher thermischer Probleme die neue Anordnung

(RSE) vorteilhaft ist, weil weniger Lichtleistung durch die Substrate geschickt

werden muß, bei denen die stärksten Verformungen des Lichtstrahles zu erwarten

sind. Wenn man Quarzglas als Substratmaterial für die optischen Komponenten

annimmt und die geringsten derzeit möglichen Verluste in den optischen Beschich-

tungen, dann werden die thermisch verursachten Verformungen die speicherbare

Lichtenergie begrenzen. Dies kann durch geringfügig komplexere optische Anord-

nungen umgangen werden. In solchen Fällen kann die Anordnung von RSE be-

sonders nützlich sein.
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Comparison of optical configurations for

laser-interferometric gravitational-wave detectors

Abstract

Various optical configurations for laser-interferometric gravitational-wave de-

tectors are discussed. It is found that the amount of light energy stored in the

optical system determines the achievable sensitivity, with only weak dependence

on the configuration employed. In order to achieve the sensitivities expected in

future advanced gravitational-wave observatories currently proposed (such as

LIGO and VIRGO), 20 joule of 1µm wavelength light must be stored.

A newly proposed configuration, resonant sideband extraction, is fully analyzed

assuming a linear model. This makes it possible to choose appropriate parame-

ters for the desired response. The expected sensitivity using this configuration

is similar to or better than those of other configurations. The new configuration

is favorable especially when the detector bandwidth is broad.

The sensitivity of each configuration in the presence of thermally induced distor-

tions of the beams is estimated. It is shown that when thermal problems become

significant, the new configuration can be advantageous because less light power

is transmitted through the optical substrates where the strongest distortion of

the beam is expected. Assuming fused silica as the substrate material of optical

components and coating losses of state-of-art level, thermally induced distor-

tions are likely to limit the amount of light energy that can be stored. This may

be overcome with the use of slightly more complicated configurations. In such

cases, an application of resonant sideband extraction will be useful.
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Chapter 1

Introduction

1.1: Gravitational waves and their detection

The detection of gravitational waves remains as one of the most challenging

aims in experimental physics today. In spite of the efforts in the past decades,

there is no successful result so far. These efforts were, however, not in vain. The

experiences, together with recent developments of various technologies, made

a consensus that interferometers with several kilometer arm lengths will be

capable of reaching this very attractive target.

This motivated a few groups to build such interferometers; among them are

the LIGO project [1] of the U.S.A. and the VIRGO project [2], a French-Italian

collaboration. Both projects officially started in 1994 and are planning to op-

erate their initial interferometers around the end of this century. In addition,

several countries have similar plans but on a somewhat smaller scale, i.e. inter-

ferometers with several hundred meters. These include the GEO-600 [3] of the

German-British collaboration, TAMA-300 [4] in Japan, and possibly AIGO-400

in Australia [5]. These groups may also extend their interferometers to a larger

scale in the future (though it may not necessarily be at the same site).

The basic principle of these interferometric gravitational-wave detectors is

described in Chapter 2. The actual interferometers will, however, employ more

complicated designs in order to improve the shot-noise-limited sensitivity. The

optical designs previously proposed are comprehensively reviewed in Chapter 3.

A detailed analysis of a new optical design, resonant sideband extraction, can

be found in Chapter 4. As is shown in Chapter 5, this new configuration has an

advantage when thermally induced distortions of the beam become significant.

A gravitational wave can be understood in close analogy to an electro-

magnetic wave [6]. Both are transverse waves which propagate at the speed of

light through space. What is different between the two cases is that there is

only positive ‘charge’ of gravitation whereas both positive and negative ones in

electro-magnetic interactions. This results in a difference on the lowest mode of

– 1 –



Chapter 1: Introduction

h+ h×

Figure 1.1: The quadrupole force field of a gravitational wave which is
propagating perpendicularly to the figure plane. Its effect in the perpen-
dicular plane is expressed as ‘stretching’ in one axis and ‘compressing’ in
the orthogonal axis. Note that its effect increases with distance. The two
(linear) polarizations, h+ and h×, are shown (see 2.1.1 for their definition).

oscillation: it is dipole for an electro-magnetic wave and quadrupole for a grav-

itational wave. The ‘quadrupole’ nature of a gravitational wave is illustrated in

Fig. 1.1.

The existence of gravitational waves was predicted by Einstein [7] shortly

after the development of his theory of gravitation, the General Theory of Rela-

tivity (often abbreviated as General Relativity). In today’s physics, this theory

is believed as the correct expression of gravitational phenomena (in a ‘classical’

sense), through the stringent experimental tests in the past decades. (A good

historical review can be found in [8].) Among them, however, there is only one

experiment which is related to the phenomenon of gravitational waves.

Hulse and Taylor, who received the Nobel Prize in 1993 for this result,

confirmed the existence of a gravitational wave, though indirectly, through the

observation of the binary pulsar PSR 1913+16 [9, 10]. This pulsar is losing its

orbital energy by emitting a part of it as gravitational waves, and thus its period

is decreasing with time. This decay rate is in very good agreement with what

is expected from General Relativity.
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1.1: Gravitational waves and their detection

The direct detection of a gravitational wave is, however, still left as an

unattained goal for experiments. Its difficulty simply arises from the fact that

a gravitational wave’s interaction is so faint. Among the four fundamental

interactions known today, the gravitational interaction is the weakest by many

orders of magnitude. This means that a gravitational wave is not only difficult

to detect, but also difficult to generate.

Just to get an impression of its faintness, let us consider the artificial gen-

eration of a gravitational wave. Assuming a rod with a mass M and a length ℓ

rotating at an angular velocity ω around an axis perpendicular to the rod, the

total power emitted as a gravitational wave (at an angular frequency 2ω) is

given by [6]

PGW =
2 GNM2ℓ4ω6

45 c5

≈ 7.5 · 10−26 W ×
[

M

1000 kg

]2[
ℓ

1 m

]4[
ω/2π

1 kHz

]6 (1)

from the quadrupole formula of radiation. The quoted values correspond to a

rod made of iron with a radius of ∼0.2m.

The above value should be compared with the total energy of the rotation,

which is given by

Erot = 1
3
Mℓ2ω2

≈ 1.3 · 1010 J ×
[

M

1000 kg

][
ℓ

1 m

]2[
ω/2π

1 kHz

]2

.
(2)

Thus, the rod emits its rotational energy by a fraction of

ηperiod =
4π GNMℓ2ω3

9 c5

≈ 9.5 · 10−39 ×
[

M

1000 kg

][
ℓ

1 m

]2[
ω/2π

1 kHz

]3 (3)

per rotational period.

Considering the inverse process, the efficiency of detection must be of the

same order as the efficiency of emission in eq. (3), though the actual number

will depend on the detection scheme. This is the reason why the gravitational

wave was thought to be of only theoretical existence rather than of real life,

until Weber initiated experimental efforts to detect gravitational waves of astro-

nomical origin (see 1.2) with his pioneering work [11].
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He used a different type of detector from interferometers, called a resonant

type detector. This ‘bar’ shaped antenna is made of aluminum with a high

Q-value in order to improve the signal-to-noise ratio using its resonance. After

his announcement of having detected gravitational waves in 1969 [12]—which

at present is believed not to be a real signal, though—many groups around

the world built similar detectors (see Ref. [13] and references therein), some

with improved technologies. The main effort in the second generation resonant

detectors was to cool the antenna to low temperature in order to reduce its

thermally excited motion.

After decades of development, resonant detectors nowadays use the state-

of-art level technologies and some achieved the best sensitivity to gravitational

waves among any sorts of detectors. Their prospects for the future, however,

seem less promising because of the ‘standard quantum limit’ which arises before

reaching the interesting sensitivity level considering the expected signal ampli-

tude (see eq. (5) in 1.2). Although this ‘limit’ may be overcome using a method

called back action evasion, the technology is still to be developed. The above

fact makes interferometers seem more attractive as a future device to detect

gravitational waves. In addition, the narrow-band nature of a resonant detector

seems less appealing for an astronomical observatory (see 1.2).

There are also other types of experimental efforts to detect gravitational

waves, i.e. spaced-based ones such as Doppler tracking and pulsar timing . Both

of them, as well as the interferometers in space, are aiming at gravitational

waves in a much lower frequency range, from tenths of a hertz even down to

microhertz. Thus, they are complementary rather than competitive to ground-

based detectors such as interferometers, which are aiming at several tens of

hertz to a few kilohertz

1.2: Expected signal

From eqs. (1) and (3), the artificial generation of a gravitational wave with

a detectable strength seems to be impossible. Or, one may lose any hope of

detecting any kind of gravitational waves. Before being discouraged, however,

one should look at these equations a little more carefully. The gravitational wave

power as well as the efficiency of emission depends on the mass, the length, and

the period.
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1.2: Expected signal

What we know as the most massive objects are stellar objects. A typical

mass for such an object may be of the order of a solar mass,

M⊙ ≈ 2.0 · 1030 kg (4)

or even much heavier. Thus, we can expect much stronger gravitational effects

among such objects. There is, however, another question: whether such a

massive object will be accelerated enough so that the quadrupole moment varies

rapidly. As can be seen in eq. (1), the gravitational wave power also depends

on the time scale of the motion. If all the stellar objects are as quiescent as the

sun, we cannot expect any strong gravitational waves from them.

Fortunately, there are several phenomena (‘events’), such as supernovae, ex-

pected in astronomical physics in which huge amounts of masses are accelerated

within a relatively short time scale. According to numerical simulations, these

events seem likely to produce signals with detectable strengths (see Fig. 1.2).

These events are also of great interest from the viewpoint of astrophysics.

Furthermore, very little information from these events can be obtained through

other observational media, that is, electro-magnetic waves in various frequency

ranges. Only gravitational waves can bring the information from such ‘exotic’

events, due to their weakness of interaction. Electro-magnetic waves interact

strongly with the gas surrounding the core and the information on the core will

be lost while passing through the gas region.

This is why large scale interferometers are often called ‘observatories’—

they are expected not only to be a ‘detector’ just to confirm the existence of

gravitational waves, but also to be an instrument which provides various types

of informations about the universe. For this purpose, interferometers are more

adequate than resonant detectors because of their broad-band nature and the

flexibility to alter their parameters such as the detector bandwidth.

It may be interesting to note that the astronomical events expected to

produce signals are caused by gravitation. Since the gravitational force is pro-

portional to the mass of the object, it can accelerate massive objects relatively

easily (compared with other kinds of forces). Thus, the gravitational wave de-

tection is by itself of interest to gravitational physics, and the signals observed

are also valuable information on gravitational phenomena.

The drawbacks of astronomical sources of gravitational waves are their

uncertainty, non-reproducibility, and their distance. The former two features

require statistical treatment of the detection process, as is briefly discussed
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in 3.1.1. What affects the signal strength is the distance between the source

and the detector. In order to achieve a reasonable event rate (∼several per

year) of detectable signals, we must be able to observe as far out as the Virgo

Cluster (∼15Mpc ≈ 4.6 · 1023 m) where thousands of galaxies exist.

The gravitational wave amplitude h (see 2.1.1 for its definition) from such

a distant source will be around

h ≈ 1.4 · 10−21 ×
[

EGW

10−2M⊙c2

] 1

2

[
ωg/2π

1 kHz

]−1[
td

1 ms

]−
1

2

[
x

15 Mpc

]−1

, (5)

where EGW is the amount of energy emitted as the gravitational wave (mea-

sured by 10−2 of a solar mass energy M⊙c2 ≈ 1.8 · 1047 J), ωg/2π is its typical

frequency, td is the duration time, and x is the distance from the source. The

quoted values correspond to a fairly large burst of supernova occurring in the

Virgo Cluster. Thus, this number is a ‘yardstick’ of the amplitude of a gravita-

tional wave which we expect to detect.

Although the above number is discouragingly small, it does not mean this

gravitational wave is ‘weak’. Actually, a huge amount of energy is carried by

this gravitational wave. The power flux JGW on the earth of a gravitational

wave is given by

JGW ≈ 0.32 W/m2 ×
[
ωg/2π

1 kHz

]2[
h

10−21

]2

. (6)

This means that the smallest gravitational wave we may be able to observe

(h ≈ 10−22) is as ‘bright’ as the full moon in terms of power flux.

The possible events which are expected to produce gravitational waves

with detectable strengths and frequencies are extensively discussed in Refs. [8]

and [14]. Here we briefly list up some of them, in order to quote the requirements

on the detector to observe them.

A supernova, or more generally a gravitational collapse, will produce a

gravitational wave of burst type, expected to have one or a few cycles within

a few milliseconds, although the exact waveform is poorly understood due to

the complexity of the process. Thus, a broad-band response of up to a few

kilohertz would be appropriate to observe this kind of signals. The amplitude

of the signal depends on the amount of energy emitted as the gravitational wave,

which is also not well-understood. Numerical modelings suggest that 10−6 to

– 6 –



1.2: Expected signal
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Figure 1.2: The expected signal strength and the frequency range (data
are taken from Ref. [1] excepting the updated prototype noise level). For
comparison, expected total noise level in an advanced detector is also shown.
The former is represented by the characteristic wave amplitude hC ∼ hpeak×√

Nosc where hpeak is the peak amplitude and Nosc is the number of oscil-
lation. The noise level is represented by hN ∼ h̃

√
∆fBW. For more precise

discussion of these definitions, see Ref. [8].
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10−4 of solar mass energy will be emitted as the gravitational wave if the system

is axisymmetric, and probably more for the non-axisymmetric case.

Binary stars, consisting of ‘compact’ stars such as white dwarfs, neutron

stars, and black holes, are another type of gravitational wave sources. In such

a system, as PSR 1913+16 does, the two stars lose their orbital energy by

emitting gravitational waves while they are rotating at a gradually decreasing

period (up to a few milliseconds), and in the end the two stars will coalesce. In

the last few minutes, the frequency of the gravitational wave due to the rotation

reaches our observable range, and a burst type wave is expected at the moment

of coalescence.

The advantage of this type of source is that the waveform in the last few

minutes (‘chirp’) is well understood and a good signal-to-noise ratio can be

expected by using appropriate templates. In this case a detector with a good

low-frequency performance, i.e. both a good (spectral) sensitivity and a low

cut-off frequency, is desirable since the ‘chirp’ changes its frequency slowly at

lower frequencies and rapidly at higher frequencies. The burst at the very last

moment may be better observed with a broad-band detector like the one for

supernovae.

There are several known pulsars with periods from which we can expect

a gravitational wave signal in the observable frequency range. The amplitude

of the signal from such a system depends on its quadrupole moment, and is

usually expected to be small. In this case, however, it is possible to improve the

signal-to-noise ratio by integrating the signal for a long period. Furthermore,

it is also possible to improve the (spectral) sensitivity of a detector by using a

narrow-band configuration, as is discussed in 3.4.2. Thus, it may be possible

to observe (or at least to set an upper limit for) the gravitational wave from a

known pulsar.

In a way similar to the 3K background of electro-magnetic radiation, it is

expected that there is stochastic background radiation of gravitational waves. It

is a reminiscence of those produced in the early history of the universe, such as

the ones produced by cosmic strings. In this case the correlation of the outputs

from two or more detectors must be examined in order to distinguish the signal

from the noise of a detector, since the signal itself has random nature. Similar

to the pulsar case, narrow-banding of the detectors, probably at a low frequency
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1.3: Possible noise

where the signal is expected to be the strongest, may be useful for detecting

this type of signal.

1.3: Possible noise

As is indicated by eq. (5), the expected signals from stellar objects are still

quite small. There would be no difficulty to detect them if the output of a

detector contained only signals and nothing else. In fact, however, there are

many possible mechanisms which can cause outputs similar to those attributed

to gravitational waves. All such outputs not produced by gravitational waves

are specified as noise.

The ‘detection’ of a gravitational wave must be done in the presence of

noise, i.e. what can be detected is a signal that is distinguishable from the noise.

(Further discussion of this point can be found in 3.1.1.) Thus, the noise must

be kept as small as possible, in order to increase the probability of detecting

the gravitational wave signal. This can be accomplished either (or both) by

reducing the origin of the noise or by making the detector insensitive to the

noise source.

Even with such efforts, however, there will be remaining noise which limits

the probability of signal detection. Some of the noise sources must be con-

sidered as practical limitations within the given environmental conditions, and

then others must be suppressed so that they will be less significant than these

limitations. Here we review the possible mechanisms which cause the noise in

the output of an interferometer (see Fig. 1.3).

What we observe as an output from an interferometer is the changes in the

photo-current of a photo-detector. As is discussed in Chapter 2, a gravitational

wave causes a differential phase shift between the two arms of an interferometer,

and this is converted to a change in the photo-current. Any mechanism which

causes a similar effect will be a noise source. The possible noise sources in an

interferometer can be classified into two categories: one is those which cause an

‘actual’ optical path length change in a similar way to a gravitational wave, and

the other is those which cause a spurious signal through the detection process.

The former includes physical path length fluctuations due to the motion of

optical components or of the beam position, excited either seismically or ther-

mally. Even the light which measures the position causes motions of the optics
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Figure 1.3: The expected level of limiting noise sources in an advanced
detector. The seismically excited motion of the optical components, re-
maining after isolation system, is expected to be the limiting noise source in
the lowest frequency region. In higher frequency region, thermally excited
motion of either pendulum or internal motion of test mass will dominate the
noise. Shot noise will become significant above ∼100Hz. For broad-band
configurations, the best sensitivity achievable is determined by the amount
of energy stored in the optical system (shown as the ‘envelope’). The peak
sensitivity may be improved by using a narrow-band configuration, however
only within a limited frequency range.
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by the radiation pressure fluctuation, from which (and shot noise described be-

low) the standard quantum limit arises (see Ref. [15]). In addition, the optical

path length may change also by the refractive index fluctuations of the residual

gas or of the optical substrates.

Even without any change in the optical path length, there will be spurious

signals caused at various points in the detection process. The signals due to

fluctuations in frequency or amplitude of the light source are typical examples

of this sort of noise sources. Another example is the coupling of scattered

light with the main beam. In any case, these affect the output through the

imperfection of the interferometer.

The statistical error in the photon counting process, often called shot noise,

is also of this type, but present even in an ideal interferometer. It is expected

that this noise will be the limiting factor in the most interesting frequency

range, above the lower cut-off frequency determined by other noise sources. The

discussion in the following chapters assumes shot noise to be the only limiting

noise source, unless otherwise noted. This is to concentrate on the fundamental

limitation of each optical configuration.

In a ground-based experiment, the motions of test masses due to seismical

excitations are inevitable. The typical ground motion, measured at a reasonably

quiet site, has a spectrum of

δ̃xseis ≈ 10−7 m/
√

Hz ×
[

f

1 Hz

]−2

. (7)

If this directly moves a test mass, it will cause a much stronger effect than that

expected from a gravitational wave. Mechanical filters, made of pendulums

and lead-and-rubber stacks, are in general employed in order to isolate the test

masses from this disturbance.

The isolation system using these low-pass filters can be made, for given

spectra of seismic motion, such that gravitational waves in the frequency range

above several tens of hertz can be observed [16]. Because of its steep rise towards

lower frequencies, this noise practically determines the lower cut-off frequency

of the observable bandwidth.

Even if a test mass is perfectly isolated from external excitations, it will

still be moving due to its own thermal energy. According to the equipartition

theorem, each vibrational mode has a kinetic energy of 1
2
kBT where kB and T
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are the Boltzmann constant and the absolute temperature, respectively. The vi-

brational modes relevant to the test mass are the internal modes, the pendulum

modes, and the ‘violin’ modes of the wire suspending the test mass [17].

In either case, the common remedy is to make the quality factor (Q-value)

high so that most of the thermal energy will be concentrated within a narrow

frequency range near the resonance. By making the resonance frequency outside

the observation bandwidth, this effect will be less significant within the obser-

vation bandwidth. The thermally excited pendulum mode may, however, still

become a lower limit of the observation bandwidth when the seismical excitation

is successfully isolated.

The refractive index fluctuation of the residual gas also causes the change

in the optical path length [18]. Thus, the whole optical path must be housed

in a vacuum chamber, with the pressure of the order of ∼10−6 Pa. The re-

fractive index fluctuation in optical substrates is expected to be of a negligible

level, at least for ground-based experiments. It may, however, arise in space

interferometers in which case much lower frequencies are of interest.

The fluctuation in the light source, either in amplitude or phase or spatial

mode, appears in the interferometer output when there is an asymmetry in the

interferometer [19]. Although the asymmetry is usually made to be small, the

remainder often requires a very high stability of the light source. The coupling

of the fluctuation to the interferometer output may also depend on the detection

scheme and other factors (see Appendix F).

Although only a little attention is often paid to it in literature, ‘artificial’

noise sources also pose serious problems. These can cause either path length

fluctuations or spurious signals, depending on the mechanism through which the

noise becomes apparent in the output of a detector. For example, the control

system required to keep the interferometer at the operating point moves a test

mass by an actuator. The electronics of this control system and of the actuator

inevitably have noise, which also move the test mass. Another example is the

noise which will be added after the photo-detection, which cannot be separated

from the photo-current. Since these noise sources are not considered as the

limiting factors, all of them must be suppressed by careful engineering work.
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Chapter 2

Principle of gravitational wave detection

2.0: Introduction

The very first thing to be considered in an optically coupled detector of

gravitational waves is how the detector interacts with gravitational waves. As

is discussed in this chapter, a gravitational wave will induce phase shift on the

light travelling perpendicularly to the wave’s incident direction. It is this phase

shift that we need to detect in order to obtain the signal from an optically

coupled detector.

The question is how we can detect the phase shift of the light, since the

output from a photo-detector does not contain the phase information of the

light. Thus, it is necessary to convert the phase shift to some other form which

can be detected, i.e. the change in the photo-current which is proportional to the

averaged light power. For this purpose, an application of the technique known

as heterodyne detection is useful, although a slight modification is required.

Although there are several methods proposed in order to increase the

amount of the phase shift (which are discussed in Chapters 3 and 4), the ex-

pected phase shift due to a gravitational wave is very faint. Thus, the conversion

and the detection must be as efficient as possible to achieve good sensitivity. In

this chapter, the principle of detecting the phase shift of light is discussed, and

some of the schemes to realize it are presented.

2.1: Effect of gravitational waves

2.1.1: Gravitational waves in General Relativity

In metric theories including the General Theory of Relativity, the ‘four-

dimensional distance’ (also called proper distance or proper time) between two

points in space time with coordinate values1) xµ and xµ + dxµ in a certain

1) In this section, superscripts are used not to mean powers but as suffixes, unless they
appear after parentheses. The indices follow Einstein’s convention, i.e. these which appear as
both super- and subscripts mean that they vary from 0 to 3 and the sum of these terms must
be taken.
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Chapter 2: Principle of gravitational wave detection

coordinate frame is given by

(ds)2 = gµν dx
µdxν (µ, ν = 0, 1, 2, 3) , (1)

where gµν is the metric tensor. This represents all the information about the

‘curved’ space time.

In the General Theory of Relativity, the metric tensor is determined by the

energy-momentum tensor Tµν according to the Einstein equation

Rµν −
1

2
gµνR =

8πGN

( c )4
Tµν (2)

(the cosmological term is assumed to be zero). Here the scalar curvature R and

the Ricci tensor Rµν are related to gµν through the Riemann tensor Rλξµν and

Christoffel’s symbol Γλµν as follows:



























R = gµνRµν

Rµν = Rξµνξ

Rλξµν = ∂µΓ
λ
ξν − ∂νΓ

λ
ξµ + ΓκξνΓ

λ
κµ − ΓκξµΓ

λ
κν

Γλµν = 1
2 g

λκ (∂µgνκ + ∂νgκµ − ∂κgµν) ,

(3)

where ∂µ= ∂/∂xµ, the partial differentiation with respect to xµ. Thus, eq. (2) is

a set of complicated non-linear partial differential equations.

For the vacuum, i.e. the space in which neither energy nor momentum is

present, the right-hand-side of eq. (2) is a zero matrix. Then the Minkowski

metric, given as

ηµν =





















−1 0
1

1
0 1





















, (4)

can be one of the solutions for gµν in eq. (2). In the region where the energy

(mass) density is small, this is a good first order approximation of the actual

metric gµν . Thus, in such cases, the solution of eq. (2) can be treated as a

perturbation from the Minkowski metric, i.e.

gµν = ηµν + hµν , (5)

where |hµν |≪1 represents the amount of the perturbation. In the following

discussion, only the first order terms of hµν are considered, and thus the indices

are raised and lowered by ηµν (or ηµν) instead of gµν (gµν).
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2.1: Effect of gravitational waves

Under this condition, the Einstein equation eq. (2) can be approximated by

the ‘linearized’ equations for hµν ,

hµν + ∂µ∂νh− ∂ν∂κh
κµ − ∂µ∂κh

κν

− ηµν( h− ∂κ∂λh
κλ) = 2

8πGN

( c )4
Tµν .

(6)

Here














∂µ = ηµν∂ν = ηµν ∂/∂xν

h = ηµνhµν

= ∂µ∂µ = ηµν∂µ∂ν

(7)

are used for simplicity.

As mentioned above, the right-hand-side of eq. (6) is a zero matrix for

the vacuum, and then this equation will be a wave equation. Thus there are

solutions of transverse waves which propagate at the speed of light. By choosing

the transverse-traceless coordinate system, the wave propagating along the x-

axis can be written as

hµν =





















0 0 0 0
0 0 0 0
0 0 h22 h23

0 0 h32 h33





















. (8)

Here non-zero components are related by

{

h22 = −h33 = h+(x−ct)

h23 = h32 = h×(x−ct),
(9)

where h+ and h× represent two independent components usually called polariza-

tions.

2.1.2: The effect on free masses

A mass with no external force other than gravity falls freely, i.e. moves

along the geodesic of the manifold which represents the space time curved by

the existence of gravity. In the transverse-traceless coordinate system, a freely

falling mass has fixed coordinate values. This does not mean, however, that the

spatial distance between the two freely falling masses does not change, since the

spatial coordinate frame varies with time.

– 15 –



Chapter 2: Principle of gravitational wave detection

Let us consider the effect of the gravitational wave described above on an

optical measurement of the spatial distance. The light travelling between the

two masses has the null proper time, i.e.

(ds)2 = gµν dx
µdxν = −(c dt)2 + gij dx

idxj = 0 (i, j = 1, 2, 3) . (10)

Concentrating on the h+ polarization for simplicity, the spatial metrics are per-

turbed as

gij = δij + hij

{

h22 = −h33 = h+(t)

hij = 0 (otherwise) .
(11)

Then eq. (10) reduces to

(ds)2 = −(c dt)2 + (dx)2 + (1+h+)(dy)2 + (1−h+)(dz)2 = 0 . (12)

For the light travelling along the z-axis,

(dz

dt

)2

=
( c )2

1 − h+
(13)

can be obtained by inserting dx = dy = 0 into eq. (12).

If the coordinate values of the z-axis between the two masses differ by ℓ,

the spatial distance between the two masses measured as a round trip time of

light will be

2ℓ =

∫ ℓ

0

dz −

∫ 0

ℓ

dz =

∫ t

t−tr

dz

dt
dt

=

∫ t

t−tr

c
√

1−h+(t)
dt = c

∫ t

t−tr

{

1 + 1
2
h+(t) +O

(

|h+|
2
)

}

dt ,

tr ≃
2ℓ

c
−

1

2

∫ t

t−tr

h+(t) dt

≃
2ℓ

c
−

1

2

∫ t

t−2ℓ/c

h+(t) dt (for |h+| ≪ 1) ,

(14)

i.e. the retarded time will be modulated by the gravitational wave. If we assume

the speed of light is constant, then this effect is equivalent to the motion of one

of the test masses; or if we assume the distance is constant, then this effect is

equivalent to a modulation of the speed of light.

The light travelling along the y-axis experiences the same effect from the

h+ polarization but with an opposite sign, i.e. dy/dt = c/
√

1+h+(t) . Thus, the
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2.1: Effect of gravitational waves

Figure 2.1: An illustration of the effect of a sinusoidal gravitational wave
on an optical measurement. A gravitational wave changes the distances of
the masses on the plane perpendicular to its propagation axis. The changes
of the distances are opposite in orthogonal axes in this plane. The heavier
lines represent the ellipses which are distorted from circles (shown by the
lighter lines) by the gravitational wave.
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h+

h×

0 π/2 π 3π/2 2π

Figure 2.2: A schematic view of the deviation caused by a gravitational
wave. Test particles originally placed on a circle change their relative po-
sitions elliptically, with major axes determined by the polarizations of the
gravitational wave. The axes of h+ and h× polarizations differ by π

4
radian

(45 degrees).

relative positions of the test masses which are initially placed on a circle are

distorted to an ellipse whose major axes are the y- and z-axes. This situation

is illustrated in Fig. 2.1 and Fig. 2.2.

The other polarization component h× has a similar effect but with major

axes which are π
4 radian (45 degrees) different from those of the h+ polarization.

The effects of h+ and h× polarizations are schematically shown in Fig. 2.2. These

two polarizations are independent of each other and any gravitational wave can

be decomposed into these two. There is another possibility of choosing two

independent polarizations as ‘circular’ ones (see [6]).

In general cases, the polarization of the gravitational wave will be a mixture

of the two independent (either linear or circular) polarizations. Furthermore,

the propagation axis of the gravitational wave is not necessarily perpendicular

to the plane defined by the test masses. Thus, the amount of the effect due to

the gravitational wave in general depends on the composition of polarizations

and the relative angle between the propagation axis of a gravitational wave and

the plane defined by the test masses. In the following discussion, however, such

effects will be ignored and the optimum case is assumed for simplicity.
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2.1.3: Optical measurement of gravitational wave effects

Let us consider the effect of a gravitational wave on the optical measure-

ment in more detail. The phase change incurred during the return trip along

the y- or z-axis is given by

φ(t) = ω0tr ≃
2ω0ℓ

c
±
ω0

2

∫ t

t−2ℓ/c

h+(t) dt , (15)

where ω0 is the angular frequency of the light. Since the first term in the above

expression is constant and does not depend on the gravitational wave, we will

consider the second term, the phase shift δφ from the constant phase change,

as the effect due to the gravitational wave.

Assuming a sinusoidal gravitational wave with an angular frequency ωg and

a peak amplitude h0

h+(t) = h0 cos(ωgt) , (16)

then eq. (15) can be rewritten as

δφ(x) ≃
ω0

2

∫ t

t−2ℓ/c

h0 cos(ωgt) dt (for |h0| ≪ 1)

≃
h0

2

ω0

ωg

{

sinωgt− sin
[

ωg(t−2ℓ/c)
]

}

≃ h0
ω0 sin(ωgℓ/c)

ωg
cos

[

ωg(t−ℓ/c)
]

.

(17)

Thus, a gravitational wave modulates the phase of the light at its frequency. The

modulation index is mainly determined by the light frequency and the distance

between the two test masses. Since the expected amplitudes of gravitational

waves are so faint (typically ∼10−21), this modulation index is extremely small

(∼10−9 radian) in spite of the huge ratio of optical and gravitational wave

frequencies (ω0/ωg ∼ 1012). This justifies the use of an approximation of a

weak phase modulation (see 2.2.1).

In more general cases, any gravitational wave can be considered as a mix-

ture of many different Fourier components. Each Fourier component indepen-

dently has the effect described above on the phase of the light, unless non-linear

effects become significant. The expected gravitational waves are so faint, as

mentioned above, that non-linearity can be ignored. Thus, the effect from a

single Fourier component is mainly considered in the following discussion.

The modulation index due to a gravitational wave h0(ω0/ωg) sin(ωgℓ/c) ≃

h0ω0ℓ/c is almost proportional to the (initial) distance ℓ between the two test
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masses, as long as it is shorter than half of the wavelength of the gravitational

wave, i.e. ωgℓ/c <∼ π/2 . Thus, a long distance is desirable, e.g. ∼75 km for

a gravitational wave with the frequency of 1 kHz, and even longer ones for

those with lower frequencies. This is, however, an unrealistic value for ground-

based experiments. Thus, several methods to achieve a similar effect within a

manageable size have been proposed. They are thoroughly discussed in Chapters

3 and 4.

Although eq. (17) was derived for a single-bounce measurement, the situ-

ations are similar in more complicated configurations, although the apparent

effects may not necessarily be pure phase modulation. The remainder of this

chapter treats another problem of how to detect this phase shift of the light,

including such non-standard modulations.

2.2: Modulation, sidebands, and their detection

2.2.1: Amplitude/phase modulation

Before discussing the detection of an optical phase, it is helpful to consider

modulations in a general sense. Thus, in this section the general theory of mod-

ulation and its detection are discussed, and its application to optical problems

is separately treated in the following section.

In general, any oscillations of an angular frequency ω0 is characterized by

its (real) amplitude A and the phase φ as

A cos(ω0t+ φ) = ℜ

{

Aei(ω0t+φ)
}

= ℜ

{

aeiω0t
}

. (18)

Here a = Aeiφ is the complex amplitude which represents the real amplitude

and the phase unified in a complex number. This corresponds to regarding the

oscillation as the projection of a rotation to the real axis. We use this complex

amplitude to express the oscillation in the left-hand-side of eq. (18) and take its

real part (ℜ{· · ·}) whenever it is necessary.

It is also useful to visualize this complex amplitude as a vector in a com-

plex plane; this is what is called the phasor diagram. In a phasor diagram,

a summation (subtraction) of complex amplitudes can be reduced to a com-

position (decomposition) of corresponding vectors. This is especially useful in

understanding the behavior of light, as we will see later.
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AM

= +

Figure 2.3: The vector which represents the amplitude modulation (AM)
can be separated into two parts, the ‘static’ part and the small vector with
the ‘swinging’ length. The former represents the carrier (on which our view-
point is fixed) and the latter represents the sum of the upper and lower
sidebands (see Fig. 2.4). In the amplitude modulation case, these two are
parallel to each other.

An oscillation with an sinusoidal amplitude modulation of an index m and

a modulation (angular) frequency ωm is represented as

aAM eiω0t = a0

[

1 +m cos(ωmt)
]

eiω0t

= a0

[

1 + m
2

(

eiωmt + e−iωmt
)]

eiω0t

= a0

[

eiω0t + m
2 ei(ω0+ωm)t + m

2 ei(ω0−ωm)t
]

.

(19)

It is seen that there are three components, each oscillating at a different fre-

quency. In the last expression, the first term represents the carrier, the com-

ponent with the original frequency without the modulation. The second and

the third terms, called the upper and lower sidebands respectively, represent

the components induced by the modulation. Each sideband has the frequency

shifted up or down from that of the carrier by the modulation frequency. Both

sidebands have the same amplitude which is determined by that of the carrier

and the index of the modulation.

In a phasor diagram, we usually fix our ‘eyes’ (or the viewpoint) to the car-

rier frequency so that the vector that represents the carrier looks stationary (i.e.

not rotating). Other components with different frequencies, such as the upper

or lower sideband, rotate at the frequency which correspond to the differences

from that of the carrier.
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0 π/4 π/2 3π/4 π

Figure 2.4: The swinging vector can be further decomposed into two oppo-
sitely rotating vectors. In the figure, the top line represents the summed vec-
tor whose length varies with time; the second and the third line show the op-
positely rotating two vectors, which represent the upper and lower sidebands
respectively; and the bottom line indicates the phase of rotation (= ωmt).
This is simply a visualization of the famous equation 2 cos φ = eiφ + e−iφ.
Note that the upper and lower sidebands have the same length.

The oscillation with an amplitude modulation will be expressed by a vector

with varying length at the modulation frequency, as is shown in Fig. 2.3. This

can be decomposed into two parts, a static vector which represents the carrier

and a vector with the ‘swinging’ length2) which is the sum of the two rotating

sidebands.

The latter may require a little more explanation. A pair of vectors of the

same length rotating at the same frequency but in opposite directions, like the

upper and lower sidebands here, compose a vector with the swinging length

when they are summed together (see Fig. 2.4). There are two chances in a

rotating period for the two rotating vectors to coincide, e.g. ωmt = 0 and π

(mod 2π). At these moments the summed vector has the maximum length of

the swing at the two opposite directions. During the rest of the period, the

2) Here ‘swinging length’ means that the length varies periodically from positive to negative
through zero.
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PM

= +

Figure 2.5: In a similar way to the case of an amplitude modulation, the
vector which represents the phase modulation (PM) can be separated into
two parts, the ‘static’ part and the small vector with the ‘swinging’ length.
The difference from the amplitude modulation case is the relative angle be-
tween the swinging vector and the static vector; in the amplitude modulation
case they are parallel to each other, whereas they are (almost) orthogonal in
the phase modulation case. Exactly speaking, the small vector changes its
relative angle in the phase modulation case. This can be ignored, however,
if the maximum length is small enough compared with the static vector,
which corresponds to a weak modulation.

summed vector will be on the same axis as the maxima, with a sinusoidally

swinging length.

It should be noted that the sum of a pair of rotating vectors with the same

amplitude but rotating in opposite directions has a definite axis. In this case

the axis coincides with the real axis, but this actually depends on the relative

phase between the two rotating vectors, as we will see shortly.

A complex amplitude with a phase modulation of index m and modulation

(angular) frequency ωm is given by

aPM eiω0t = a0e
im cos(ωmt)eiω0t

= a0e
iω0t

[

J0(m) +
∞
∑

l=1

i lJl(m)
(

eilωmt + e−ilωmt
)

]

= a0e
iω0t

[

J0(m) + iJ1(m)
(

eiωmt + e−iωmt
)

+O(m2)
]

≃ a0

[

eiω0t + i m
2

ei(ω0+ωm)t + i m
2

ei(ω0−ωm)t
]

(for |m| ≪ 1) .

(20)
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0 π/4 π/2 3π/4 π

Figure 2.6: The same as Fig. 2.4, but with a different relative phase between
the upper and lower sidebands. This corresponds to 2i sinφ = eiφ

− e−iφ,
i.e. the phase between the two rotating vectors differ by 6 (−1)=π from the
previous case. Another difference is that the axis of the swinging vector is
π
2

different from the previous case, as is indicated by the ‘i’ in the equation.

Here Jl(m) are the Bessel functions of the first kind, defined by

Jl(ξ) =

∞
∑

j=0

(−1)j

j! (j+l)!

( ξ

2

)l+2j

≃
1

l!

(ξ

2

)l

+ o(ξl) .

J0(ξ) = 1 −

(

ξ

2

)2

+
1

4

(

ξ

2

)4

−

1

36

(

ξ

2

)6

+ · · ·

J1(ξ) =
(

ξ

2

)

−

1

2

(

ξ

2

)3

+
1

12

(

ξ

2

)5

− · · ·

...

(21)

In the following discussion, we will assume a weak modulation (|m|≪1) unless

otherwise noted. In this case, the only terms to be considered are the zero-th

and the first order ones.

Under this approximation, one may notice that the last expression in

eq. (20) looks quite similar to the one for the amplitude modulation eq. (19).

In both cases there are components for the carrier and for the upper and lower

sidebands. What is different is the ‘i’ in front of the sidebands’ terms, which

represents the relative angle of 6 i=π
2 radian between the carrier and the side-

bands’ axis.
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This difference becomes clearer when one considers the phasor diagram.

The oscillation with a weak phase modulation is expressed in a phasor diagram

by the vector varying its angle at the modulation frequency, as is shown in

Fig. 2.5. This can be decomposed into a static vector and a swinging component,

as in the case of amplitude modulation. The relative angle between the static

vector and the swinging one is, however, different from the previous case—they

are orthogonal to each other. This is the effect of ‘i’ in eq. (20), and is illustrated

in Fig. 2.6

The similarity between amplitude and weak phase modulations may be

noticed; both are composed of a static vector and a swinging (small) vector,

each represents the carrier and the sum of the two sidebands, respectively.

In either case, the swinging vector can be further decomposed into the two

oppositely rotating vectors which represent the upper and lower sidebands. The

only difference between amplitude and phase modulations is the relative angle

between the static vector and the swinging one.

2.2.2: Suppressed carrier and single sideband

There are some variations from amplitude and phase modulations that

are worth mentioning here. From the above discussion, one may notice that the

information is actually contained not in the ‘carrier’ but in the ‘sidebands’. Most

of the energy of the oscillation is, however, present in the carrier component.

In other words, the energy used to keep the information is only a small fraction

of the total energy of the oscillation.

This leads one to the idea of using the sidebands without any carrier, to

make the oscillation more efficient. This is what is called suppressed carrier. In

this case only the sidebands induced by the modulation are used and the carrier

frequency component is eliminated. By using this, the total energy required to

keep the same amount of information can be reduced by a significant factor.

Another important feature is that the difference between the amplitude and

the weak phase modulations will disappear when the carrier is eliminated. The

difference is the relative angle between the carrier and the swinging components.

If the carrier is eliminated, there is no way to distinguish the two cases—both

are composed of only a component with the swinging length. Thus we do not

distinguish ‘suppressed-carrier amplitude modulation’ and ‘suppressed-carrier

(weak) phase modulation’, and both are referred to as suppressed-carrier double

sideband, or simply suppressed carrier.
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PM

=+

PM

SCDSB

Figure 2.7: A phasor diagram of a balanced modulator which produces
suppressed-carrier double sideband (SCDSB). By subtracting two oppositely
modulated oscillations (here the case of phase modulation (PM) is shown),
only the modulation-induced sidebands can be obtained.

The reason for the name ‘double sideband’ is that both the upper and

lower sidebands remained. One may notice, however, from eqs. (19) and (20),

that they are symmetric and contain in principle the same information. Thus, it

may be possible to eliminate one of them, without losing any information. This

is referred to as suppressed-carrier single sideband or simply single sideband.

The question left is how to ‘suppress’ the carrier. One of the ways to

realize this is the use of a balanced modulator. This uses two modulators, each

modulating the identical carrier but in opposite polarity, and then subtract the

two modulated oscillations (see Fig. 2.7). As a result, the carrier components

in each oscillation cancel out and the sidebands add up due to the opposite

polarity of their modulations:

a0

{

eiω0t + ǫm2
[

ei(ω0+ωm)t + ei(ω0−ωm)t
]

}

− a0

{

eiω0t − ǫm2
[

ei(ω0+ωm)t + ei(ω0−ωm)t
]

}

= ǫma0

[

ei(ω0+ωm)t + ei(ω0−ωm)t
]

= 2ǫm cos(ωmt) a0e
iω0t

where

{

ǫ = 1 = e0 for amplitude modulation
ǫ = i = eiπ/2 for (weak) phase modulation.

(22)

Although ǫ represents the orientation of the swinging vector, it has little mean-

ing unless there is another vector to measure the relative angle.
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To produce a single sideband, one must use a filter since in this case the

component to be eliminated has a finite bandwidth, which makes the cancella-

tion much more difficult than in the single Fourier component case. In addition,

the filter must be relatively sharp in order to select only one of the sidebands.

2.2.3: Heterodyne and homodyne techniques

In the field of electrical communications, heterodyne technique and its vari-

ant homodyne technique are commonly used to handle modulated signals. This

can be used for either amplitude or phase modulation, or even suppressed car-

rier or single sideband. In the following discussion, however, we will assume an

amplitude or phase modulation to concentrate on its principle.

Let’s assume a modulated oscillationAc(t) exp{i[ωct+φ(t)]}, where Ac(t) =

A0[1+m(t)], m(t) and φ(t) represent the amplitude and phase modulations re-

spectively, and ωc is the carrier frequency. This is multiplied by a local oscillator

ALO exp{i[ωLOt+ ψ]} where ψ represents the relative phase between the modu-

lated oscillation and the local oscillator:

ℜ

{

Ac(t)e
i[ωct+φ(t)]

}

× ℜ

{

ALOei[ωLOt+ψ]
}

= Ac(t) cos
{

ωct+ φ(t)
}

× ALO cos
{

ωLOt+ ψ
}

=
Ac(t)ALO

2

{

cos
[

(ωc−ωLO)t+ φ(t) − ψ
]

+ cos
[

(ωc+ωLO)t+ φ(t) + ψ
]

}

.

(23)

Here the real part of each complex amplitude is taken because of the multipli-

cation process. As a result, two modulated oscillations with the frequencies of

ωc±ωLO show up.

In eq. (23), both components have the same amplitude and phase infor-

mation as the ‘old’ (original) oscillation before being multiplied. If these two

components can be separated from each other, each component represents an

oscillation with the same modulation as that before being multiplied, but with a

different carrier frequency. The new carrier frequency will be either the sum or

the difference between the frequencies of the old carrier and the local oscillator.

This is what is called the heterodyne technique.

If the local oscillator has the same frequency as the old carrier (ωLO=ωc),

the difference of these two frequencies will be zero hertz, i.e. the one of the new
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carriers will be DC. In this special case called the homodyne technique, the

first term in the above equation will be

Ac(t)ALO

2
cos

[

φ(t) − ψ
]

=
Ac(t)ALO

2

[

cosψ cosφ(t) + sinψ sinφ(t)
]

≃

{

±Ac(t)ALO/2 for |φ(t)−ψ| ≃ 0 or π

±[Ac(t)ALO/2] sinφ(t) for ψ ≃ ±π
2 .

(24)

Thus the signals in phase or amplitude modulation will show up at DC by

choosing an appropriate relative phase ψ.

This difference in the appropriate relative phase can be understood if one

recalls the phasor diagrams of amplitude and phase modulated oscillations. The

relative angle between the carrier and the swinging vectors is parallel in the

amplitude modulation case and orthogonal in the phase modulation case. The

local oscillator to ‘detect’ the signal must be parallel to the swinging vector and

thus its angle relative to the old carrier must differ by π
2 between the two cases.

There are several advantages in using the heterodyne (or homodyne) tech-

nique. One of them is that by choosing an appropriate frequency for the local

oscillator, the new carrier can be an intermediate frequency which is convenient

for filtering and, moreover, to avoid the noise in some frequency ranges. Some

noise sources tend to have less significance at higher frequencies, so one can

expect less disturbance from them than at lower frequencies.

Another point to be mentioned is that the amplitude of the output signal

is proportional to the amplitude of the local oscillator. Thus, the use of het-

erodyne (or homodyne) technique not only converts the frequency range but

also amplifies the signal amplitude. This is of advantage in trying to avoid the

effects from extra noise sources that are independent of the amplitude of the

local oscillator.

Note, however, that these advantages do not mean an improvement of the

intrinsic signal-to-noise ratio of the original signal. The noise inherent in the

original signal will be treated in exactly the same way as the signal. Thus, there

will be no difference in the best achievable signal-to-noise ratio. Heterodyne

(homodyne) techniques are useful only to avoid the reduction of the signal-to-

noise ratio due to ‘extra’ noise sources.
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2.3: Optical phase detection

2.3.1: Photo-detection

Although light is a sort of electro-magnetic radiation, there are big differ-

ences from radiation of lower frequency, e.g. radio-frequency. One of them is that

the electro-magnetic field of light oscillates at an optical frequency (∼500THz).

There is no detector which can reproduce an electrical signal proportional to the

field amplitude, whereas for radio-frequency radiation the current in an antenna

is proportional to the field amplitude.

What we detect optically is the photo-current in a photo-detector, which is

proportional to the power averaged over a relatively short time period (∼1 ns).

The phase information of the field amplitude will be lost in this averaging pro-

cess. Thus, in order to obtain the phase information of a field oscillating at an

optical frequency (this is what is referred to as the ‘phase of light’), it must be

converted to some other form that can be detected, i.e. either the phase or the

amplitude of the photo-current.

To represent the electro-magnetic field of a light beam, it has become cus-

tomary to use a complex amplitude, whose real part is proportional to the

electric field amplitude. Although an actual beam has a finite cross-section, the

complex amplitude of the beam is usually defined in a sectionally-integrated

form so that it will give the total power carried by the beam when it is squared.

Thus, the ‘instantaneous’ power carried by the beam is proportional to

ℜ
{

aeiω0t
}

× ℜ
{

aeiω0t
}

= |a|2 cos2(ω0t+ φ) = |a|2
1 + cos(2ω0t+ 2φ)

2
, (25)

which contains a DC term and a term oscillating at twice the optical frequency.

In practice, however, what a photo-detector detects is the averaged light

power, as mentioned above. Then the oscillating term in eq. (25) disappears

and the total (averaged) power of the oscillation is given by

P = | a |2/Z0 =
a · a∗

Z0
, (26)

i.e. by squaring the absolute value of the complex amplitude. Here 1/Z0 is

the proportional constant and Z0=
√

µ0/ε0 ≈ 376.7 Ω is the characteristic im-

pedance of the vacuum. For a more precise discussion on the definition of a

complex amplitude, see Appendix G.

Eq. (26) shows another advantage of using complex amplitudes: the aver-

aged power detected by a photo-detector can be obtained only by multiplying
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the complex amplitude by its complex conjugate. Since photo-detectors do not

respond to optical frequencies, the main oscillating part eiω0t can be completely

neglected. This makes the calculation much easier than that using the sinusoidal

expression of oscillations.

This also means that in a phasor diagram what is of interest is the length of

the vector, whose square is proportional to the photo-current. The orientation

of the vector, which represents the phase of the light, will have no significance

in the photo-current.

Let us consider the detection of the amplitude or phase modulated optical

field3). As mentioned above, only the complex amplitude needs to be considered.

PZ0 =
∣

∣ a0

[

1 +m(t)
]

eiφ(t)
∣

∣

2
= | a0|

2
[

1 + 2m(t) +m2(t)
]

≃ | a0|
2
[

1 + 2m(t)
]

(for |m(t)| ≪ 1) .
(27)

Herem(t) and φ(t) represent the amplitude and phase modulations, respectively.

From the last expression it can be seen that the amplitude modulation signal

can be detected directly but the phase modulation signal cannot.

This direct detection process, known as the square-law detection, converts

the amplitude modulation signal on light to the photo-current at DC range. This

can be understood as the multiplication in the photo-detection process working

as homodyne with zero relative phase. More precisely, the carrier component

of a in eq. (26) acts as the local oscillator to detect the sideband components of

a∗, and vice versa. Since these two processes are symmetric, we usually need to

consider only one of them.

In this direct detection process, the phase modulation signal cannot be

detected since the local oscillator is orthogonal to the sum of the two sidebands.

To understand this clearly, again the use of a phasor diagram is helpful. As

mentioned above, what is detected by a photo-detector is the averaged power

which is proportional to the square of the length of the vector. In an amplitude

modulation case, the length of the vector varies by the modulation, whereas only

the orientation of the vector varies and not its length in a phase modulation

case. Thus, the latter does not cause any change in the photo-current.

In order to apply heterodyne or homodyne techniques to a wider variety

of circumstances, it is necessary to multiply the oscillation by a local oscillator

3) We will consider the modulations on the field amplitude, not on the power, since these
are what are expected as the effect from gravitational waves. One must not confuse this
with modulations on the light power, which are sometimes discussed in the literature (e.g.
Ref. [16]).
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with an arbitrary frequency and in an arbitrary relative phase. This can be

realized by adding the local oscillator to the oscillation before its detection.

The detected power in this case is given by

PZ0 = |a1 + a2|
2 = (a1 + a2) × (a1 + a2)

∗

= |a1|
2 + |a2|

2 + a1a
∗
2 + a∗1a2 = |a1|

2 + |a2|
2 + 2ℜ

{

a1a
∗
2

}

= |a1|
2 + |a2|

2 + 2|a1a2| cos( 6 a1− 6 a2) .

(28)

In the last expression, the first and the second term represent the averaged

power of the oscillation and the local oscillator respectively, and thus do not

contain the phase information.

On the other hand, the third interfering term is the linear product of the

two amplitudes and it keeps the phase information. This can be detected by

choosing an appropriate relative phase. Note, however, that what is multiplied

by a1 is not a2 but its complex conjugate a∗2. In addition, a1a
∗
2 is proportional

to the complex amplitude of the detected photo-current.

We have so far considered only the spatially-integrated complex amplitude.

In practice, however, the electro-magnetic field of the light is distributed within a

finite cross-section. Thus, it is necessary to superimpose the two field amplitudes

properly, i.e. both beams must have the same spatial distribution such as the

radius, the divergence, the propagating direction, and the spatial (TEM) mode.

If there are differences in such spatial features between the two optical

fields, only the components coinciding with each other interfere and the rest

does not. As a result, the interfering term will be smaller than that given in

eq. (28):

PZ0 = |a1|
2 + |a2|

2 + 2C0ℜ
{

a1a
∗
2

}

= |a1|
2 + |a2|

2 + 2C0|a1a2| cos( 6 a1−6 a2) ,
(29)

where C0 ≤ 1 represents the finite contrast4) of the interference. Note that this

should not be confused with the apparent visibility C given by

C =
Pmax − Pmin

Pmax + Pmin
=

2C0|a1a2|

|a1|2 + |a2|2
= C0Cmax

here Cmax =
2|a1a2|

|a1|2 + |a2|2
: the ideal visibility.

(30)

4) The words ‘contrast’ and ‘visibility’ are often used for the same meaning. In this paper,
the latter is used for ‘the apparent visibility’ and the former for ‘the reduction from the ideal
visibility Cmax which is determined by the amplitude difference between the two interfering
beams’.
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If the two (real) amplitudes are not equal, the apparent visibility is limited by

the ideal visibility Cmax.

2.3.2: Local oscillator light

There is a question of how to superimpose, or ‘add’, the local oscillator.

This can be done using a beamsplitter with a finite reflectivity ρ and transmit-

tance τ (τ, ρ ≤ 1). From the conservation of power, reflectivity and transmit-

tance of a beamsplitter must satisfy the relation

ρ2 + τ2 = 1 −A , (31)

where A is the power loss at the beam-splitting surface. In the following dis-

cussion the loss is assumed to be small (A≪1).

A beamsplitter has two inputs and two outputs, and both of the two outputs

a⊕ and a⊖ contain a fraction of each input (see Fig. 2.8).

{

a⊕ = ρa1 + iτa2 = ρ · a1 + τ · ia2 ,

a⊖ = iτa1 + ρa2 = i
[

τ · a1 − ρ · ia2

]

,
(32)

where a1 and a2 are the field amplitudes at the two inputs of the beamsplitter,

and i = eiπ/2 in front of τ stands for the phase difference between the transmitted

and reflected light5). As can be seen in eq. (32), we can obtain the sum and the

difference of the two amplitudes a1 and ia2, with an additional weighting of

τ or ρ. The two outputs of a beamsplitter are different in the relative phase

between the two components by 6 (−1) = π, due to the phase shift at the

beam-splitting surface.

The last question in applying heterodyne or homodyne techniques to an

optical frequency is the source of the local oscillator. Since the bandwidth

of a photo-detector is no more than ∼1 GHz, the local oscillator must have a

frequency which differs from that of the carrier by less than 1ppm (∆ω/ω0 ≪

10−6). An absolute stability within this tolerance is difficult to realize for any

source of light.

In the case of homodyne, this problem can be solved by using, for the local

oscillator, light picked off from the same source as the carrier. In this case both

5) Actually, both transmitted and reflected light have phase shifts relative to the input
light at the beam-splitting surface. In our case, however, only the difference between the two
is relevant, and thus the phase shift relative to the input light is ignored. Then, as long as
the power loss is small enough, the relative phase between the two is always π

2
radian.

– 32 –



2.3: Optical phase detection

with an arbitrary frequency and in an arbitrary relative phase. This can be

realized by adding the local oscillator to the oscillation before its detection.

The detected power in this case is given by

PZ0 = |a1 + a2|2 = (a1 + a2) × (a1 + a2)
∗

= |a1|2 + |a2|2 + a1a
∗
2 + a∗1a2 = |a1|2 + |a2|2 + 2ℜ

{

a1a
∗
2

}

= |a1|2 + |a2|2 + 2|a1a2| cos( 6 a1− 6 a2) .

(28)

In the last expression, the first and the second term represent the averaged

power of the oscillation and the local oscillator respectively, and thus do not

contain the phase information.

On the other hand, the third interfering term is the linear product of the

two amplitudes and it keeps the phase information. This can be detected by

choosing an appropriate relative phase. Note, however, that what is multiplied

by a1 is not a2 but its complex conjugate a∗2. In addition, a1a
∗
2 is proportional

to the complex amplitude of the detected photo-current.

We have so far considered only the spatially-integrated complex amplitude.

In practice, however, the electro-magnetic field of the light is distributed within a

finite cross-section. Thus, it is necessary to superimpose the two field amplitudes

properly, i.e. both beams must have the same spatial distribution such as the

radius, the divergence, the propagating direction, and the spatial (TEM) mode.

If there are differences in such spatial features between the two optical

fields, only the components coinciding with each other interfere and the rest

does not. As a result, the interfering term will be smaller than that given in

eq. (28):

PZ0 = |a1|2 + |a2|2 + 2C0ℜ
{

a1a
∗
2

}

= |a1|2 + |a2|2 + 2C0|a1a2| cos( 6 a1−6 a2) ,
(29)

where C0 ≤ 1 represents the finite contrast4) of the interference. Note that this

should not be confused with the apparent visibility C given by

C =
Pmax − Pmin

Pmax + Pmin
=

2C0|a1a2|
|a1|2 + |a2|2

= C0Cmax

here Cmax =
2|a1a2|

|a1|2 + |a2|2
: the ideal visibility.

(30)

4) The words ‘contrast’ and ‘visibility’ are often used for the same meaning. In this paper,
the latter is used for ‘the apparent visibility’ and the former for ‘the reduction from the ideal
visibility Cmax which is determined by the amplitude difference between the two interfering
beams’.
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If the two (real) amplitudes are not equal, the apparent visibility is limited by

the ideal visibility Cmax.

2.3.2: Local oscillator light

There is a question of how to superimpose, or ‘add’, the local oscillator.

This can be done using a beamsplitter with a finite reflectivity ρ and transmit-

tance τ (τ, ρ ≤ 1). From the conservation of power, reflectivity and transmit-

tance of a beamsplitter must satisfy the relation

ρ2 + τ2 = 1 −A , (31)

where A is the power loss at the beam-splitting surface. In the following dis-

cussion the loss is assumed to be small (A≪1).

A beamsplitter has two inputs and two outputs, and both of the two outputs

a⊕ and a⊖ contain a fraction of each input (see Fig. 2.8).

{

a⊕ = ρa1 + iτa2 = ρ · a1 + τ · ia2 ,

a⊖ = iτa1 + ρa2 = i
[

τ · a1 − ρ · ia2

]

,
(32)

where a1 and a2 are the field amplitudes at the two inputs of the beamsplitter,

and i = eiπ/2 in front of τ stands for the phase difference between the transmitted

and reflected light5). As can be seen in eq. (32), we can obtain the sum and the

difference of the two amplitudes a1 and ia2, with an additional weighting of

τ or ρ. The two outputs of a beamsplitter are different in the relative phase

between the two components by 6 (−1) = π, due to the phase shift at the

beam-splitting surface.

The last question in applying heterodyne or homodyne techniques to an

optical frequency is the source of the local oscillator. Since the bandwidth

of a photo-detector is no more than ∼1 GHz, the local oscillator must have a

frequency which differs from that of the carrier by less than 1ppm (∆ω/ω0 ≪
10−6). An absolute stability within this tolerance is difficult to realize for any

source of light.

In the case of homodyne, this problem can be solved by using, for the local

oscillator, light picked off from the same source as the carrier. In this case both

5) Actually, both transmitted and reflected light have phase shifts relative to the input
light at the beam-splitting surface. In our case, however, only the difference between the two
is relevant, and thus the phase shift relative to the input light is ignored. Then, as long as
the power loss is small enough, the relative phase between the two is always π

2
radian.
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a1

a2a

a a'1

a'2

a'

a'

Figure 2.8: A beamsplitter couples the electro-magnetic field in the two
different axes. Considering all the directions, there are four inputs and four
outputs in total. They can, however, be separated into two groups, which
are indicated by a and a

′ in the figure. Each group satisfies the relations in
eq. (32), and does not couple with the other group. Due to the phase shift
upon the reflection, the two outputs of a beamsplitter corresponds to the sum
and the difference of the two input fields, respectively, with the weightings
determined by the reflectivity and transmittance of the beamsplitter.

have the same frequency and the problem associated with coherency is reduced.

Furthermore, in realistic situations, there may be problems associated with the

fluctuations of the carrier, either in the amplitude or the phase. Using the same

source for the local oscillator as the carrier, the common mode rejection effect

will reduce these problems.

Considering the above advantages, it may be good if the local oscillator for

heterodyne can be obtained from the same light source as the carrier with the

frequency altered by a small fraction. This can be realized by using either an

acousto-optic or an electro-optic modulator. The former can directly shift the

optical frequency and the latter induces an amplitude or a phase modulation

whose sidebands can then be used as the local oscillators. In the latter case,

both the upper and lower sidebands act as the local oscillators simultaneously.

This results in a difference from the standard heterodyne technique which will

be further discussed in 2.3.3.
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2.3.3: Optical heterodyne

Now let us consider the phase detection of the modulated light. We assume

an ideal interference, i.e. C0=1, for simplicity. By superimposing a local oscillator

on the phase modulated light before the photo-detection, the phase information

of the light is converted to the interfering term of the photo-current and can be

detected:

PZ0 =
∣

∣aSe
iω0t + aLOeiωLOt

∣

∣

2

= | aS|2 + |aLO|2 + 2ℜ

{

aSa
∗
LO

ei(ω0−ωLO)t
}

= | aS|2 + |aLO|2 + 2|aSaLO| cos
[

(ω0−ωLO)t+ 6 aS−6 aLO

]

.

(33)

Here aS and aLO represent the amplitudes measured after the beamsplitter, e.g.

aS = iτa1.

If the local oscillator has the same frequency as the carrier ω0=ωLO, this

becomes homodyne and the relative phase φ ≡ 6 aS− 6 aLO must be chosen ap-

propriately, φ ≃ ±π
2

(see previous section 2.2.3). Then the variation δP in

detected power will be proportional to the variation in phase δφ = φ∓ π
2

δP Z0 ≃ ±2|aSaLO| sin(δφ) (for φ ≃ ±π
2
)

≃ ±2|aSaLO|δφ (for |δφ| ≪ 1) .
(34)

On the other hand, if heterodyne is used, i.e. ω0 6=ωLO, the relative phase has no

importance since it varies with time. In this case the signal appears as a phase

modulation on the detected photo-current which is oscillating at the difference

frequency |ω0−ωLO|. The original signal (δφ) can be recovered by using an

appropriate electric heterodyne technique.

It is worth describing how these situations are visualized in a phasor dia-

gram. As is discussed in 2.2.1, the sum of the two sidebands due to the phase

modulation are orthogonal to the carrier. Thus, adding the local oscillator or-

thogonally to the carrier (represented by the relative phase φ ≃ ±π
2
) means

it is parallel to the sum of the two sidebands. This effectively results in an

‘amplitude modulation’ on the local oscillator which can be detected.

In the homodyne method, the vector for the local oscillator looks static

since it rotates at the same rate as the carrier, to which our ‘eyes’ (viewpoint)

are fixed. Thus, there is a definite relative angle between the old carrier and

the local oscillator and it must be adjusted to be orthogonal in order to detect

the phase modulation signal.
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If the heterodyne technique is used, the vector for the local oscillator rotates

at the frequency difference between the local oscillator and the old carrier,

i.e. their relative angle varies from 0 to 2π radian with time. Thus, the local

oscillator becomes parallel to the sum of the two modulation sidebands twice in

a period. (This is why the initial orientation is less important.) It is possible

to synchronously detect this periodic signal by heterodyning electrically.

As is mentioned in 2.3.2, the modulation-induced sidebands are often used

as the local oscillators in the optical phase detection. In either amplitude or

phase modulation, both the upper and lower sidebands are produced and they

are usually not separated. In this case both act as local oscillators simulta-

neously, which makes a significant difference from the standard heterodyne

technique. Let us consider this case here. To avoid the confusion with sig-

nal sidebands and the sidebands used as the local oscillators, we will refer to

the latter as upper and lower local oscillators.

If the upper and lower local oscillators are produced either by an amplitude

or a phase modulation, both have the same amplitude and the same frequency

spacing (in opposite directions) from the carrier frequency. This frequency

spacing is the modulation frequency used to produce the local oscillators. In

the phasor diagram, the vectors which represent the two local oscillators rotate

in opposite directions at this modulation frequency. As is discussed in 2.2.1,

adding these two rotating vectors together results in a vector with the ‘swinging’

length. Since this swinging vector varies only its length but not its orientation,

it has a definite axis in the phasor diagram.

When this swinging vector is used as the local oscillator, its behavior is

actually closer to the homodyne case rather than to the heterodyne case—the

swinging vector must be set parallel to the signal sidebands that are to be

detected. Since this swinging local oscillator does not change its orientation,

its relative angle to the carrier component of the signal must be fixed, as in

homodyne case.

For example, if one intends to detect a phase modulation signal, the local

oscillator must be set parallel to the sideband due to the phase modulation, i.e.

the local oscillator must be orthogonal to the carrier component of the signal.

On the other hand, if the local oscillators are produced by a phase modulation,

its un-modulated component (this is what may be called the ‘carrier’ of the local

oscillator, but we will not use it for this purpose to avoid the possible confusion

with the carrier component of the signal) is orthogonal to the swinging local
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oscillator (modulation-induced sidebands). Thus, the carrier component of the

signal and the un-modulated component of the local oscillator must be parallel

to each other.

Let us calculate the signal in this case, assuming a simple case where only a

signal light and two local oscillators are present. (In practice, there will be more

components in addition to these, but they will not affect the dominant signal.

See 2.4.6 for more detail.) When the phase modulated light aSe
iω0t is added to

two local oscillators aLOei(ω0±ωa)t, the averaged power detected is given by

PZ0 =
∣

∣ aSe
iω0t + 1

2aLO[ei(ω0+ωa)t + ei(ω0−ωa)t]
∣

∣

2

=
∣

∣ aSe
iω0t + aLOeiω0t cosωat

∣

∣

2

= |aS|2 + |aLO|2 [cos(ωat)]
2 + 2ℜ

{

aSa
∗
LO

cos(ωat)
}

= |aS|2 + 1
2
|aLO|2 [1+ cos(2ωat)] + 2| aSaLO| cos(ωat) cos( 6 aS−6 aLO) .

(35)

The second line is similar to the homodyne case but with an additional mod-

ulation at ωa. (This factor represents the ‘swing’ of the local oscillator.) This

results in the second term in the bottom line (which represents the power of the

local oscillator) modulated at 2ωa, and the last (interfering) term at ωa.

The signal is contained in the interfering term that is modulated at ωa.

Since the other terms are oscillating at other frequencies (2ωa and DC), it is

possible to separate the main interfering term from all the others by using

appropriate filters:

Pωa
Z0 = 2|aSaLO| cos(ωat) cos( 6 aS− 6 aLO) . (36)

(This can be thought of as the suppressed-carrier double sideband, with the

carrier frequency of ωa, not of the field amplitude but of the detected power or

equivalently the photo-current.)

To obtain the phase modulation signal, it is necessary to use an electric

homodyne technique, i.e. to multiply this by another local oscillator with an

angular frequency ωa. This results in

Iout ∝ A cos(ωa+ψ) × 2|aSaLO| cosωat cos( 6 aS−6 aLO)

∝ A |aSaLO| cos( 6 aS−6 aLO)
[

cosψ + cos(2ωa+ψ)
]

.
(37)

Again by using an appropriate filter, it is possible to eliminate 2ωa term in order

to reproduce the signal. Since this corresponds to the homodyne technique, the

relative phase ψ must be chosen appropriately, i.e. ψ ≃ 0 or π.
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2.3.4: General double sidebands

We have discussed the detection of well-defined types of modulation like

amplitude or phase modulation. In general, it is possible for the upper and lower

sidebands to have different amplitude and an arbitrary phase relative to each

other. Here, we extend our discussion to such ‘general cases’ for completeness.

As we have seen in 2.2.1, a single Fourier component of a signal is contained

in the upper and lower sidebands whose frequencies are shifted up or down from

that of the carrier by the signal frequency. In amplitude or phase modulation

case, these two sidebands have the same amplitude and their sum has the axis

parallel or orthogonal to the carrier.

In general cases, however, two sidebands can have different amplitudes and

phases, a+ and a− expressed in complex amplitudes. In the phasor diagram the

vectors that represent these two sidebands rotate in opposite direction at the

signal frequency ωg, as a+eiωgt and a−e−iωgt (we can ignore the carrier frequency

in the phasor diagram). This is illustrated in Fig. 2.9.

As in the amplitude or phase modulation case, there are two chances in a

rotating period for the two vectors to coincide their orientations, although in

this case their lengths may be different.

6 (a+eiωgt) − 6 (a−e−iωgt) = 6 a+ − 6 a− + 2ωgt = 0 (mod 2π) ,

or equivalently ωgt = 1
2
( 6 a− − 6 a+) (mod π) .

(38)

Thus, the two chances are actually the opposite directions of an axis whose

orientation is given by

ψax = 1
2 ( 6 a−+6 a+) . (39)

The sum of the two vectors will have the maximum length at these moments.

During the rest of the period, however, the summed vector will have differ-

ent orientation from this axis, differently from the amplitude or phase modula-

tion case. When each vector is orthogonal to the main axis, the two rotating

vectors are opposite to each other and their sum is the shortest. In general, the

two have different lengths and hence the summed length is not necessarily zero.

The locus of the summed vector is actually an ellipse whose major axis is given

by eq. (39). The amplitude and phase modulation are special cases of this.

The question is how much of the signal we can detect when the two signal

sidebands have different lengths. As is discussed in 2.3.3, a local oscillator

detects the sidebands parallel to it. In the heterodyne case, it is not so critical
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0 π/3 2π/3 π

Figure 2.9: In general cases, the upper and lower sidebands have different
amplitudes with arbitrary relative phase. Then the locus of the summed
vector is an ellipse rather than a straight line (the straight line in the pure
amplitude or phase modulation case can be thought of as a special case of
an ellipse). The major axis of the ellipse is given by eq. (39) and is not
necessarily horizontal or vertical. To maximize the amount of the detected
signal, the local oscillator must have the same orientation as this major axis.

since the local oscillator varies the relative angle to the sidebands anyway. Thus,

it is expected that there will be chances periodically that the local oscillator

becomes parallel to the major axis of the ellipse which represents the locus of

the sidebands6).

In homodyne and ‘swinging’ local oscillator (see 2.3.3) cases, however, the

relative angle between the local oscillator and the signal sidebands is static.

Then the projection of the sidebands’ locus to the local oscillator axis is de-

tected. Thus, to maximize the amount of the detected signal, it is necessary to

optimize the orientation of the local oscillator. (Since it has no effect on the

6) Actually this may require a little more discussion. Both the local oscillator and the
signal sidebands rotate in different manner, and the local oscillator may not be parallel to the
major axis of the ellipse when the sum of the sidebands is present on this axis. In practice,
however, the local oscillator is chosen so that its rotation period is much shorter than that of
the signal. Then the signal sidebands look almost static compared with the local oscillator
and it is expected that the local oscillator becomes parallel to the major axis while the signal
sidebands is close to it.
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optimization, we will ignore the swinging of the local oscillator length in the

following discussion.)

The best orientation of the local oscillator would be the major axis of the

ellipse, which is given by eq. (39). The maximum amplitude of the signal when

the local oscillator is optimized is expected to be |a+|+|a−|, the sum of the

lengths of the two vectors, from an intuitive consideration.

This can be justified as follows. The detected power after adding a local

oscillator aLOeiω0t = ALOei(ω0t+ψ) (which has the same frequency as the carrier)

is given by

PZ0 =
∣

∣

∣
a+ei(ω0+ωg)t + a−ei(ω0−ωg)t +ALOei(ω0t+ψ)

∣

∣

∣

2

= |a+|2 + |a−|2 + A2
LO + 2ℜ

{

a+a
∗
−
ei2ωgt

}

+ 2ALOℜ

{

a+ei(ωgt−ψ)
}

+ 2ALOℜ

{

a−e−i(ωgt+ψ)
}

= |a+|2 + |a−|2 + A2
LO + 2|a+a−| cos(2ωgt+ 6 a+− 6 a−)

+ 2ALO

[

|a+| cos(ωgt+ 6 a+− ψ) + |a−| cos(ωgt− 6 a−+ ψ)
]

.

(40)

The interfering term of interest can be rewritten as

PintZ0 = 2ALOℜ

{

a+ei(ωgt−ψ)
}

+ 2ALOℜ

{

a−e−i(ωgt+ψ)
}

= 2ALOℜ

{

a+ei(ωgt−ψ)
}

+ 2ALOℜ

{

a∗
−
ei(ωgt+ψ)

}

= 2ALOℜ

{

(

a+e−iψ+ a∗
−
eiψ

)

eiωgt
}

= 2ALO

∣

∣a+e−iψ+ a∗
−
eiψ

∣

∣ cos
[

ωgt+ 6 (a+e−iψ+ a∗
−
eiψ)

]

.

(41)

Thus, (a+e−iψ+ a∗
−
eiψ) can be thought as being the complex amplitude of the

detected power or equivalently the photo-current.

When the orientation ψ of the local oscillator is chosen to be ψ = ψax

given in eq. (39), then the signal amplitude will be proportional to

a+e−iψ+ a∗
−
eiψ = |a+|ei(φ+−ψ) + |a−|e−i(φ−−ψ)

= |a+|ei(φ+−φ−)/2 + |a−|e−i(−φ++φ−)/2

=
(

|a+| + |a−|
)

ei(φ+−φ−)/2 ,

(42)

where φj= 6 aj (j = + or −). Thus, the maximum amplitude of the signal is

proportional to the sum of the amplitudes of the two sidebands.
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The above discussion concludes the maximum signal for a single Fourier

component, but it is not the whole story. What is to be detected is actually

a mixture of different Fourier components. The optimum angle for the local

oscillator may be different for each component, i.e. ψax = ψax(ω), depending

on the relative angle between a+(ωg) and a−(ωg) (see eq. (39)). The frequency

response of the signal is, however, given by

Gsig(ω) ∝
[

a+(ω)e−iψ+ a∗
−
(ω)eiψ

]

, (43)

where the relative angle ψ between the local oscillator and the signal is unique

for all the Fourier components. Thus, it must be chosen to achieve the best

compromise of all the Fourier components.

In our application of an interferometric gravitational-wave detector, this

is determined by the frequency response of the optical configuration used. In

narrow-band configurations, the upper and lower sidebands experience different

resonance conditions in the detector, resulting in different complex amplitudes

of the two sidebands. Further discussion on this subject can be found in Ap-

pendix F, with some examples to show this effect. In general, however, this

effect is small and we assume ‘phase modulation signal detection’ in the follow-

ing discussion.

2.4: A Michelson interferometer as a phase detector

2.4.1: Differential method—homodyne

Now let us consider the actual configuration for an optical phase detector.

We assume an ideal interferometer, i.e. an interferometer with zero loss and a

perfect contrast, for simplicity. Let us start from the simplest one, which is a

Michelson interferometer operated at the mid-fringe.

In a Michelson interferometer, the injected light is divided by a beamsplitter

(usually equally) into the two arms, reflected back from each arm, and then

recombined at the same beamsplitter, as is shown in Fig. 2.10. (If the beams are

recombined at another beamsplitter, it will be a Mach-Zehnder interferometer

whose behavior is very similar to that described here.) There are two outputs

from the beamsplitter, each containing a fraction of the light from each arm, as

described in 2.3.2. The light from the two arms interfere with each other and

this interfering pattern represents the phase information of the two arms.
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Assuming that the same beamsplitter is used for both splitting and recom-

bining, the two outputs of the interferometer can be written as

P⊕/P0 = (τρ)2 + (ρτ)2 + 2(ρτ)2 cosφ

P⊖/P0 = (ρρ)2 + (ττ)2 − 2(ρτ)2 cosφ ,
(44)

where φ represents the phase difference between the two arms. These reduce to

P⊕/P0 = 1
2 (1 + cosφ)

P⊖/P0 = 1
2 (1 − cosφ) ,

(45)

when a beamsplitter with |τ |2 = |ρ|2= 1
2 is used as usual.

The change in the detected power δP in one of the outputs due to the phase

change is given by
δP

P0
= ±sinφ0

2
δφ , (46)

where δφ = φ−φ0 is the deviation from the initial operating point φ0. It is

best to choose φ0 ≃ ±π
2 to maximize the output signal7). This corresponds

to the mid-fringe8), i.e. the center of the maximum and the minimum of the

interference, as can be seen in eqs. (44) and (45). Since the signal appears at

both outputs symmetrically, taking the difference of the two outputs gives the

maximum signal, and thus this is often called the differential method.

Although it is not an indispensable requirement, the two arms are usually

set to have equal optical path lengths (in a macroscopic sense). The advantage

of this is that a considerable common mode rejection effect of the fluctuations

in light source can be expected, and also that the problems associated with the

spatial mode matching can be avoided. Note, however, that the phase change

common in the two arms cannot be detected due to the common mode rejection

effect. For gravitational wave detectors, this can be avoided by setting the two

arms orthogonal so that the light in each arm experiences a different effect due

to a gravitational wave.

7) Actually what is to be optimized is not the output signal but the signal-to-noise ratio
of the detected signal. In this case, however, the result is the same since the amount of the
shot noise is determined by the total light power detected, which is a constant in this case.
It can also be shown that choosing the beamsplitter as described in the text gives the best
signal-to-noise ratio.

8) It is by accident that the power at the two outputs are equal when this operating point
is chosen. If the beamsplitter is different from the assumption here, the powers at the two
outputs may be different form each other. In this case, some offset and weighting may be
required before taking the difference of the two outputs.
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Figure 2.10: A schematic diagram of the differential method. The relative
phase information of the Michelson interferometer is taken as the difference
of the powers in the two outputs. The Michelson interferometer must be
operated at the mid fringe, i.e. the center of the maximum and the minimum
of the interference, to maximize the amount of the signal.

Let us illustrate this scheme in a phasor diagram. The light is phase mod-

ulated differentially in the two arms, which are represented by the two vectors

changing their orientations. As described in 2.2.1, each vector can be decom-

posed into the static part and the swinging part orthogonal to the carrier. On

the other hand, the initial phase difference of ±π
2

between the beams from the

two arms means that the two vectors are orthogonal to each other. Thus, the

static part from one arm is parallel to the swinging part from the other arm

and works as the local oscillator to detect it.

In this case, the local oscillator (the static part in one of the arms) has the

same frequency as the carrier (that in the other arm), this can be thought of as

a homodyne technique. The roles of the two arms are, however, symmetric and

the distinction between the carrier and the local oscillator has less significance.

The interferometer responds only to the phase difference between the two arms,

as is shown in eqs. (44) and (45).
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Assuming the same condition as above, let us evaluate this in the ‘side-

bands’ viewpoint. The amplitude in each arm is written as

aarm =
1√
2
a0e

iω0t
[

1 ± i
φg

2

(

eiωgt+ e−iωgt
)

]

, (47)

where φg and ωg are index and frequency of the phase modulation respectively,

and the sign (±) in front of the sideband terms is + for one arm and − for the

other, representing the differential feature.

The amplitudes from the two arms are superimposed with relative phase

of ±π
2 at the beamsplitter. Then the detected power will be

P⊕ =
P0

22

∣

∣

∣

∣

[

1 + i
φg

2

(

eiωgt+ e−iωgt
)

]

+ i
[

1 − i
φg

2

(

eiωgt+ e−iωgt
)

]

∣

∣

∣

∣

2

=
P0

2

[

1 +
φg

2

(

eiωgt+ e−iωgt
)

]2

=
P0

2

[

1 + 2φgcos(ωgt) +O(φg
2)

]

P⊖ =
P0

2

[

1 − φg

2

(

eiωgt+ e−iωgt
)

]2

=
P0

2

[

1 − 2φgcos(ωgt) +O(φg
2)

]

.

(48)

This gives the same result as inserting φ = −π
2 + 2φgcos(ωgt) into eq. (45).

Note that the effective modulation index is twice that in one arm due to the

differential (‘push-pull’) feature. (The higher order terms of φg will disappear if

one considers higher harmonics of the phase modulation.)

Since this is the simplest configuration, many experiments including the

first prototype of the interferometric gravitational-wave detectors built by For-

ward [21] have employed this scheme. In this configuration, however, all the

injected light power must be detected by the photo-detectors, and it is a very

tough condition in a real interferometric gravitational-wave detector because of

the high power required to achieve a good sensitivity.

To alter the detection scheme to the standard heterodyne technique, the

frequency of the light in one of the arms must be shifted to a slightly different

frequency. This would be realized by using acousto-optic modulators. This does

not, however, help the problem described above and the losses in the modulators

make it less attractive than the homodyne technique.
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2.4.2: Dark fringe operation—balanced modulator

To relieve the problem of high light power at the photo-detectors, the op-

eration of a Michelson interferometer at the minimum of the interference, the

so-called dark fringe, was proposed [22]. In this case only one of the two outputs

of an interferometer, e.g. P⊕ in eq. (44), is used. Then the initial phase must be

chosen as φ0 ≃ π to make the detecting output to be a dark fringe.

As can be seen in eq. (44), the output power varies quadratically with the

relative phase around this operating point. This means that the output power

does not represent the phase directly. Thus, an additional means to detect the

phase information is necessary. Before discussing that, however, it is worth

illustrating this from the view of a phasor diagram.

The vectors that represent the light from the two arms are the same as

in the previous case. What is different is the relative angle between the two

vectors—in this case they are opposite to each other, as is indicated by the

initial phase difference of π. When these two vectors are summed together,

their static parts cancel each other and the swinging parts add up if (and only

if) they are differentially modulated in the two arms.

As one might notice, this actually works as a balanced modulator, shown

in Fig. 2.7. The output from this balanced modulator is, as described in 2.2.2,

suppressed-carrier double sideband. In this case, each arm is considered as a

modulator with opposite polarity9), and the beamsplitter takes the difference

between the two. Incidentally, a gravitational wave with appropriate orienta-

tion and polarization modulates the light in two orthogonal arms oppositely, as

described in 2.1.3.

In order to suppress the carrier component, the light from the two arms

must have the same amount of the carrier component. From this requirement,

the beamsplitter is usually10) chosen to be |τ |2 = |ρ|2 = 1
2 . When the carrier

component is successfully suppressed, the light power leaking out of the inter-

ferometer can be significantly reduced.

9) If only one of the arms is modulated, it can be considered as a composition of a common
mode modulation and a differential modulation. Only the latter is detected in this type of
interferometer.

10) Actually it is possible to suppress the carrier component with different parameters.
It will, however, give a worse signal-to-noise ratio than that obtained with the parameters
described in the text.
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Under this condition, the output amplitude of this balanced modulator can

be written as

abm =
1

2
a0e

iω0t

{

[

1 + i
φg

2

(

eiωgt+ e−iωgt
)

]

−
[

1 − i
φg

2

(

eiωgt+ e−iωgt
)

]

}

= i
φg

2

(

eiωgt+ e−iωgt
)

a0e
iω0t = iφgcos(ωgt) a0e

iω0t.

(49)

As can be found in the above equation, there is no carrier component and only

upper and lower sidebands are present.

The most important feature of a balanced modulator is the separation of

the carrier and the signal, i.e. only the differential sidebands leak out of the

interferometer from one of the outputs and the carrier which contains most

of the injected power exits from the other. This will allow us to re-use the

rejected carrier in order to increase the effective light power incident on the

interferometer by a scheme called power recycling. This will be thoroughly

discussed in Chapter 3, together with other variations from this scheme.

Power recycling, or one of the other variations, is currently considered as

being indispensable in the future interferometric gravitational-wave detectors

with good sensitivities. From this reasoning, we will neglect the differential

method in the following discussion and concentrate on the dark-fringe operation.

The optical suppressed-carrier double sideband cannot, however, be de-

tected directly. Thus it is necessary to use some kind of local oscillator in order

to detect them. As is discussed in 2.3.3, the local oscillator must be parallel to

the sidebands to be detected (unless standard heterodyne is used). There are

several schemes proposed to introduce the local oscillator to such a Michelson

interferometer. Some of them are discussed in the following part.

2.4.3: External modulation

The most straightforward way of introducing the local oscillator to detect

the suppressed-carrier double sideband is to make an independent interferometer

for this purpose. The local oscillator is taken separately from the same light

source as the main interferometer, and it is made to interfere with the output

of the main interferometer. Thus, the optical layout looks more like a Mach-

Zehnder interferometer which has a Michelson interferometer in one of the arms,
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Figure 2.11: A schematic diagram of the external modulation scheme (the
case of the local oscillators induced by a phase modulation is shown). The
whole system looks like a Mach-Zehnder interferometer with a Michelson
interferometer in one of its arms. The main (Michelson) interferometer is
operated at a dark fringe and its output is made to interfere with the local
oscillator beam, and the interfering outputs give the signal. If the local oscil-
lators are shifted in their frequency, the signal is obtained by demodulating
the photo-current.

as is shown in Fig. 2.11. Since the local oscillator is taken out from the outside of

the main interferometer, this scheme is called the external modulation11) [23, 24].

In this scheme, the frequency of the local oscillator and the phase relative

to the main interferometer can be chosen freely. If the original frequency from

the light source is used, it will be homodyne; if the frequency is shifted (by, for

example, an acousto-optic modulator), then it will be standard heterodyne; if

the modulation-induced sidebands (produced by, for example, an electro-optic

modulator) are used, then the local oscillator will have a swinging length. In

practive, however, it is difficult to produce pure double sideband and usually the

11) This naming may cause confusion for some people. As described in 2.1.3, a gravitational
wave will impose a phase modulation on the light, not depending on its detection scheme. The
‘modulation’ used here is, as discussed in the text, merely to produce the local oscillator(s) to
detect the sidebands produced by the phase modulation due to a gravitational wave. Thus,
this may be better to be named ‘external local oscillator’. Furthermore, in the ‘external
modulation’ case a ‘modulation’ is actually not an absolute requirement. In this paper,
however, the author followed the conventional notation in this field.
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carrier frequency component or higher order sideband components are present

together with the actual local osciilator. This effect is discussed in Appendix H.

Let us calculate the signal for this case. The output of the main interfer-

ometer is assumed to be the suppressed carrier, which is described in eq. (49).

This is superimposed with an externally taken local oscillator aLO by an auxil-

iary beamsplitter with the reflectivity ρZ and the transmittance τZ:

a⊕ = ρZ

[

iφgcos(ωgt)a0e
iω0t

]

+ iτZaLOeiω0t

a⊖ = iτZ
[

iφgcos(ωgt)a0e
iω0t

]

− ρZ aLOeiω0t .
(50)

There are two outputs from this Mach-Zehnder interferometer and both of them

can be used for signal detection.

Assuming the homodyne case, i.e. the local oscillator has the original fre-

quency from the light source, the detected powers at the two outputs are

P⊕Z0 = (ρZ|aLO|)2+ [τZφgcos(ωgt)]
2 + 2ρZτZφgcos(ωgt)|a0aLO| cosψ

P⊖Z0 = (τZ|aLO|)2 + [ρZφgcos(ωgt)]
2− 2ρZτZφgcos(ωgt)|a0aLO| cosψ ,

(51)

where ψ = 6 a0− 6 aLO is the relative angle between the suppressed carrier and

the local oscillator. The first and the second term are the power of the sup-

pressed carrier and the local oscillator respectively, and are not much of our

interest. The third, the interfering term provides the signal proportional to the

original modulation φgcos(ωgt).

The magnitude of the output signal is determined by the local oscillator

amplitude |aLO| and the relative phase ψ. As is discussed in 2.3.3, the relative

phase must be chosen as 0 or π, i.e. ‘parallel’ to each other, to maximize the out-

put signal. Thus, this requires additional control systems as well as additional

optics in order to maintain the optimum signal detection.

When the single local oscillator whose frequency is shifted by ωa is used,

aLOeiω0t in eq. (50) must be replaced by aLOei(ω0+ωa)t. Then the interfering term

in eq. (51) becomes

δP Z0 = 2ρZτZφgcos(ωgt) |a0aLO| cos(ωat+ ψ) . (52)

In this case, the initial phase ψ has little meaning since the relative phase varies

with time anyway. The signal appears as an amplitude modulation on the

oscillation at ωa.

– 47 –



Chapter 2: Principle of gravitational wave detection

When the modulation-induced double sidebands are used as the local os-

cillators, aLOeiω0t in eq. (50) will have an additional oscillating factor cos(ωat).

Then the interfering term in eq. (51) becomes

δP Z0 = 2ρZτZφgcos(ωgt) |a0aLO| cos(ωat) cos(ψ) . (53)

Thus, again the output signal appears as an amplitude modulation on this

additional oscillation. In this case, however, the relative phase factor cosψ

remains static and thus it must be optimized.

In either case, the original signal φgcos(ωgt) can be recovered by (electri-

cally) demodulating the photo-current, i.e. by multiplying it by the new ‘carrier’

frequency ωa, in a similar way to that described in eq. (37).

2.4.4: Internal modulation

In spite of its intuitiveness, the external modulation is in practice a rela-

tively complicated scheme. In order to superimpose the local oscillator onto the

signal sidebands, an additional interferometer is required. It may be easier to

realize if the same (or a similar) thing can be done within a single interferome-

ter. This can be done, although with some restrictions, by a scheme called the

internal modulation, which was actually proposed [22] earlier than the external

modulation and commonly used in the current prototypes [25, 26].

The principle of this scheme is, in short, to use the main Michelson in-

terferometer as the phase detector as well as the balanced modulator. This

requires a local oscillator which is already superimposed onto the signal side-

bands when they leak out of the interferometer. Then the local oscillator must

have a different frequency from that of the carrier to be distinguishable from

it. Thus this will employ either standard heterodyne technique or a ‘swinging

local oscillator’.

Since the Michelson interferometer works as a balanced modulator for the

phase modulation, for example due to a gravitational wave, it is also possible

to use the same interferometer in order to produce the local oscillator by im-

posing an artificial modulation. In order to make the best use of the balanced

modulator, the modulation should be differential in the two arms of the Michel-

son interferometer. Since what we want to detect is the sidebands induced by a

phase modulation, the modulation to produce the local oscillator must also be a

phase modulation to make the local oscillator ‘parallel’ to the signal sidebands.
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Figure 2.12: A schematic diagram of the internal modulation scheme. The
beams in the two arms are differentially phase modulated and the photo-
current is demodulated in order to recover the signal. The Michelson inter-
ferometer must be operated at a dark fringe.

In the end, the optical system looks like Fig. 2.12: a Michelson interfer-

ometer is artificially phase modulated at a frequency well above the expected

signal frequencies, differentially in the two arms. One of the outputs from the

interferometer is kept near a dark fringe, and it contains the signal sidebands as

well as the artificial sidebands which work as the local oscillators. When these

are detected by a photo-detector, the interfering term yields the modulation

frequency component proportional to the relative phase of the interferometer.

In the above description, the use of standard heterodyne technique is ex-

cluded, since it requires a single local oscillator with a frequency different from

the carrier and it is difficult to realize. Similarly, only the phase modulation

components of the signal can be detected, even if the optimum detection phase

(see the discussion in 2.3.4) is different from it. These limitations do not, how-

ever, affect our application so much, since what we usually measure is the phase

modulation component anyway.

Since the local oscillators are produced by a balanced modulator, there is

no carrier components remaining in the detecting output. There will, however,

be higher harmonics left and will affect the signal as well as noise, as discussed

in Appendix H. In addition, the fact that the dominating component among the
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detected power is the swinging local oscillator means that it is not stationary.

This adds a further complication to the shot noise consideration. This topic is

discussed in Ref. [27] in detail.

2.4.5: Pre-modulation

While the internal modulation is a convenient and useful scheme, there will

be a few practical problems associated with the Pockels cell used as the phase

modulators when it is used in full scale interferometric gravitational-wave detec-

tors. In such an interferometer with a few kilometers of arm length, the beam

radius will be as large as several centimeters (see eq. (G14) in Appendix G).

Such a crystal with a big enough aperture is very difficult to manufacture, con-

sidering the demands on the optical quality. Furthermore, the high light power

inside an advanced interferometer may cause damage to the crystal by a small

absorption inside it.

One of the ways to avoid this problem is the use of the external modulation

described in 2.4.3, however at the price of a little more complication. There is

an alternative way, the pre-modulation proposed by Schnupp [28, 29], to intro-

duce the local oscillator onto the signal sidebands leaking out of a Michelson

interferometer without any internal modulator.

In this scheme, the local oscillators are produced by phase-modulating the

beam from the light source before it enters the interferometer, and both the

carrier and the local oscillator components are injected to the interferometer

(see Fig. 2.13). If the interferometer is perfectly symmetric, the local oscillators

will not appear at the detecting output due to the common mode rejection

effect. The novelty of this scheme is to put a small asymmetry on the lengths of

the two arms in order to made the local oscillator leak out of the interferometer.

This effectively results in the same effect as the internal modulation.

In a simple Michelson interferometer with a small asymmetry ∆ℓ in the arm

lengths, the amplitude of the local oscillator, expressed in the ‘effective’ modu-

lation index, by the pre-modulation is determined by the amount of asymmetry

and the modulation frequency, as

meff = ma sin(ωa∆ℓ/c) . (54)

By choosing the modulation frequency to produce the local oscillators much

higher than the expected signal frequency, i.e. ωa≫ωg (which is a condition

usually satisfied), it is possible to set the asymmetry to have negligible effect on
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Figure 2.13: A schematic diagram of the pre-modulation scheme. In this
case the beam is phase modulated before entering the Michelson interfer-
ometer, whose arm lengths have an intentional difference ∆ℓ. Due to this
difference, a part of modulation-induced sidebands leaks out of the inter-
ferometer operated at a dark fringe, together with the sidebands due to
differential modulation inside the interferometer.

the signal sidebands. (Note that replacing ωa in eq. (54) by ωg gives the fraction

of the signal sidebands that will not be detected.)

In practice, however, the main interferometer will have either Fabry-Perot

cavities or delay lines in the arms and also have power recycling and so on

incorporated, as described in Chapter 3. Thus, the effect in more realistic cases

must be carefully considered, taking the actual configuration into account (for

example, Ref. [30] treats a specific possible scheme in detail). Here we restrict

ourselves just to mention the principle of its operation.

Since this scheme has a similar effect as the internal modulation, only the

phase modulation signal can be detected in this simple configuration described

above. In this case, however, the local oscillator is produced outside the in-

terferometer and there are less restriction in producing it than in the internal

modulation case. Thus, there are some possibilities of using different types of lo-

cal oscillators, e.g. a single local oscillator, by using somewhat more complicated

optical configuration.
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Chapter 3

Various configurations

3.0: Introduction

In Chapter 2, we have discussed the signal that is expected to be produced

by gravitational waves and also the principle of its detection. The sensitivity

of a detector is, however, determined also by the noise in the detector out-

put. Among various noise sources, the statistical error in the photon counting

process is expected to be one of the limiting factors. As a result, a simple

Michelson interferometer requires an exceptionally high-power light source as

well as impractically long arm lengths in order to achieve good sensitivity for

the detection of gravitational waves.

Several methods have been proposed to improve the sensitivity of such

an interferometer by using somewhat more complicated optical configurations.

The aim of this chapter is to compare these configurations and to highlight the

similarities and the differences. For that purpose, one versatile theorem which

can explain most of their characteristics is presented. Then this is applied here

to each configuration to evaluate its sensitivity, except for the case of resonant

sideband extraction which is treated separately in Chapter 4.

It should be noted that the results here are derived without any consid-

eration of non-linear effects, such as thermal distortions, which may become

important for large scale interferometric gravitational-wave detectors. Thermal

effects are discussed in Chapter 5, and the relevant sensitivity of each configu-

ration is estimated there. The discussion here is, however, helpful in developing

a general understanding of the various configurations.

3.1: The sensitivity theorem

3.1.1: Sensitivity

As briefly reviewed in 1.3, there will be noise contributions from various

sources in an output from a detector, and a gravitational wave signal must be

compared with them. Almost all the noise sources are of statistical, or random,
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nature. Thus, the ‘detection’ of a gravitational wave signal must also be treated

statistically. In such a case, the noise is represented by the ‘typical’, or averaged,

deviation of the output from the static value. (If the static value is different

from that in the ideal case, it may be treated separately as an offset .) The ratio

between the signal amplitude and this ‘typical’ deviation is called signal-to-noise

ratio, by which the criteria of ‘detection’ are discussed.

The signal-to-noise ratio does not only depend on the amount of signal and

noise, but also on the filters used to extract the signal from the observed data.

The filters can be applied either in the frequency domain or in the time domain.

The latter is more often called the template of the waveform. According to the

matched filter theory , the template having the same form as the signal gives the

best signal-to-noise ratio. It should be noted that the output of an interferom-

eter has frequency dependence determined by the configuration employed, and

this dependence must be taken into account in the data analyses.

The output from one detector must be examined in coincidence with those

from others, in order to avoid the error of the first kind (false alarm). More

detectors used in coincidence reduce the probability of the error of the second

kind (missing events) for a certain tolerance of a possible false alarm. Then a

lower signal-to-noise ratio is sufficient in one detector, and this results in a better

probability of detection with a given amount of noise in a detector. Another

possibility to improve the detectability is taking the correlation between the

data from multiple detectors. In our application of gravitational wave detection,

either scheme will be necessary since the signal-to-noise ratio is not expected to

be very high.

All of the factors described above are involved in the ‘detection’ of a grav-

itational wave [8, 14]. For the ‘detectability’, i.e. the probability of detecting a

signal, all these factors are important and should be taken into account.

The aim of this paper is, however, to compare the possible performance of

various optical configurations for individual interferometric gravitational-wave

detectors. For this purpose, only the amount of noise in a detector must be

considered, i.e. the ‘sensitivity of a detector’ must be represented by its noise

level. Thus, the amplitude of a signal that gives unity signal-to-noise ratio, i.e.

the amplitude of a noise-equivalent signal, would be the appropriate way to

express the sensitivity of a detector.

Since shot noise (which is assumed to be the only noise in the following

discussion) is broad-band in nature, its root-mean-square, or rms, amplitude
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depends on the bandwidth of observation. To avoid introducing the discussion

of such an observation process, it is convenient (or necessary) to express the

noise by its spectral density. Thus, the sensitivity of a detector, which should

be equivalent to its noise, must also be described in a spectral form.

As a consequence, the word ‘sensitivity’, symbolized as h̃(ωg), implies

‘the spectrum of signal amplitude equivalent to that of the noise in the detector’

throughout this paper. It should be emphasized again that this is a character-

istic of a single detector, and the actual detection of a signal depends on other

parameters as well.

3.1.2: Normalized response

Because the response of a detector to a gravitational wave depends on the

frequency of its Fourier components, the sensitivity is in general a function of

signal frequency. Since the spectrum of the shot noise is ‘white’, or frequency-

independent, the frequency dependence of the sensitivity can be obtained by

considering the amplitude of the signal at the output. Thus, the frequency

dependence of the sensitivity can also be represented by its transfer function,

the ratio of the input and the output signals. In our case, the input signal is

the amplitude of the gravitational wave and the output signal is, virtually, the

photo-current in the photo-detector.

The transfer function is, however, not so convenient in comparing the var-

ious configurations for interferometric gravitational-wave detectors, because it

depends not only on the configuration employed but also on the power of the

illuminating light. Fortunately, the latter does not affect the frequency de-

pendence of the detector but just changes the overall sensitivity. Thus, it is

possible to ‘normalize’ the response in order to remove the dependence on the

input power. This normalized response is the most useful measure in comparing

the characteristics of various configurations.

In this paper, both the sensitivity and the normalized response are used in

discussing the characteristics of each configuration. The former is convenient

in making a rough estimate of the detector performance for a chosen configu-

ration, and the latter is useful in comparing the detailed properties of different

configurations.
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These two quantities are, of course, related to each other. The phase fluc-

tuation δ̃φ equivalent to shot noise is given by [32]

δ̃φ =

√
2h̄ω0

P0

≈ 2π · 10−10 rad/
√

Hz ×
[

P0

1 W

]− 1
2
[

λ

1 µm

]− 1
2

,

(1)

where ω0 and P0 are the angular frequency and the power of the incident light

from the source, respectively. The sensitivity h̃(ωg) is obtained by dividing

eq. (1) by the frequency response G(ωg), thus

h̃(ωg) =
1

2|G(ωg)|

√
2h̄ω0

P0
. (2)

There is an additional factor of 1/2 which is explained in Appendix A.

The normalized response would, however, be useful only when the optical

system is linear, i.e. when it does not change with input power. The loss in

the optics is one of the factors to determine the frequency response, and it may

change with the light power when thermal effects become significant. In this

chapter, such non-linear effects are ignored to concentrate on understanding of

each configuration. Some of the non-linear problems are discussed in Chapter 5.

3.1.3: Simplified theorem

Calculating the frequency response of a configuration to estimate the sen-

sitivity with given parameters was carried out in the previous literature (see,

e.g. [33, 34]), and found not to be an easy task. The general interest is, how-

ever, not the detailed frequency dependence of the sensitivity but in most of the

cases a rough estimation of the achievable sensitivity at its peak. It is found

by the author that this can be obtained by a simple formula, with only a few

parameters to be considered.

If the sensitivity of an interferometric gravitational-wave detector is limited

by shot noise, the peak sensitivity h̃0 to gravitational waves expressed as a linear

spectral density can be given by

h̃0 >∼

√
2h̄λ

πc

∆fBW

E , (3)

or,

h̃0 >∼ 3.3 · 10−24/
√

Hz ×
[

λ

1 µm

] 1
2
[ E
20 J

]− 1
2
[

∆fBW

1 kHz

] 1
2

. (4)
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Here E is the light energy stored in the optical system, λ the wavelength of the

light, and ∆fBW the detector bandwidth. The last quantity means the approx-

imate frequency range in which the spectral sensitivity is close to that at the

peak, and should not be confused with the observation bandwidth, which is a

result of filtering of the data to extract the signal.

It should be noticed that the relation in eq. (3) is not an exact but an

approximate one, as is indicated by the inequality symbol. It could be exact if

the interferometer were ideal and if the bandwidth were appropriately defined.

In reality, however, the sensitivity is easily degraded from that given by this

equation due to various losses in the optical system. In addition, if the system

utilizes only one of the sidebands produced by the phase modulation due to the

gravitational wave, then the sensitivity may be worse by a factor of ∼
√

2 due

to the inefficiency in the signal detection process. With the exception of this

case, any reasonable configuration has in general low enough loss to achieve a

sensitivity close to the value given by eq. (3).

For a given detector, the wavelength is determined by the laser employed

as the light source, which means it cannot be changed so easily to improve the

sensitivity. On the other hand, the bandwidth is determined by the requirements

of the signal being sought. (How broad a detector bandwidth should be for a

certain type of signal is another question which is not discussed here.) It should

anyway be fixed in our comparison of detectors using different configurations.

As a consequence, the energy is the only parameter which can be changed to

improve the sensitivity.

If the energy determines the sensitivity of an interferometric gravitational-

wave detector, how much of it can be stored in the optical system? For a

standard Fabry-Perot cavity, the maximum energy that can be stored with

given parameters of length ℓ of the cavity, illuminating power P0 from the light

source, and maximum power reflectivity1) (ρmax)
2 obtainable for the mirrors, is

uniquely determined as

Emax = P0
ℓ

c

(ρmax)
2

1 − (ρmax)2

≈ 20 J ×
[

P0

50 W

][
ℓ

3 km

][
1 − (ρmax)

2

25 ppm

]−1

.

(5)

1) In this and next chapters, the loss per reflection on a surface of a mirror is assumed
to be constant, i.e. not depending on the reflectivity of the mirror, and thus the maximum
reflectivity should be obtained by unity minus (constant) loss. In practice, this may not be
exactly true (see Appendix B). If the dependence is small, however, the following discussion
will not be affected though some of the exact relations should be taken as approximations.
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This is because the light experiences, at least, a fractional loss of 1−(ρmax)
2

upon a reflection in each passage through the cavity.

With efficient use of the illuminating light power (by a method called power

recycling which is described in 3.3) and if one can ignore the loss at the beam-

splitter (which is a reasonable approximation in many cases), it can be shown

that equation eq. (5) is also valid for interferometric gravitational-wave detec-

tors. In this case, ℓ should be taken as the arm length of the interferometer.

The formulae eqs. (3) and (5) can be combined to yield the optimum sensitivity

achievable with given parameters, as can be found in Ref. [35]. Eq. (3) is valid,

however, even for non-optimized cases, as we will see in the rest of this chapter

A result of this theorem is that any configuration storing the same amount

of energy will have the same sensitivity when optimized for the same bandwidth.

This is an extension of the results from previous analyses [33, 34]:

“There are no significant differences in each configuration,

as long as they are optimized for the same bandwidth.”

Although this has been derived only for configurations which had been proposed

by that time, the theorem eq. (3) is stated as a general relationship which must

always be satisfied. The physical background of this theorem will be discussed

in 3.5.

Before doing that, it is interesting to present a review of the configurations

proposed so far, along with the application of the theorem to each configuration

considered.

3.2: Delay lines and Fabry-Perot cavities

3.2.1: Multi-reflection schemes (optical delay-lines)

As we have seen in Chapter 2, a simple Michelson interferometer must have

an arm length of the order of ℓ∼c/ωg when it is optimized for a frequency ωg/2π.

This means that an arm length of ∼50 km is required for an interferometer

optimized for 1 kHz gravitational wave, and even longer arm lengths for lower

frequencies. This is an unrealistic value for ground-based experiments.

To realize a longer optical path length within a manageable size, folding

the path by multiple reflections (see Fig. 3.1), especially the use of optical delay

lines [36, 37], has been proposed [22] and successfully tested [25, 26]. The nor-

malized response of an interferometer with N−1 reflections (where N represents
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MN1 ME1

MN2

ME2

BS

From
Laser

PD

Figure 3.1: Optical layout of an interferometer with a Herriott delay line in
each arm (N=4 is shown). The light from the source is divided by a beam-
splitter into two arms. Each arm contains two (concave) mirrors facing each
other, which compose an optical delay line. The light is injected though a
hole on the near-end mirror, and is reflected back and forth inside the delay
line. After N−1 reflections (where N stands for the number of transits in
the delay line), the light exits the delay line through the same hole again
and interferes with the light from the other arm.

the number of transits or beams, e.g. N=2 for a single-bounce interferometer)

in the arms of length ℓ was found to be almost the same as a single-bounce

interferometer with arm length Nℓ/2 and a mirror reflectivity of ρN−1 instead

of ρ.

The storage time of a photon in one arm with mirrors of reflectivities ρn

and ρe (stand for near and far end mirrors respectively) is given by

ts =
ℓ

c
(1 + ρ 2

e )

N/2∑

j=1

(ρnρe)
2(j−1)

=
ℓ

c

1 − (ρ2)N

1 − ρ2
(for ρn = ρe = ρ)

≃ Nℓ/c (for ρ2 ∼= 1) .

(6)
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The normalized response of this type of interferometer has a sharp cut-off at

ωc/2π = c/2Nℓ, thus the bandwidth can be estimated as

∆fDL = c/2Nℓ ≃ 1/2ts . (7)

Thus, the bandwidth is approximately given by a half of the reciprocal of the

storage time if ρ2 ∼= 1.

It is interesting to consider this from our new viewpoint. Assuming suffi-

ciently low losses of the mirrors, the N−1 reflections cause an increase in storage

time by a factor of ∼N/2. The energy stored is in this case given by the prod-

uct of the illuminating power and the storage time, thus increased by the same

factor ∼N/2. This leads to an improvement by ∼
√

N/2 in terms of sensitivity.

On the other hand, the bandwidth becomes narrower by a factor of N/2, which

yields another factor of ∼
√

N/2 in sensitivity. These two effects result in the

expected improvement by ∼N/2 in total.

To estimate the sensitivity of this type of interferometer, the only thing to

be done is to evaluate the energy in the interferometer. If we choose parameters

that realize a 1 kHz bandwidth, then Nℓ has to be 150 km and we get

EDL = P0 × ts ≃ P0 ×
Nℓ

c

≈ 25mJ ×
[

P0

50 W

][
∆fDL

1 kHz

]−1

.

(8)

Inserting these values into eq. (4), we can estimate the sensitivity as

h̃DL ≈ 0.9 · 10−22/
√

Hz ×
[

λ

1 µm

] 1
2
[

P0

50 W

]− 1
2
[

∆fDL

1 kHz

]
. (9)

This corresponds to the classical expression for the sensitivity of this type of

interferometer [25],

h̃DL ≃ 1

Nℓ

√
h̄c

π
· λ

P0
. (10)

Note that the sensitivity only depends on the total path length Nℓ, not on the

arm length ℓ.

Though this sensitivity may be sufficient to detect some rare types of grav-

itational waves, it is not satisfactory for an astronomical observatory. It may

be possible, in principle, to improve the sensitivity by increasing the optical

path length, though this restricts the observation to lower frequencies. A prac-

tical limitation, however, arises from the demands on mirror sizes, whose areas
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are required to be almost proportional to the total path length [32]. Even the

value quoted above requires mirrors with ∼0.90m diameter, which seems to

be an upper limit (technically and financially) for manufacturing high quality

mirrors.

3.2.2: Fabry-Perot cavities

After initial experiments pursued multi-reflection schemes intensively, the

use of Fabry-Perot cavities was proposed [38, 39] and some experiments have

employed this configuration [40, 41]. In this configuration a Michelson inter-

ferometer contains two Fabry-Perot cavities2), one in each arm, as is shown

in Fig. 3.2. The primary benefit of this was that the mirror size required can

be made considerably smaller than that for multi-reflection schemes, by super-

imposing all the reflection spots. In addition, the problem of spurious signals

caused by the scattered light in delay line type interferometer [42] can be avoided

by using Fabry-Perot cavities in the arms. This, however, requires each cavity

to be controlled in order to keep it resonant with the incoming light.

For investigating the behavior of a Fabry-Perot cavity, it is useful to intro-

duce several parameters similar to those for the delay lines (hereafter ‘delay line’

will be used to represent all of the multi-reflection schemes, because the perfor-

mance does not depend on how the multiple reflections are realized). Among

them are the storage time, the bandwidth, and the energy stored inside.

The definition of the storage time in a cavity is not so obvious as in delay

lines, because each photon may experience a different storage time. In this

paper, the word ‘storage time’ will imply ‘the average time one photon stays in

the cavity without any excitation from outside’. This means that it is defined by

the power, not the amplitude, and also that it is not defined for the illuminating

light which stays longer than this storage time, as we will see shortly.

By this definition, the storage time in a cavity can be calculated using

amplitude reflectivities of the coupling mirror ρc and of the reflecting mirror ρr,

as

ts =
ℓ

c

1 + ρ2
r

1 − ρ2
c ρ2

r

≃ 1

∆fFSR

× 1

1 − ρ2
c ρ2

r

(for ρ2
r
∼= 1) ,

(11)

2) To avoid any possible confusions, the word ‘(Michelson) interferometer’ is exclusively

used for the two arm arrangement, either with delay lines or Fabry-Perot cavities in the arms.
A Fabry-Perot arrangement, such as the one inside a single arm here, will be referred to as a
‘(Fabry-Perot) cavity’.
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MC1 MR1
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Figure 3.2: Optical layout of an interferometer with a Fabry-Perot cavity
in each arm. The difference from the Fig. 3.1 is that the optical delay line
in each arm is replaced by a Fabry-Perot cavity. The reflected light from
the cavity in each arm interferes with that from the other arm at the beam-
splitter. A detailed analysis of an isolated Fabry-Perot cavity can be found
in 4.2.2.

where ∆fFSR=c/2ℓ is the free-spectral-range of the cavity. This can be obtained

by taking the limit N→∞ of eq. (6), the storage time for delay lines, with

different reflectivities for the two mirrors (ρn and ρe are replaced by ρc and ρr,

respectively).

The amount of energy stored in the cavity is given by (see eqs. (4.6) and

(4.8) in 4.2.2)

EFP = GFPP0 ×
ℓ
(
1 + ρ2

r

)

c
=

P0ℓ

c
× τ2

c (1 + ρ2
r )

(1 − ρcρr)2
, (12)

where GFP represents the equivalent power enhancement inside the cavity. (This

reduces to eq. (5) by choosing ρc = (1−Ac)ρr, where Ac is the loss of the coupling

mirror and ρ2
r = 1−Ac is assumed.) Note that the interchange of two mirrors

results in a different amount of energy stored.

The linewidth of a cavity is in general measured by the full width at half

maximum ∆fFWHM, i.e. the spacing of the two frequencies where the power trans-

mittance becomes half of that at the peak of resonance. For gravitational wave
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detectors the cavities are usually resonant with the illuminating light and the ef-

fective detector bandwidth will be only half of this linewidth, ∆fFP=∆fFWHM/2.

This corresponds to 3 dB bandwidth in terms of the amplitude.

Another parameter often used to characterize a cavity is the finesse F , the

ratio of the free-spectral-range to the linewidth, i.e. F=∆fFSR/∆fFWHM. In most

of the interesting cases this is related to other parameters by

F ≃ π
√

ρcρr
1−ρcρr

ts ≃ F
2π∆fFSR

EFP ≃ 2P0F
π∆fFSR





for 0 ≪ ρc ≤ ρr
∼= 1 . (13)

Using the above approximations, another useful relation can be obtained:

∆fFP = ∆fFSR/2F ≃ 1/4πts . (14)

Comparing this with the corresponding relation eq. (7) for delay lines, the band-

width for Fabry-Perot cavities is less by a factor of ∼2π compared with that for

delay lines with the same storage time.

As long as the above approximations are valid, the sensitivity of this type

of interferometer is characterized by the finesse. The energy stored is propor-

tional to the finesse, and the bandwidth is inversely proportional to the finesse.

Combining these two relations results in the sensitivity being proportional to

the finesse.

It is interesting to note that the energy stored in a cavity is not simply

related to the storage time, i.e.

EFP = P0 ts ×
τ2
c (1 + ρcρr)

1 − ρcρr
6= P0 ts . (15)

This is because the amplitude just after the coupling mirror is the result of

interference between two amplitudes, one from transmission of the injected and

the other from reflection of the internal amplitude, which is in turn the result

of the interference. In other words, the injected light experiences a higher

reflectivity at the coupling mirror due to the interference between the freshly

coming light and that stored inside the cavity. Due to this effect, the injected

light will stay inside the cavity longer than the ‘storage time’ defined above.

The most interesting case occurs when the coupling mirror has a relatively

high transmittance and the reflecting mirror has a high reflectivity. In this case

the amplitude inside the cavity is almost twice (or four times in terms of power)
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as much as the value one might expect from the storage time. This is exactly

the case for an interferometric gravitational-wave detector using Fabry-Perot

cavities, in which their finesse are kept low to retain a certain bandwidth. We

will see the effect of this later.

Again to estimate the sensitivity, let us evaluate the energy stored in the

interferometer. Using the definition given above, the energy is given by

EFP ≃ P0 ×
2F

π∆fFSR

≃ P0 ×
1

π

1

∆fFP

≈ 16mJ ×
[

P0

50 W

][
∆fFP

1 kHz

]−1

.

(16)

Again, the sensitivity does not depend on the arm length ℓ explicitly but on the

bandwidth which is determined by the combination of arm length and finesse,

although the arm length ℓ should be reasonably long in order to satisfy the

conditions in eq. (13),

Comparing the results of eq. (8) for the delay lines and eq. (16) for the

Fabry-Perot cavities, it can be seen that a little less energy can be stored in

Fabry-Perot cavities, when both configurations are adjusted to have the same

bandwidth. Thus, a sensitivity worse by a factor of ∼1.25 is expected. However,

one will find that the sensitivity is actually even worse, by a factor of ∼1.57

instead of 1.25 . The reason for this will become clear when the two schemes are

compared in more detail. For that purpose, introducing the frequency responses

of the two schemes is helpful.

3.2.3: Frequency responses

The transfer function from gravitational wave signal to phase shift of the

light returned from arms can be obtained by considering the process of the

conversion (see Chapter 2). This phase shift of the light during the retarded

time tr is given by

δφ(t) =

∫ t

t−tr

1
2 ω0h(t) dt . (17)

Taking the Laplace transformations of both sides yields

L
{
δφ(t)

}
=

ω0

2
L

{∫t

t−tr
h(t) dt

}

=
ω0

2

[
L

{∫t

0
h(t) dt

}
− L

{∫t−tr

0
h(t) dt

}]

=
ω0

2

1 − e−str

s
L

{
h(t)

}
.

(18)
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The ratio of Laplace transformations of phase shift δφ(t) and gravitational wave

amplitude h(t) gives the transfer function, thus

X
h→φ

(ω) =
L

{
δφ(t)

}

L
{
h(t)

} =
ω0

2

1 − e−iωtr

iω

=
ω0

2
tre

−iωtr/2 sin(ωtr/2)

ωtr/2
,

(19)

when expressed in angular frequency ω.

As we have discussed in Chapter 2, phase modulation produces upper

and lower sidebands, each having the same amplitude relative to the carrier

of J1(φ) ≃ φ/2 for φ≪1 (see eq. (2.20)). It is these sidebands that we de-

tect. Since the amplitudes of the sidebands must be proportional to that of

the carrier, it is convenient to normalize the transfer function using the relative

amplitude a/a0 of the sidebands.

For a delay line with arm length ℓ and N beams in the arms, the retarded

time is given by tr=Nℓ/c. The resultant sideband amplitude will be reduced by

a factor of ρN−1 due to the finite reflectivities of the mirrors. Combining these

results, the normalized response of a delay line type interferometer is given by:

GDL

h→a/a0

(ω) = ρN−1 × 1
2 X

h→φ
(ω) =

ρN−1

2

ω0

2

1 − e−iωNℓ/c

iω

=
ω0

2

Nℓ

2c
ρN−1 e−iωNℓ/2c sin(ωNℓ/2c)

ωNℓ/2c
.

(20)

For the case of Fabry-Perot cavities it is convenient to consider the reflected

light as a sum of many contributions which experienced different storage times

in the cavity:

GFP

h→a/a0

(ω) = −τ2
c

∞∑

n=1

[
ρn−1
c ρn

r × 1
2

X2n
h→φ

(ω)

]
, (21)

where X2n(ω) is the transfer function for light that experienced 2n transits in

the cavity and can be obtained by inserting tr = 2n × ℓ/c = nta into eq. (19).

Using this, eq. (21) can be expanded as

GFP

h→a/a0

(ω) = −τ2
c

∞∑

n=1

ρn−1
c ρn

r

2

ω0

2

1 − e−inωta

iω

= − ω0

i4ω

τ2
c

ρc

∞∑

n=1

(ρcρr)
n

(
1 − e−inωta

)

= − ω0

i4ω

τ2
c

ρc

(
ρcρr

1 − ρcρr
− ρcρre

−iωta

1 − ρcρre−iωta

)

=
−τ2

c

(1 − ρcρr)(1 − ρcρre−iωta)
× ρrω0

4

1 − e−iωta

iω
,

(22)
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Figure 3.3: The normalized response of interferometers with delay lines in
the arms. Each plot corresponds to a different number of transits in the
arm. For each plot the sensitivity is almost flat from DC to a certain cut-
off frequency which is determined by the storage time in the arms. This
gives the approximate bandwidth. In the higher frequency range, notches
(frequencies where sensitivity is zero) appear periodically. The height of the
peaks between the notches decrease with the frequency (∝ 1/ω). As for the
unit of the vertical axis and the assumption in plotting these curves, see
Appendix B.

where ta=2ℓ/c is the transit time of one return trip in the arm. Note that this

can be separated into two factors, the second of which has the same form as that

for a single bounce Michelson interferometer. The first factor can be thought

of as the effect of the Fabry-Perot cavity.

The normalized responses of interferometers with either delay lines or

Fabry-Perot cavities are shown in Fig. 3.3 and Fig. 3.4, respectively. Each show-

ing several plots which are different in storage time. The frequency response of

a delay line has a sharp cut-off after the flat region in the low frequency range

and many notches at higher frequencies. In contrast, that for a Fabry-Perot

cavity has a gentle curve around the ‘shoulder’ of the peak without any notches

inside the relevant frequency range. The sensitivity at a particular frequency

does not depend so much on the storage time if the bandwidth (determined by

the storage time) is broader than ∆fFP
<∼ωg/4π.
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Figure 3.4: The normalized response of interferometers with Fabry-Perot
cavities in the arms. Each plot corresponds to different finesse of the cavity
in the arm. Similarly to the delay line case Fig. 3.3, the sensitivity is flat
from DC to a certain cut-off frequency which is determined by the storage
time in the arms. The difference is that there is no significant notch (within
the frequency range shown) and the curve around the cut-off frequency is
more gentle than in the delay line case. This makes the definition of the
approximate bandwidth more difficult; it is common to define it at the fre-
quency where the height is 1/

√
2 or −3 dB of that at the peak (in this case,

DC). The slope in the higher frequency range is, again, proportional to 1/ω.

It is known that a simple Fabry-Perot cavity with reasonably high finesse

(F≫1) behaves like a one-pole low-pass filter. This can be derived from eq. (22)

assuming (ω/2π)/∆fFSR ≪ 1,

GFP

h→a/a0

(ω) ≃ − τ2
c

(1 − ρcρr)
[
1 − ρcρr(1 − iωta)

] × ρrω0

4

1 − (1 − iωta)

iω

= − τ2
c /(1 − ρcρr)

1 − ρcρr + iρcρrωta
× ρrω0ta

4

= − τ2
c ρrω0ta

4 (1 − ρcρr)2
×

[
1 + i

ρcρr

1 − ρcρr
ωta

]−1

.

(23)

This corresponds to the transfer function of a low-pass filter, with a pole at

∆fFSR/( 2πρcρr
1−ρcρr

) ≃ ∆fFSR/2F = ∆fFP and a DC gain of − τ2
c ρr

4(1−ρcρr)2
ω0ta.
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The reason for the difference in the two configurations can be understood

when the process of storing photons is considered. In case of a delay line, all the

photons experience the same storage time which is optimum for a gravitational

wave signal with frequency ωg/2π = 1/2ts. On the other hand, for a Fabry-Perot

cavity some of the photons may exit after just a few transits between the two

mirrors and some may experience a longer storage time than the average. This

makes the storage less efficient for the gravitational wave signal with a particular

frequency, because neither shorter nor longer storage times are appropriate for

that frequency.

3.2.4: Comparison of delay-lines and Fabry-Perot cavities

Initially it was thought that an interferometer with Fabry-Perot cavities

in the arms has a sensitivity similar to that with delay lines, if both have the

same storage time. In fact, there are a couple of interesting differences. When

one attempts to compare the two configurations, the following problem arises:

Under which condition is it appropriate to make a comparison? Some of the

parameters should be adjusted in order to make a meaningful comparison. The

relations among these parameters are, however, different in the two schemes,

i.e. if one of the parameters were made to be the same then the others might

not be the same as exemplified in eqs. (6)–(8) and (11)–(15).

Let us see this by taking the storage time as an example. If both configura-

tions have the same storage times, the energy stored in a Fabry-Perot system is

nearly four times as high as that in a delay line system, due to the interference

at the coupling mirror. Furthermore, the bandwidths in the two configurations

differ by a factor of 2π. As a result, a Fabry-Perot system has a much narrower

bandwidth and higher peak sensitivity than a delay line system. Obviously this

is not a good basis on which to make a comparison.

One possibility for making a better comparison is, as has been done above,

to make both schemes have the same bandwidth. We have already seen the

result of this case. Another interesting possibility would be to compare two con-

figurations assuming that both store the same amount of energy in the system.

Let us consider the frequency responses for this case, assuming, for simplicity,

no loss.

Fig. 3.5 shows the frequency responses for the delay line and Fabry-Perot

cases, both storing the same amount of energy. Under this condition, the ‘band-

width’ of a delay line configuration is broader by a factor of ∼1.57 compared
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Figure 3.5: The relative sensitivity of interferometers with delay lines and
Fabry-Perot cavities in the arms, assuming the same amount of energy being
stored in both cases. The upper picture shows it in logarithmic scale and
the lower one is the squared response in linear scale. The peak sensitivity at
DC is the same in both cases (the vertical scale is normalized with respect
to this peak sensitivity). The one for the delay line has a somewhat (∼1.57)
broader bandwidth and thus the sensitivity around the cut-off frequency is
better. On the other hand, the one using Fabry-Perot cavities has a better
sensitivity in the higher frequency range due to the notches of delay line
response. One may notice in the lower picture that the area surrounded by
the curve and the axes are the same in both cases.
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with the Fabry-Perot one, while the peak sensitivity at DC is the same in both

cases. On the other hand, the sensitivity outside the ‘bandwidth’ is better in

the Fabry-Perot case because of the notches in the delay line response.

As one might expect from these plots, the area enclosed by the curve and

the axes is the same in both cases. More precisely speaking, the frequency

integration of the squared response is the same if both have the same amount

of energy stored. This is the most important result of this comparison and we

will discuss this point further in 3.5.1.

Because the area and the peak height are the same in both cases, it would

be useful to find the ‘width’ of a box-shaped function with the same height

and area. It is by accident that the ‘approximate bandwidth’ of the delay line

response is exactly the same as this box width, whereas that of the Fabry-Perot

response is, as mentioned above, narrower by about ∼1.57. This explains the

inconsistency we found in 3.2.2; the inappropriate definition of the bandwidth

of the Fabry-Perot response caused the overestimation of the sensitivity by a

factor of ∼
√

1.57 ≈ 1.25 .

It may be worth pointing out that this box width corresponds to what is

called ‘noise bandwidth’ [43] in the field of filter designing. It is known in this

field that the noise bandwidth for a one-pole low-pass filter is given by

∆fNB = π
2
∆f3dB . (24)

As is mentioned in 3.2.3, the frequency response of a Fabry-Perot cavity is

similar to that of a one-pole low-pass filter. Thus, the relation between noise

bandwidth and the 3 dB bandwidth shown above is also a good approximate

relation for a Fabry-Perot cavity, explaining the factor of 1.57 in the above dis-

cussion. Using the above relation and eq. (16), the sensitivity of interferometers

with Fabry-Perot cavities in the arms can be written as

h̃FP ≈ 1.5 · 10−22/
√

Hz ×
[

λ

1 µm

] 1
2
[

P0

50 W

]− 1
2
[

∆fFP

1 kHz

]
. (25)

Comparing eqs. (9) and (25), the sensitivity with a given bandwidth seems

to be better in an interferometer with delay lines. Note, however, that because

of the notches at higher frequencies, delay lines must have the storage time cho-

sen according to the highest frequency ωg/2π of interesting gravitational wave

spectra, given by ∆fDL≃ωg/2π. On the other hand, Fabry-Perot cavities can

increase the storage time (and the amount of energy stored) without sacrificing
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the sensitivity at high frequencies. In this respect Fabry-Perot cavities are ad-

vantageous over delay lines, although this conclusion is not valid when power

recycling is adopted.

3.3: Power recycling

3.3.1: Principle of power recycling

The sensitivities expected from interferometers using delay line eq. (9) and

Fabry-Perot cavities eq. (25) are not so promising for gravitational wave obser-

vatories. The realistic possibilities left to improve the sensitivity are to increase

the light power and to make the bandwidth narrower. The latter is, however,

difficult for delay lines as is described in 3.2.1. The former seems also difficult

when one recalls the requirements on the stabilities for the light source and the

present technology of lasers.

The possibility of increasing the effective light power incident on the in-

terferometer with given light power from the source has been proposed inde-

pendently by Drever [38, 39] and by Schilling as one of the solutions for this

problem. The key concept of this is to utilize the wasted power reflected from

a low loss interferometer by using a little more complicated configuration. This

method is called power recycling.

As is discussed in Chapter 2, interferometric gravitational-wave detectors

are in general operated at a dark fringe, or interference minimum, where in prin-

ciple the sensitivity can be the best. Under this condition, all the carrier goes

to the non-detecting output (carrier port) and all the differential signal, that a

gravitational wave is expected to produce, goes to the detecting output (signal

port). It should be emphasized that the light leaking out of the interferometer

through the carrier port is not used at all.

If the losses in the interferometer are low enough, most of the injected light

power leaks out of the interferometer through the carrier port. By superimpos-

ing this output onto the ‘fresh’ light coming from the source, the effective light

power incident on the interferometer can be increased.

If the interferometer is on-axis, i.e. the beam returning from the interfer-

ometer has the same axis as that of the incoming beam, power recycling can be

realized by putting a mirror (power recycling mirror) between the beamsplitter

and the light source, as is shown in Fig. 3.6. This corresponds to forming a
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Figure 3.6a: Optical layout of a power recycled interferometer with multi-
reflections in the arms. The interferometer is operated at a dark fringe, i.e.
the detecting output is kept at a minimum of interference. The additional
mirror MP (power recycling mirror) placed between the light source and the
beamsplitter effectively composes a cavity (power recycling cavity) with the
interferometer.

cavity (power recycling cavity) with the interferometer as one of the cavity mir-

rors. This cavity should, of course, be kept resonant with the incoming beam

to achieve the maximum improvement in the sensitivity.

If the interferometer is off-axis, it is necessary to use a couple of mirrors to

bring the outgoing beam back to the axis of the incoming one. This forms a ring-

type cavity, resulting in the same effect on the performance of the interferometer

with, however, a little more complexity.

The effect of power recycling is equivalent to the use of a more powerful

light source to illuminate the interferometer, i.e. it does not affect the shape of

the transfer function of the interferometer. This is because the power recycling

cavity contains only the carrier light but all differential signals escape at the

beamsplitter of the interferometer. Here is the most innovative point (from

the present viewpoint) of power recycling: It is possible to set different storage

times for the carrier and for the signal sidebands.
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Figure 3.6b: Optical layout of a power recycled interferometer with Fabry-
Perot cavities in the arms. As in the multi-reflection case, the power recy-
cling mirror MP is added in order to compose the power recycling cavity
with the interferometer. In this case, the power recycling cavity is a three-

mirror coupled cavity which is analyzed in 4.2.4.

Formerly, increasing the storage time in the arms always involved narrowing

the detector bandwidth, without any improvement in sensitivity at frequencies

outside the bandwidth. By using power recycling, it is possible to increase

the storage time for the carrier without narrowing the detector bandwidth.

On the other hand, the improvement in sensitivity due to power recycling is

proportional only to the square root of the increased storage time for the carrier.

This is different from the case of an increased storage time in the arms, i.e. in

delay lines or Fabry-Perot cavities.

So from now on we must separate the two storage times, one for the car-

rier and the other for the signal. The former determines the energy inside

the interferometer (for a given illuminating power), and the latter determines

the bandwidth. As can be seen from eq. (3), these parameters determine the

sensitivity in principle.
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3.3.2: Power recycling with delay lines

Since the shot noise limited sensitivity is inversely proportional to the

square root of the power, the normalized response of a power recycled interfer-

ometer can be obtained by multiplying the normalized response without power

recycling with the square root of equivalent power gain, which is the ratio of

injected power to that inside the power recycling cavity3). The reflectivity of

the power recycling mirror and the losses in the interferometer determine the

equivalent power gain and the associated improvement in sensitivity by power

recycling.

To realize the maximum equivalent power gain, the power transmittance

of the recycling mirror must be chosen as (see eqs. (4.6) and (4.8) in 4.2.2)

|τPR|2 = 1−APR−|ρPR|2 = (1−APR) [1 − (1−APR) (1−Aint)]

≃ Aint + APR ,
(26)

where APR is the loss of the power recycling mirror, and Aint is the whole loss

inside the interferometer. This choice provides an equivalent power gain GPR of

GPR =
1

Aint + APR/(1−APR)
≃ 1

Aint + APR

, (27)

which will be limited by the loss in the interferometer.

The causes of the loss in the interferometer are the finite reflectivities of the

mirrors, imperfect interference, and scattering and absorption in the traversed

optical substrates. Thus the loss in the interferometer is given by

1 −Aint = (ρarm)2 × (1−ABS) × 1+C
2
, (28)

where (ρarm)2 is the power reflectivity of the arm, ABS the loss at beamsplitter,

and C the apparent visibility of the interferometer. In the ideal case the last

two factors can be unity. If each factor is close to unity (which we will assume),

an approximation

Aint ≃
[
1−(ρarm)2

]
+ ABS + 1−C

2 (29)

can be used.

Assuming a fixed arm length, increasing the storage time in the arms will

require more reflections in the arms. Due to the finite reflectivity of the mirrors,

3) The term ‘power inside a cavity’ may not be strictly defined, since the field inside the
cavity is a sort of ‘standing wave’ and there is no energy being transported. Nevertheless, the
number of photons hitting on the surface of mirrors per unit time can be considered as the
definition of the power inside the cavity.
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this results in an increase of the loss in the arms, which in turn results in a

reduction of the equivalent power gain. In the end, the light energy stored

in the system scarcely depends on the storage time in the arms, as long as

the losses in the arms dominate over other losses. Under this condition, the

resultant energy stored in the system will be close to the value obtained by

eq. (5).

Let us first consider the delay line case. The equivalent power gain can be

obtained as

GPR
DL =

1
1

1−APR
− (1−Aint)

=
ρ2

1 − (ρ2)N (1−ABS)
1+C

2

, (30)

where ρ is the reflectivity of the delay line mirrors which must be chosen as

high as possible, 1−ρ2 = Amin, and the loss of the power recycling mirror is

also assumed to be the minimum, APR = Amin = 1−ρ2. The amount of energy

in a power recycled interferometer with delay lines is given by

EPR
DL = PBS × ts = GPR

DLP0 ×
ℓ

c

1 − ρ2N

1 − ρ2
. (31)

The normalized response of this interferometer can be obtained by multiplying

that of delay line by the square root of equivalent power gain:

GPR
DL

h→a/a0

(ω) =
√

GPR
DL

× GDL

h→a/a0

(ω) . (32)

The loss in delay line is determined by the reflectivity of the mirrors as

ADL = 1−(ρ2)N−1. Assuming the ideal condition (i.e. the minimum loss for

each mirror but no loss at beamsplitter and perfect visibility), the maximum

energy stored is

Emax
DL

=
P0ℓ

c

1 − ρ2N

1 − ρ2

ρ2

1 − ρ2N
=
P0ℓ

c

ρ2

1 − ρ2
, (33)

which reduces to eq. (5). As we expected, this does not depend on N , the

number of transits in the delay line. In practice, however, the finite loss at the

beamsplitter and the imperfect contrast increase Aint and reduce the amount of
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Figure 3.7: The normalized response of power recycled interferometers with
delay lines in the arms. Each plot corresponds to different number of transits
in the arm. The shape of the curve does not differ from that without power
recycling. The peak sensitivity is, however, improved by a significant factor
which depends on the number of reflections in the arms. The unit of the
vertical axis and the assumption in plotting these curves are the same as
those for non-power recycled interferometers, and described in Appendix B.

energy to less than this value. This will be discussed in 3.3.3 with the maximum

energy in Fabry-Perot case.

Fig. 3.7 shows the normalized responses of power recycled interferometers

with delay lines, with different numbers of reflections in the arms. It is obvious

that there is an optimum signal storage time for the signal with a particular

frequency range. Assuming reasonably low loss mirrors and a long enough arm

length, the best sensitivity for a signal with frequency ωg/2π will be obtained

by choosing the bandwidth as

∆fDL ≈ 1.35 ·ωg/2π , (34)

and the optimized sensitivity at that frequency will be

h̃
opt
DL

(ωg) ≈ 4.9 · 10−24/
√

Hz ×
[

λ

1µm

] 1
2
[ E
20 J

]− 1
2
[
ωg/2π

1 kHz

] 1
2

. (35)
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In practice, however, this is difficult to realize because of the limitation on the

mirror size. Thus, for lower frequencies we must consider the use of Fabry-Perot

cavities.

3.3.3: Power recycling with Fabry-Perot cavities

In a similar way to the delay line case, the energy stored in a power recycled

interferometer with Fabry-Perot cavities can be obtained as

EPR
FP = GPR

FPP0 ×
ℓ

c

τ2
c (1 + ρ2

r )

(1 − ρcρr)2
, (36)

and its normalized response as

GPR
FP

h→a/a0

(ω) =
√

GPR
FP × GFP

h→a/a0

(ω) , (37)

where GPR
FP

is the equivalent power gain which is determined by the losses in the

interferometer as in eq. (27). When Fabry-Perot cavities are used in the arms,

the total loss inside the interferometer will be

Aint = 1 − (ρFP)2 (1−ABS)
1 + C

2

= 1 −
[
ρc − (1−Ac)ρr

1 − ρcρr

]2

(1−ABS)
1 + C

2

≃ 1 −
[
ρc − (1−Ac)ρr

1 − ρcρr

]2

+ ABS +
1 − C

2
,

(38)

where Ac is the loss of the coupling mirror, and ρc and ρr are the reflectivities

of it and the reflecting mirror, respectively. Using this, the equivalent power

gain can be written as

GPR
FP

=
1 −APR

1 −
[
ρc − (1−Ac)ρr

1 − ρcρr

]2

(1−APR) (1−ABS)
1 + C

2

. (39)

Let us assume an optimum case in which the Fabry-Perot reflecting mirror

has the highest reflectivity possible, ρr=ρ, the minimum loss for the Fabry-Perot

coupling mirror and the power recycling mirror Ac=APR=1−ρ2, no loss at the

– 77 –



Chapter 3: Various configurations

0.01

0.1

1

0.001 0.01 0.1 1

E
 / 

E
m

ax

2 x BW/FSR (~1/F or 2/N)

Input efficiency

DL: optimum
case

FP: optimum case

FP: loss at BS DL: loss at BS

Figure 3.8: The efficiency of storing energy in each configuration. The
vertical axis is the input efficiency, the amount of stored energy normalized
by the maximum value given in eq. (5). The (visible) top curve corresponds
to the power recycled interferometer with Fabry-Perot cavities assuming the
optimum case, i.e. the minimum loss for each mirror and no loss at the beam-
splitter and inside the coupling mirror substrate. In this case the amount of
energy stored can be close to the maximum value. As shown in eq. (33), the
input efficiency of a power recycled interferometer with delay lines is unity
in the optimum case. In practice, however, the amount of stored energy
is always limited by the loss at the beamsplitter and inside the coupling
mirrors (for Fabry-Perot case), as is illustrated by the lower curves. The
horizontal axis is twice the bandwidth normalized by the free-spectral-range,
and its reciprocal corresponds to the finesse or half the number of transits
in the arm. The assumptions are the same as those to plot the normalized
responses, and are fully described in Appendix B.

beamsplitter ABS=0, and the perfect visibility C=1. Then the amount of energy

stored will be given by

Emax
FP =

P0ℓ

c
× ρ2

1 − ρ2
(ρc − ρ3

1 − ρcρ

)2
× τ2

c (1 + ρ2)

(1 − ρcρ)2

=
P0ℓ

c
× ρ2τ2

c (1 + ρ2)

(1 − ρcρ)2 − ρ2(ρc − ρ3)2

=
P0ℓ

c

ρ2

1 − ρ2
× ρ2 − ρ2

c

1 − 2ρcρ+ ρ4
,

(40)

where τ2
c = 1−Ac−ρ2

c = ρ2−ρ2
c was used. In this result, there is an additional

factor to the value in eq. (5), which will be referred to as the input efficiency.
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Figure 3.9: The normalized response of power recycled interferometers with
Fabry-Perot cavities in the arms. Each plot corresponds to different finesse
in the arm. Again, the shape of the curve does not differ from that without
power recycling. The peak sensitivity is improved by power recycling and
it can be seen that there is an optimum finesse for a particular frequency
range.

For a general purpose, it is appropriate to define the input efficiency as the

ratio of the amount of energy stored relative to the maximum value given in

eq. (5). Fig. 3.8 shows the dependence of the input efficiencies on the bandwidth,

assuming the optimum case and some more realistic cases. Even in the optimum

case, this factor is always less than unity for the interferometers with Fabry-

Perot cavities; in other words, the amount of energy stored is always less than

the maximum value given in eq. (5). The dependence is, however, relatively

small and almost negligible in a realistic condition F>∼20 or ρ2
c
>∼0.75.

In practice, the input efficiency will be more strongly affected by the loss

at the beamsplitter, as can be seen in Fig. 3.8. This is true for interferometers

either with delay lines or Fabry-Perot cavities. When Fabry-Perot cavities are

present in the arms, however, it will be more significant since there are losses

in the substrate of Fabry-Perot coupling mirrors which have the same effect as

the loss at the beamsplitter. The value given in eq. (5) is the maximum number

and it may be a good approximation if

ABS + 1−C
2

≪ 1 − (ρarm)2, (41)
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i.e. the loss in the arms dominates the total loss of the interferometer.

Fig. 3.9 shows the normalized responses of power recycled interferometers

with Fabry-Perot cavities, each plot with a different reflectivity for the coupling

mirror. As in the delay line case, there is an optimum signal storage time for

the signal with a particular frequency. For the signal with frequency ωg/2π, it

is best to choose the bandwidth of Fabry-Perot cavity

∆fFP ≈ ωg/2π , (42)

and the optimized sensitivity at that frequency will be

h̃
opt
FP (ωg) ≈ 5.9 · 10−24/

√
Hz ×

[
λ

1µm

] 1
2
[ E
20 J

]− 1
2
[
ωg/2π

1 kHz

] 1
2

, (43)

as long as the condition eq. (41) is satisfied. This is a little worse than the

value obtained for delay lines. However, the sensitivities at other frequencies

are better in the Fabry-Perot case due to the gentle curve around the shoulder

of the peak.

3.4: Other schemes

3.4.1: Signal recycling: Broad-band operation

Signal recycling proposed by Meers [44] is another way to improve the

sensitivity of a Michelson interferometer. The basic idea is to increase the signal

storage time at the expense of a bandwidth narrower than that determined by

the storage time in the arms. The fact that the signal storage time can be

increased more than the storage time in the arms means that it is not limited

by the loss in the arms. The carrier storage time could also be increased by using

the power recycling scheme. Thus, the best sensitivity might be obtained by

employing both signal recycling and power recycling. When these two schemes

are combined together, it is often called dual recycling because both carrier and

signal sidebands are recycled.

The optical layout of this scheme is shown in Fig. 3.10. If the interferometer

is on-axis, signal recycling is realized by putting another mirror, the signal

recycling mirror, at the detecting output (signal port) of the interferometer

before the photo-detector. This is quite similar to the case of power recycling,

with the only difference being the position of the additional mirror. In this case

a cavity (signal recycling cavity) is formed in which the signal sidebands will
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be stored instead of the carrier. If the interferometer is off-axis, it should be

possible to form a ring-type cavity for the signal sidebands by using a couple

of mirrors, although the help from an extra beam for the alignment would be

necessary. The effect on the sensitivity does not depend on how the recycling

is realized.

Signal recycling can in principle be incorporated into interferometers using

either delay lines or Fabry-Perot cavities in the arms. In the former case the

cavity storing the signal sidebands will be a ‘split Fabry-Perot’, a cavity with

one mirror being an interferometer locked to a dark fringe. As long as the

difference in the lengths of the two arms is negligible, this behaves as a usual

Fabry-Perot cavity.

With Fabry-Perot cavities present in the arms, the situation becomes more

complicated. The cavity storing the signal sidebands is again a split cavity

which is composed of one mirror and a pair of Fabry-Perot cavities in the two

arms of a Michelson interferometer. Even if we assume the two arms including

the cavities are identical and thus the ‘split’ part is negligible, the rest will

behave as a ‘three-mirror coupled cavity’—a cavity composed of three mirrors

aligned to an optical axis.

Fortunately this can be approximated by a simple Fabry-Perot cavity, re-

sulting in a performance similar to that of the delay line case. This is true only

when the Fabry-Perot cavities in the arms have a bandwidth much broader than

that of the coupled cavity. This point will be discussed in more detail in 4.3.2

describing resonant sideband extraction, where this condition is not satisfied.

As a consequence, the behavior of a dual-recycled interferometer (either

with delay lines or Fabry-Perot cavities in the arms) is similar to that of an

interferometer with Fabry-Perot cavities. The difference from that of Fabry-

Perot case is that the signal recycling mirror does not affect the carrier and

thus there is no enhancement of the power inside the cavity. On the other

hand, the amount of energy stored does not change from that without the signal

recycling mirror, which is given in eq. (31) or eq. (36). Thus, the sensitivity can

be estimated when the bandwidth is determined.

The normalized response of a dual-recycled interferometer can be obtained

by ‘generalizing’ the normalized response of an interferometer with Fabry-Perot

cavities eq. (22) as follows:

GDR

h→a/a0

(ω) =
√

Garm × −τs
1 − ρsρae−iωtr

× ρaω0

4

1 − e−iωtr

iω
, (44)
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Figure 3.10a: Optical layout of a dual-recycled interferometer with multi-
reflections in the arms. There is an additional mirror MS to that of power-
recycled interferometer, between the beamsplitter and the photo-detector.

where Garm is the ratio of the power injected to that in the arm4). (Note that

for a Fabry-Perot cavity Garm =
(

τc
1−ρcρr

)2
and eq. (44) reduces to eq. (22).) Here

the transit time ta is replaced by the retarded time tr=Nℓ/c to allow the multi-

reflection in the arm. The transmittance and reflectivities of cavity mirrors τc,

ρc and ρr are also replaced by τs, ρs and ρa, respectively. The meanings of these

parameters will be explained later.

This result can be separated into three factors. The first one represents the

power enhancement in the arm, either by power recycling or by Fabry-Perot

cavity in the arm. The last one represents the effect of the optical path length,

which is determined by the arm length and the number of reflections. The

second one left can be considered as the ‘generic’ effect of the cavity in which

the signal sidebands are stored, after eliminating the (additional) effect of power

enhancement inside the cavity. (As for this factor, we discuss it more in 4.3.1.)

The interferometers without power recycling or signal recycling can be

thought of as a dual-recycled interferometer in which the power recycling mirror

4) Here we consider the total power in the two arms. See also Appendix A.
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Figure 3.10b: Optical layout of a dual-recycled interferometer with Fabry-
Perot cavities in the arms. As in the multi-reflection case, there is an addi-
tional mirror MS.

or signal recycling mirror has a transmittance of unity. Thus, the generalized

normalized response eq. (44) represents in a unified form all the normalized

responses described so far, as stated by Meers [34].

The ρa, ρs and τs in eq. (44) are the reflectivities and the transmittance

of the mirror to compose the cavity in which the signal sidebands are stored.

When signal recycling is incorporated into an interferometer with delay lines,

the signal recycling cavity is composed of the arm with multi-reflection and

the signal recycling mirror. Note, however, that there is a beamsplitter inside

that cavity and we must take its losses into account, i.e. ρs 6=ρSR. Then the

parameters will be

tr = Nℓ/c , ρs = ρSR(1−ABS)
√

1+C
2
,

ρa = ρN−1, τs = τSR

√
(1−ABS)

1+C
2
,

(45)

and Garm = GPR
DL given in eq. (30).

By inserting these parameters into eq. (44), the normalized response of the

dual-recycled interferometer with delay lines can be obtained. The detector
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bandwidth of this system is also determined by using these parameters. The

free-spectral-range and the finesse of this signal recycling cavity are ∆fFSR=c/Nℓ

and F≃π
√
ρsρa

1−ρsρa , respectively, and then the bandwidth will be ∆fBW=∆fFSR/2F .

It should be noted, however, that there could be cases where the reflectivity of

the signal recycling mirror is so low that the approximate relations in eq. (13)

are not valid.

When Fabry-Perot cavities are present in the arms, it is appropriate first to

consider one pair of mirrors, and then add the third one. Contrary to what one

might expect, it is easier to consider the combination of the signal recycling mir-

ror and the Fabry-Perot coupling mirror first, since this cavity is anti-resonance

in signal recycling and its response is almost frequency independent.

Thus, ρs and τs in eq. (44) will be the reflectivity and the transmittance of

this ‘compound mirror’. Again, considering the losses at the beamsplitter, they

will be (see eq. (4.8) in 4.2.2)

ρs =
ρc + ρSR(1−Ac)(1−ABS)

√
1+C

2

1 + ρcρSR(1−ABS)
√

1+C
2

τs =
τcτSR

√
(1−ABS)

1+C
2

1 + ρcρSR(1−ABS)
√

1+C
2

.

(46)

The reflectivity of the other mirror of the signal recycling cavity and the retarded

time are given as

ρa = ρr , tr = 2ℓ/c . (47)

The Garm is the equivalent power gain in the arms, thus it is the product of that

given in eq. (39) and that of the Fabry-Perot cavity in the arm,

Garm = GPR
FP

× GFP = GPR
FP

×
( τc

1 − ρcρr

)2

=
(τc)

2(1 −APR)

(1 − ρcρr)2 − [ρc − (1−Ac)ρr]
2
(1−APR) (1−ABS)

1+C
2

<∼
1

2

(ρmax)
2

1 − (ρmax)2
.

(48)

This factor in fact shows the same dependence as the input efficiency described

in Fig. 3.8 found in 3.3.3.
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The normalized responses of a dual-recycled interferometer have the same

form as that of the power-recycled interferometer with Fabry-Perot cavities,

thus the shape of them with different bandwidths, set by different reflectivities

of the signal recycling mirrors, are the same as those we have discussed in 3.4.3.

As can be seen in Fig. 3.9, the peak sensitivity is improved by increasing the

signal storage time, with a corresponding decrease in bandwidth. Note that

increasing the storage time results in decreasing the sensitivity at frequencies

outside the bandwidth.

As is described in 3.1.3, the sensitivity achievable is determined by the

amount of energy stored, when the bandwidths set are the same. The amount

of energy that can be stored does not differ so much, as can be seen in Fig. 3.8,

when it is optimized by using power recycling. Thus, the difference between the

configurations must be taken from more practical considerations.

One of the advantages of using dual recycling is that the requirement on

the mirror size can be reduced when incorporated into interferometers with

delay lines. This is especially important when the interferometer is intended for

gravitational waves at low frequencies. Another advantage of dual recycling in

operation is that the detector bandwidth can be altered by a minimum effort,

i.e. only by changing the reflectivity of the signal recycling mirror.

The other advantages of signal recycling are the mode cleaning effect of

the signal recycling cavity and the use of narrow banding. The former will

be discussed in 5.2.5 in connection with thermal distortion problems. Here we

consider the latter, the narrow-band response of signal recycling.

3.4.2: Signal recycling: Narrow-band operation

As we have seen in 3.3, the sensitivity at a certain frequency is uniquely

determined by the energy stored in the system, either for Fabry-Perot or delay

line type configurations. If one can make the sensitivity of a detector with a

given stored energy better only at a certain frequency even with a narrower

bandwidth, it may be useful for particular purposes, such as the detection of

the signal from a known pulsar. Such configurations, where the bandwidth is

narrow compared with the frequency of the peak sensitivity, i.e. ∆fBW≪ωg/2π,

will be referred to as narrow-band configurations.

As Meers stated in his paper [44], signal recycling can be used also in a

narrow-band mode, i.e. the sensitivity peak can be moved away from zero hertz.

This can clearly be seen if one considers the effect of the signal recycling mirror
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Figure 3.11: The schematic of the effect of signal cavity. It enhances the
sidebands that are resonant, and suppresses the off-resonant ones. Detuning
the signal cavity (by shifting the position of the signal recycling mirror by a
fraction of a wavelength) moves the peak frequency away from DC to another
frequency. In this case, however, only one of the sidebands is resonant and
thus the peak sensitivity will be worse by a factor of ∼2. On the other hand,
the full linewidth of the signal cavity is effective for the detector bandwidth.

in the frequency domain, i.e. the sidebands. As is discussed in 2.1.3 and 2.2.1,

a gravitational wave produces upper and lower sidebands, each of which has

the frequency separation from the carrier by the gravitational wave frequency.

These sidebands will be stored in the signal recycling cavity composed of the

interferometer and the signal recycling mirror at the signal port. This cavity

‘enhances’ the sidebands that are resonant, and ‘suppresses’ the off-resonant

ones. (See eq. (44) and Fig. 3.9.)

In the broad-band operation of signal recycling, the peak of the resonance

and thus of the enhancement is located at the carrier frequency and spread

symmetrically to both upper and lower frequencies. This peak can be moved

to another frequency by moving the position of the signal recycling mirror by

a fraction of a wavelength. This corresponds to tuning the resonant frequency

of the signal recycling cavity away from the carrier to another frequency (see

Fig. 3.11).

The normalized response of narrow-band operation of signal recycling can

be expressed by adding the detuning factor5) exp(iψ) to eq. (44), that of broad-

5) In the derivation of eq. (22), ρr can be a complex number. In signal recycling, this does
not affect the equivalent power gain G in eq. (44) since the signal recycling cavity contains
only sidebands. It is also expected that there will be another phase factor to τs, i.e. τs exp iψτ .
This will, however, be ignored since it has no effect on the response unless it has frequency
dependence.
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band case:

Gψ
h→a/a0

(ω) =
√
G × −τs

1 − (ρseiψ)ρae−iωtr
× ρaω0

4

1 − e−iωtr

iω

=
√
G × −τs

1 − ρsρae−i(ωtr−ψ)
× ρaω0

4

1 − e−iωtr

iω
.

(49)

With the detuning of ψ (measured in radian), the peak frequency of resonance

will be

ωp/2π = ψ/2πtr = (ψ/2π)(c/Nℓ) = (ψ/2π)∆fFSR . (50)

Although the linewidth of the signal recycling cavity does not change when

it is detuned, the detector bandwidth may be twice as much as that without

detuning, i.e. roughly equal to the linewidth. This is because both sides of the

resonance peak are effective for the bandwidth, whereas only one half is effective

in the Fabry-Perot response or in the broad-band case, as discussed in 3.2.2.

On the other hand, detuning reduces the sensitivity by a factor of ∼2

because only one of the sidebands is resonant with the signal recycling cavity,

if the cavity linewidth is narrow compared with the peak frequency. Then the

effect of the other sideband can be ignored and the modulation can be considered

as single sideband. As a consequence, the sensitivity in this case is ∼
√

2 worse

than that expected from eq. (3). This can be understood as we are still detecting

“where the other sideband would be”, even though there is only noise instead

of signal (see the footnote in 3.5.1).

When the two sidebands have different amplitudes, the sensitivity after

detection will depend on the component we detect, as is discussed in 2.3.4.

There will be an optimum component for the detection, depending on each

configuration. In this paper, however, it is assumed that we will detect the

phase modulation component. The differences with other schemes are usually

small, and further discussion on this topic can be found in Appendix F.

When the phase modulation component is detected, the normalized re-

sponses of the upper and lower sidebands should be summed as

G
PM

(ωg) = G
h→a/a0

(ωg) + G∗
h→a/a0

(−ωg)

= 2 × G
BB

h→a/a0

(ωg) for the broad-band case .
(51)

Using the above definition, the normalized response of narrow-band signal recy-

cling can be obtained as is shown in Fig. 3.12. Similar to the broad-band case,
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Figure 3.12: The normalized response of dual-recycled interferometers with
delay lines in the arms operated in narrow-band mode. Each plot corre-
sponds to a different amount of detuning for the signal extraction mirror
position (key indicates the amount of detuning measured in radian). For
each curve, the peak sensitivity and the bandwidth are almost constant,
excepting the ‘no detuning’ case. Only the peak frequency moves according
to the detuning. In the ‘no detuning’ case, the peak sensitivity is better by
a factor of two than in the other cases, but the bandwidth is narrower by
a factor of two. Note, however, that the peak sensitivity is obtained only
in the low-frequency region where other noise sources may dominate the
sensitivity.

narrowing the bandwidth increases the sensitivity at the peak at the expense of

poorer sensitivity at other frequencies. What is different from the broad-band

case is the location of the peak sensitivity. Note that the peak sensitivity can

be better than that determined by eqs. (35) and (42), as it was expected.

The detuning ψ represents the amount of phase shift due to the displace-

ment ∆x of the signal recycling mirror. If delay lines are present in the arms,

this is given by

ψ = 2k∆x = 2(2π/λ)∆x , (52)

where 2 is due to the path length change by the displacement. When Fabry-

Perot cavities are used in the arm, however, the dependence of the detuning

on the displacement of the signal recycling mirror is much more complicated.
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The ‘compound mirror’ (composed of the signal recycling mirror and the Fabry-

Perot coupling mirror) actually has a complex reflectivity ρs which represents

the amplitude reflectivity and the phase shift upon the reflection in a complex

number. Thus, ρs and ψ are to be defined as

ρs = |ρs(∆x, ω)| , ψ = 6 ρs(∆x, ω) . (53)

Similarly, the transmittance of the compound mirror τs also has a complex

transmittance τs. Furthermore, these complex reflectivity and transmittance

values have frequency dependence (see 4.2.2).

These effects are, however, relatively small as long as the resonance peak

frequency is within the linewidth of the Fabry-Perot cavity in the arm, i.e.

ωp/2π<∼∆fFP (see Fig. 4.12 in 4.3.2 and the discussion there). Thus, we will

assume a constant real reflectivity multiplied by the tuning factor, as in the

delay line case. Then the response will be the same as that for delay line case.

The full expression of a three-mirror coupled cavity will be treated in 4.3.2.

3.4.3: Detuned recycling

Detuned recycling, proposed by Vinet et al. [33], is another way to realize a

narrow-band response. This is useful only for interferometers with Fabry-Perot

cavities in the arms. The optical layout in this configuration is exactly the same

as for a power recycled interferometer with Fabry-Perot cavities in the arms (see

Fig. 3.6b); the only difference being in the tuning of the Fabry-Perot cavities.

While in standard configurations the cavities are resonant with the carrier as

well as the sidebands, in detuned recycling they are resonant with only one of

the sidebands.

Under this condition, most of the carrier light from the beamsplitter side

is reflected at the coupling mirror of the cavity, i.e. the light power inside the

cavity is much less than that hitting the coupling mirror (roughly by a factor of

∼1/F). When power recycling is incorporated, however, this can yield higher

power recycling gain. In the end, the amount of energy inside the cavity can be

equal to the maximum value given in eq. (5), if the losses at the beamsplitter

and the Fabry-Perot coupling mirror can be neglected.

The cavity storing the signal sidebands is the simple Fabry-Perot cavity,

i.e. not a coupled or split cavity, with a detuning ψ (if the cavities in the

two arms are set identically). This means that the frequency response of the
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detuned recycled interferometer should have the same form as the one for the

dual recycled interferometer operated in narrow-band mode.

The sensitivity will, however, be worse in this configuration because the

condition mentioned above is impossible to satisfy when the coupling mirror

has a finite loss. The typical energy stored will be

Edetuned <∼ Emax × Amin

F
(
Ac + ABS + 1−C

2

) , (54)

where Emax is the maximum energy given in eq. (5) and Amin is the minimum loss

per reflection. From this result (which is still an overestimation), it is expected

that the amount of stored energy will be much less than the maximum case.

Furthermore, the amount of energy stored will in practice be limited by

the loss at the beamsplitter, resulting in poorer sensitivity than that of a dual-

recycled interferometer. This will especially be important when one considers

thermal effects, because in this configuration the power inside the substrate of

the beamsplitter must be enormously high.

Because of this practical difficulty, the author will pay no particular at-

tention to this configuration in the following discussion, although this does not

mean the worth of this idea is denied.

3.4.4: Synchronous recycling

The first idea for realizing a narrow-band configuration called synchronous

recycling was proposed by Drever [38, 39]. This is quite different from all other

configurations, as can be seen in Fig. 3.13. While the others are based on the

Michelson-type layout, one would better consider this as a variant of a Fabry-

Perot cavity with a ‘kink’ at its center. Each side of the kink corresponds to an

arm of a Michelson interferometer, and it must contain either a delay line or a

Fabry-Perot cavity to set an appropriate storage time in the arm.

The total (‘effective’, if Fabry-Perot cavities are present in the arms) cavity

length is set to be the wavelength of the gravitational wave of the target fre-

quency. The bandwidth is determined by the storage time in the whole cavity.

Since the storage time in one arm is matched to a half of the gravitational wave

period, a longer storage time improves the peak sensitivity by experiencing the

effects from the gravitational wave constructively during successive travelling

in the two arms. This, however, sacrifices the sensitivity outside the bandwidth
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Figure 3.13: Optical layout of interferometers using synchronous recycling,
with a) multi-reflections or b) Fabry-Perot cavities in the arms. Differently
from other configurations, the two arms are directly combined by a beam-
splitter, and light is injected to the combined arms through this beamsplitter.
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due to the partial cancellation of the gravitational wave effects, as in all other

narrow-band configurations.

As a consequence from its exotic optical layout, the carrier and the side-

bands are stored in the same cavity, which is the biggest difference from other

configurations. This does not necessarily mean that both have the same storage

time, which is true when delay lines are used in the arms. When Fabry-Perot

cavities are present in the arms, however, the resonance feature of the whole

coupled cavity can be altered by adjusting the distance between the two Fabry-

Perot cavities in the arms. This on the other hand means that the choice of

parameters is not as obvious as in the case of using delay lines in the arms6),

though we do not consider it in detail here.

In spite of the differences described above, the sensitivity of the detector

using this configuration expected from the previous analyses [46, 33] is similar

to those of others. This means that this configuration also follows the sensitiv-

ity theorem described in 3.1.3. Furthermore, the amount of energy that can be

stored, which determines the sensitivity, does not improve by using this con-

figuration, since it is limited by the dissipation in the arms. Thus, we do not

analyze this in detail here, assuming (without any proof) the theorem is valid

also for this configuration.

3.5: More about the theorem

3.5.1: Complete theorem

We now return to the theorem presented in eq. (3) of section 3.1.3. This is

actually a simplified form, and we discuss it here in more detail, summarizing

the pieces of information that appeared through the review. Note, however,

that the simplified form is valid in most cases and is useful for many purposes.

The main object of this section is to help understand the physical background

of the theorem.

As mentioned in 3.2.4, the frequency integration of the squared transfer

function is proportional to the energy stored in the optical system in good ap-

proximation. This was actually indicated in eq. (3): If one can approximate the

squared sensitivity of a configuration by a ‘box’ shape, i.e. a constant sensitivity

within a certain band and no sensitivity outside this band, its height can be

6) It is proposed by Schilling [41] to use the cavities with higher finesse than that determined
by the signal storage time, similar to resonant sideband extraction described in Chapter 4, in
order to avoid thermal distortion problems.
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obtained by dividing the area by the width. What is stated in eq. (3) is that the

area is proportional to the amount of light energy stored in the optical system.

In more detail, the frequency integration of the power of the sidebands

produced by a gravitational wave is exactly proportional to the amount of light

energy stored. Some parts of the sidebands will, however, be lost before they

are detected, due to the imperfect reflectivity of the mirrors, the inevitable loss

in the optical substrates, the finite contrast of the interference, and so on. As a

result, the amount of the sidebands detected will be less than that produced by

the gravitational wave, degrading the sensitivity of the detector. This is what

will be referred to as output efficiency, the fraction (in power) of the amount

of sidebands detected to those produced. Note that this quantity can have

frequency dependence.

Furthermore, there is also degradation of the sensitivity by the efficiency

in the detection process, which will be referred to as detection efficiency (this

must also be defined in power). This is because the amount of the signal as well

as that of noise depend on the detection scheme. The best sensitivity will be

achievable by maximizing the detected signal and by minimizing the detected

noise.

In the double sideband case, it is possible to make the most efficient detec-

tion scheme, i.e. the only noise detected is that which has the same frequency

as the signal. The single sideband case is much worse since the signal present

in only one of the sidebands, while noise at both sidebands is detected7). As

a result, the sensitivity will be worse roughly by a factor of ∼
√

2 in this case.

In general the achievable detection efficiency is somewhere between a half and

unity.

Further degradation of the sensitivity in the detection process can occur

due to the use of inappropriate schemes. These should, however, be treated

separately from the discussion here which is concentrating on the optimum

performance of a configuration.

Combining the above considerations, eq. (3) can be rewritten in an ‘integral’

form ∫ ∞

0

df

ηoηd
[
h̃(2πf)

]
2

=
πc

2h̄λ
ηiEmax , (55)

7) This disadvantage is not a principal limitation, i.e. this can be overcome if one can detect
a single sideband efficiently.

– 93 –



Chapter 3: Various configurations

or in a ‘simplified’ form for the peak sensitivity h̃0

h̃0 =
1√

ηiηoηd
×

√
2h̄λ

πc

∆fNB

Emax
. (56)

Here ∆fBW is replaced by ∆fNB to make the definition of the bandwidth clearer,

and ηi, ηo and ηd are the efficiencies of input, output and detection, respectively

(note that ηo and ηd can have frequency dependence). The efficiencies η are

always less than unity. In many reasonable configurations, the input efficiency

ηi is order of unity, the output efficiency ηo is close to unity, and the detection

efficiency ηd is close to unity for double sideband cases and around half for single

sideband cases. Here ηoηdηiEmax can be considered as ‘effective stored energy’

which determines the sensitivity of the configuration.

The above is the complete form of the theorem. The remainder of this chap-

ter is devoted to the investigation of the physical background of the theorem,

although a complete proof may require a satisfactory theory of quantum gravity

and its interaction with QED. Thus, the following discussion should be consid-

ered not as an exact, but rather a qualitative one. Some additional information

which did not fit into the main text can also be found in Appendix E.

3.5.2: Shot Noise

For the understanding of the sensitivity theorem, it is good to start by in-

vestigating the cause of the shot noise, because this is one of the most important

factors that determines the sensitivity.

The origin of this noise can be understood as the zero-point energy of the

vacuum state which has energy equal to half that of a photon in that state,

i.e. h̄ω0/2. This corresponds to the amplitude noise called vacuum fluctuations

ãv =
√
h̄ω0/Z0. To be detectable, the amplitude of the signal sideband should

be larger than these vacuum fluctuations; or, in terms of photons, at least

one photon should be produced by the signal to be detected. These vacuum

fluctuations have a constant amplitude with random phase throughout the entire

frequency range.

What we can detect is the amplitude modulation of the light; therefore

upper and lower sidebands must be taken into account. Due to the randomness

of the relative phase between the two, their amplitudes should be summed

quadratically to produce the single frequency noise component in the detected

signal. An even better way is to consider the noise power which should be

summed linearly.
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Although the aim of this chapter is to discuss how to improve the signal-to-

noise ratio by increasing the signal sidebands, there still is the other possibility

of reducing the noise. This does not necessarily mean that one must reduce

the zero-point energy. Generally, we use only one component of conjugate ob-

servables in signal detection. Thus it should be possible to reduce the noise in

the measuring component at the expense of increasing noise in the conjugate

observable. This method is called squeezing, and some theoretical as well as

experimental research has been carried out in this field [15, 47] with some suc-

cessful results. However, this will not be considered throughout this paper and

the ‘standard’ shot noise is assumed to be the limiting noise above a certain

frequency.

Because the shot noise has constant amplitude and random phase for all

frequencies, the sensitivity of a detector has the same frequency dependence as

the sideband amplitude. The sensitivity limit, or noise-equivalent signal, should

be given by the reciprocal of the transfer function from the gravitational wave

signal to the sideband amplitude. In practice, however, there is the problem of

how to detect the sidebands. This topic is thoroughly discussed in Chapter 2.

3.5.3: Energy, or number of photons

Though it appears quite unusual to express the sensitivity of an interfer-

ometer by the energy, it is not so surprising if one recalls that this corresponds

to the number of photons in the system. If one considers the detection process

of a gravitational wave as an interaction between gravitons and photons, it is

quite natural that their numbers determine the sensitivity8).

It is interesting to remember that a light energy of 20 J corresponds to 1020

photons of 1µm wavelength, which sounds like a huge number. On the other

hand, even the smallest gravitational wave detectable contains an enormous

number of gravitons, as can be seen in eq. (57). This is due to the huge power

the wave carries and the small energy per graviton due to the low frequency of

the wave (assuming the energy of one graviton is given by h̄ωg).

However, the sensitivity of an interferometric gravitational-wave detector

may still be limited by the statistical error in the photon counting process, i.e.

only a few photons are expected to interact with a gravitational wave. This

8) Actually it is not necessary to involve gravitons. It can be any sort of perturbation to
the electro-magnetic field. If it occurs at a mirror, however, the number of interaction per unit
time must be also taken into account. Then the light ‘power’ rather than the light ‘energy’
will be a better representation of the sensitivity.
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indicates the extremely low probability of the interaction between gravitons

and photons. One can understand this by recalling the smallness of the char-

acteristic strength of gravitational interaction αG = GNM
2
p/h̄c ≃ 5.9 · 10−39,

which corresponds to the fine structure constant for electro-magnetic interac-

tion αEM = e2/4πǫh̄c ≃ 1/137.

Assuming a gravitational wave pulse with a single peak of duration time tg,

the number of gravitons per unit area NGW can be estimated as [48]

NGW ≃ tg
h̄ωg

c3

16πGN

〈
ḣ 2

+ + ḣ 2
×

〉
≃ 1

h̄ωg

c3

16πGN

4h2

tg

≈ 3.1 · 1024/m2 ×
[

h

10−22

]2

.

(57)

The values quoted correspond to the amplitude of a gravitational wave scarcely

detectable withNph ≃ 1020 photons of λ = 1µm wavelength, and the probability

of interaction

NGW × (c tg)
2 ×Nph × αG ×

(2πh̄c/λ

Mpc2

)2

≃ 3.1 · 1024/m2 × (3 · 105m)2 × 1 · 1020 × 5.9 · 10−39 ×
(2.0 · 10−19 J

1.5 · 10−10 J

)2

∼ 1 ,

(58)

results in an order of magnitude estimation consistent with the previous hy-

pothesis: at least one photon must interact with the gravitational wave in order

to be detectable. In the above equation, (c tg)
2 represents the ‘effective area’

of the detector, and the last factor is the (squared) ratio of the typical energy

of a proton Mpc
2 to that of a photon 2πh̄c/λ, which with αG represents the

‘characteristic strength of gravitational interaction between two photons’.

3.5.4: Cavity effect (boundary condition)

Actually it is more difficult to understand why the detector bandwidth

affects the spectral sensitivity. This should not be confused with the fact that

the root-mean-square, or rms, sensitivity will be improved by narrowing the

observation bandwidth, in which the contribution of quadratically increasing

stochastic noise becomes less significant than the linearly increasing signal by

integrating over a long time period. This is quite a common feature for periodic

signals such as those from pulsars.
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What is being discussed here is totally different. Narrowing the detec-

tor bandwidth improves the spectral sensitivity which affects not only periodic

signals but also broad-band type signals such as stochastic background gravi-

tational waves. The numbers of gravitons and photons involved are the same,

but the sensitivity is different—why is this?

The only reasonable explanation is that the probability of interaction be-

tween them depends on the detector bandwidth which is set by, for example,

the cavities in the arms. For the understanding of this phenomenon it is helpful

to remember some of the aspects of quantum mechanics.

According to Fermi’s golden law [49], the probability of the transition be-

tween two states due to a small perturbation in the potential can be given by

d℘fi =
2π

h̄

∣∣〈ψf |Ûp|ψi〉
∣∣2 ̺(Ef) dEf . (59)

Here |ψi〉 and |ψf 〉 represent the initial and final states respectively, Ûp the

perturbation, ̺(Ef )dEf the number of quantum states at the energy of final

state Ef , and d℘fi the (differential) probability of transition from i-state to

f -state.

In the above equation, the probability of the transition depends not only

on the perturbation and the initial and final states but also on the density of

the modes (or states) around the final state. It should also be noted that the

initial and final states are represented by the state vectors when no perturbation

exists, i.e. the perturbation does not change the eigenmodes of the potential but

causes the transition between two eigenmodes.

For the photon in a cavity the states are determined by its energy or fre-

quency and by the spatial distribution, often called TEM (transverse electro-

magnetic) mode. Since we are only interested in the difference in change in

energy, we assume the light to be in the fundamental mode. In this case the

modes are characterized uniquely by the frequency.

It is known from cavity QED that the density of the modes near resonance

is approximately proportional to the quality factor, or Q-value, of the cavity. If

this Q-value is unity, this corresponds to the vacuum state, and the density of

the modes is that for the vacuum state. On the other hand, the total number

of modes cannot change with the existence of a cavity or by the Q-value of the

cavity. Thus, the density of the modes off-resonance must be less than that of

the vacuum state.
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This can explain what we have seen—increasing the finesse means a higher

Q-value, and thus provides an enhancement of the transition to the modes near

resonance, while the transition to the other modes are suppressed, or prohibited.

In our case, the cause of the perturbation is the gravitational wave, and it

generates the upper and lower sidebands from the carrier light.

Thus, the gravitational wave induced sidebands within the cavity band-

width are enhanced according to the Q-value, resulting in an increase of the

detectable signal at that frequency. The signals outside the bandwidth are,

however, suppressed for the same reason. The total area of the frequency re-

sponse curve should not depend on the finesse or the Q-value, as the total

number of the modes does not depend on these. In short, the cavity has the

effect of ‘concentrating’ the interaction due to a perturbation into a limited

bandwidth.

3.5.5: The arm length effect

Naturally the next question arises: How can the effects of multiple reflec-

tions and the importance of the optical path length be explained? These also

affect the bandwidth, but in a manner different from the cavities, as we have

seen earlier. It seems that these effects can be attributed to different origins.

This will become clear when one considers a cavity a little more carefully.

Because a cavity shows a periodic response in frequency, also the sensitivity

should repeat its response for frequencies apart by one free-spectral-range, if the

cavity effect described above is the only one to determine the sensitivity. This

is not the case; in fact, in a simple cavity only one resonance peak is significant

and the others are almost negligible.

As we have seen in 3.2.3 the frequency response of cavities can be separated

into two parts, one of which has the same form as that for simple Michelson

interferometers. The cavity effect can explain the other part which is dominant

for most of the realistic cases.

The effect of multiple reflections can be thought of as being equivalent to

just a long optical path length, as we have discussed in 3.2.1. The remaining

problem is the effect of the optical path length after splitting and interfering of

the two beams, which seems to have a sort of boundary effect.

In this case the total number of the modes is proportional to the optical

path length. This is because one mode occupies volume of 2πh̄ in the ‘phase
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space’, i.e. ∆x∆p = 2πh̄. Here ∆ does not mean the error in the measurement

but the width of the mode.

It is natural to assume that the width of the mode in physical length space

is of the order of the optical path length Nℓ, i.e. ∆x ≃ Nℓ. Then the width in

momentum space or in frequency space will be

∆p = 2πh̄/∆x ≃ 2πh̄/Nℓ

∆f ≃ 1

2π
∆ω ≃ 1

2π

c

h̄
∆p ≃ c/Nℓ ,

(60)

thus the width of one mode is inversely proportional to the optical path length.

This results in the density of the mode, which is given by the number of the

modes within unit frequency spacing, being proportional to the optical path

length. Note that the ∆f is the full width of positive and negative frequencies

and the half of it corresponds to the detector bandwidth.

The notches at higher frequency can be thought of as the ‘nodes’ where

the density of the modes is null. In addition the modes between the notches

can be considered as the ‘higher order modes’. In such a higher order mode

the amplitude will be smaller than the fundamental mode even if they have the

same amounts of power, because of the nodes—in general, modes with more

nodes have more power assuming constant amplitude.
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Chapter 4

Resonant sideband extraction

4.0: Introduction

According to the theorem described in Chapter 3, the sensitivity of an

optical system is determined by two parameters: the amount of light energy

stored in the system and the bandwidth set by the optical configuration—it does

not matter how the bandwidth is set. When power recycling is incorporated

in an interferometer, the amount of energy that can be stored in the system is

likely to be limited by dissipation in the arms.

Resonant sideband extraction, proposed by the author, is another method

of setting the desired bandwidth. While some non-ideal aspects of real optics,

such as mirror sizes or thermal distortions, limit the usefulness of particular

configurations, this new configuration is advantageous when thermal distortion

becomes significant. In this chapter, however, a linear model is treated in order

to concentrate on the principle of operation. Non-linear problems including

thermal effects are discussed in Chapter 5.

As is discussed in Chapter 3, the frequency response of an optical config-

uration is determined by the cavity in which the signal sidebands are stored.

In the case of resonant sideband extraction, this will be a three-mirror coupled

cavity which cannot be approximated by a Fabry-Perot cavity. Thus, it is in-

dispensable for the understanding of resonant sideband extraction to know how

a three-mirror cavity behaves. For this purpose, a useful method to analyze

cavities is presented.

4.1: The principle of resonant sideband extraction

4.1.1: Basic concept

We have seen in 3.4.1 that the key point of signal recycling is to make the

detector bandwidth narrower than that determined by the storage time in the

arms. This improves the peak sensitivity at the expense of narrower bandwidth.

Naturally the next question arises: Is it possible to make the bandwidth broader
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than that determined by the optics in the arms? The answer was found to be

yes, but only if Fabry-Perot cavities are used to set the storage time in the arms.

This is the basic concept of resonant sideband extraction.

As is discussed in 4.2.2, the reflectivity of a cavity can be lower than that

of either of the mirrors used to compose the cavity. By applying this fact, the

reflectivity of the Fabry-Perot coupling mirror can be made lower by placing an

additional mirror appropriately. This results in a shorter storage time for the

Fabry-Perot cavity and so makes its bandwidth broader.

The expense for the broader bandwidth is a deterioration of the peak sen-

sitivity from that would be obtained without the additional mirror. However, it

is not sensible to discuss which configuration is better with or without the addi-

tional mirror. Instead, comparisons should be made among the configurations

that are designed to give similar bandwidths.

According to the theorem described in 3.1.3, the sensitivity of an optical

system is determined by the amount of light energy stored in the system and

the bandwidth set by the optical configuration. The amount of energy stored

does not differ so much among any configurations when power recycling is in-

corporated appropriately, since it is limited by the dissipation of the optics in

the arms. Thus, this new configuration brings no improvement in terms of

sensitivity, in the ideal case.

In practice, however, there are advantages in increasing the storage time

in the arms. For instance, this decreases the amount of light power which must

be transmitted through the optical substrates of the beamsplitter and Fabry-

Perot coupling mirrors in order to obtain the same amount of energy stored in

the arms. This will then reduce the thermally induced distortion inside these

substrates.

In other words, if thermal distortion becomes the limiting factor, then the

light power which can be transmitted through the optical substrates may be

restricted to a maximum value. Then the amount of energy that can be stored

under this condition can be higher in resonant sideband extraction than in other

configurations, and thus better sensitivity is expected with resonant sideband

extraction. This subject is discussed in more detail in Chapter 5.
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4.1.2: Optical configuration

The optical layout for resonant sideband extraction is shown in Fig. 4.1.

A Michelson type interferometer having a Fabry-Perot cavity in each arm is

supplemented by an additional mirror (MS in Fig. 4.1) put between the inter-

ferometer and the photo-detector which will be referred to as signal extraction

mirror. There may be another mirror (MP) between the beamsplitter and

the light source for power recycling, but it is not intrinsic to the operation of

resonant sideband extraction.

The beam from the light source is injected to a beamsplitter (possibly

through the power recycling mirror) and divided into the two arms. The cavity

in each arm is set to be resonant with the incident light. The reflected beams

from the two cavities interfere with each other at the beamsplitter. There are

two interfering beams, one goes out in the direction towards the light source and

the other in the direction towards the photo-detector. The latter is partially

reflected back to the interferometer by the signal extraction mirror. The former

may also partially be reflected back to the interferometer when power recycling

is incorporated.

The relative phase between the two arms of the Michelson interferometer

is adjusted so that the beam which goes out in the direction towards the light

source will be the maximum of interference. Then the other must be the mini-

mum, the so-called dark fringe. Under this condition, only the sidebands which

are differentially modulated in the arms appear at the dark fringe, and the un-

modulated carrier1) goes back in the direction towards the light source. Thus

the former will be referred to as the signal port and the latter as the carrier

port.

Although only one of them are used in usual applications, there are actually

two inputs into an interferometer, resembling the two outputs described above.

In resonant sideband extraction (and in signal recycling), the sidebands reflected

at the signal port re-enter the interferometer through this second (usually un-

used) input. The additional mirror at the signal port is called signal extraction

mirror (or signal recycling mirror).

Just as most of the light from the source leaks out of the interferometer

from the carrier port, the sidebands entering through the second input exit

1) Actually any common mode components go back in the direction towards the light
source. We will ignore this, however, since we are only interested in the differential signal
(sidebands) and the carrier.
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MS

MP MC1 MR1

MC2

MR2
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From
Laser
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Figure 4.1: The optical layout of resonant sideband extraction. A Michel-
son interferometer having a Fabry-Perot cavity in each arm is supplemented
by an additional mirror, the signal extraction mirror (MS), between the
beamsplitter (BS) and the photo-detector (PD). Another additional mir-
ror for power recycling, the power recycling mirror (MP), is also shown.

through the signal port (unless they are differentially modulated—such second

order effects are so weak and will be ignored). Thus, the differential sidebands

are stored in a cavity composed of the interferometer and the mirror at the

signal port. This cavity (signal cavity for convenience) determines the frequency

response of the configuration (see the discussion in 3.4.1 and 4.3.1).

Assuming the two arms are identical and the interferometer stays exactly

at a dark fringe, one can disregard the beamsplitter and the carrier port. Then

the signal cavity can be thought of as being composed of the arm and the mirror

at the signal port. For resonant sideband extraction and signal recycling with

Fabry-Perot cavities in the arms, this will be a three-mirror coupled cavity (see

Fig. 4.2).

The coupled cavity is composed of a Fabry-Perot reflecting mirror, a Fabry-

Perot coupling mirror, and a signal extraction mirror (or a signal recycling

mirror). We will refer to the combination of the first and the second mirrors

as the arm cavity, and that of the second and the third mirrors as the signal
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MSMCMR BS PD

Arm Cavity

Signal Extraction Cavity

~ 3 km

Figure 4.2: The sidebands induced by a differential modulation will be
stored in the cavity composed of the arm and the mirror at the signal port.
In the case of resonant sideband extraction, this signal cavity is a three-
mirror coupled cavity, assuming the two arms are identical and the Michelson
interferometer stays at a dark fringe. The mirrors which compose the three-
mirror coupled cavity are the reflecting mirror (MR) and the coupling mirror
(MC) of the cavity in the arm (arm cavity), and the signal extraction mirror
(MS). The combination of the latter two mirrors is referred to as the signal

extraction cavity.

extraction cavity (in signal extraction case). Note that the order of optics is

based on the direction from the arm cavity towards the photo-detector, not

from the light source.

4.1.3: Brief discussion

According to the sensitivity theorem, the sensitivity of an optical system is

determined by the amount of light energy stored and the noise bandwidth set by

the optical configuration. Now, the question is how to estimate the bandwidth

of a three-mirror coupled cavity. When Fabry-Perot cavities are used in the

arms, the bandwidth is determined by its length and the reflectivities of the

two mirrors. Thus, we start with approximating a three-mirror coupled cavity

by a Fabry-Perot cavity.

In general, the detector bandwidth of a configuration is inversely propor-

tional to the signal storage time (although the proportionality constant may

differ among configurations). From practical considerations, the arm cavity is
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thought to be longer than the signal extraction cavity. Thus we can assume

that the storage time is dominated by the arm cavity length rather than the

signal extraction cavity length.

The two ‘mirrors’ at both sides of this tentative cavity will be the reflecting

mirror of the arm cavity and the ‘compound mirror’ which is actually the signal

extraction cavity. The reflectivity of the reflecting mirror must be as high as

possible in order to maximize the amount of stored energy. Thus, the factor that,

in practice, determines the storage time of the coupled cavity is the reflectivity

of the compound mirror.

The reflectivity of the compound mirror is in turn determined by the re-

flectivities of the two mirrors and the spacing between them, i.e. the tuning of

the compound mirror. As is described in 4.2.2, the reflectivity of a cavity can

be either higher or lower than that of one of the component mirrors, depending

on the tuning condition of the cavity. For the present purpose, this means that

there is an arbitrariness for the choice of the reflectivity of the Fabry-Perot

coupling mirror to realize the required storage time.

By tuning the compound mirror to be anti-resonant, its reflectivity will

be higher, resulting in a longer storage time and thus a narrower bandwidth

than those of the arm cavity. This corresponds to signal recycling with Fabry-

Perot cavities in the arms. In this case the linewidth of the arm cavity must be

broader than the desired detector bandwidth, and the signal recycling mirror

must be chosen to achieve an appropriate bandwidth when the compound mirror

is anti-resonant.

On the other hand, tuning the compound mirror to be resonant results

in a lower reflectivity and thus a shorter storage time. Then the bandwidth is

broader than that of the arm cavity, as required in resonant sideband extraction.

The linewidth of each arm cavity must be chosen to be narrower than the

desired detector bandwidth and the signal extraction mirror must be chosen

appropriately. More detailed discussion on the choice of the parameters can be

found in 4.4.

It should be noted, however, that the tuning of a cavity depends on the

light frequency. Not only the power reflectivity but also the phase shift upon

the reflection from a cavity depends on the tuning. Thus the compound mirror

actually has a frequency-dependent complex reflectivity whose absolute value

and argument represent the amplitude reflectivity and the phase shift upon the

reflection, respectively.
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This complex reflectivity may have poor effects in signal recycling with

Fabry-Perot cavities since the tuning is anti-resonant and the compound mirror

has little frequency dependence (see 4.2.3 and Fig. 4.8). In resonant sideband

extraction, however, this has a strong effect because the tuning of the signal

extraction cavity is resonant and its complex reflectivity strongly depends on

the light frequency (unless its length is very short). Thus, we must treat the

full expression of a three-mirror coupled cavity for a more precise discussion.

The characteristics of three-mirror coupled cavities are, however, poorly

understood so far. It may worth spending some time to analyze three-mirror

coupled cavities in a general sense, since it is an essential part of resonant

sideband extraction.

4.2: Three-mirror coupled cavities

4.2.1: Optics matrices

In general, a cavity is composed of multiple (partially transmitting) mirrors

aligned to make the optical path which forms a ‘loop’ (or loops), i.e. a part of

the light may trace the same path more than once. For simplicity, only ‘on-

axis2)’ cases are considered in the following discussion, although it is possible

to construct a ring-type cavity in which mirrors are not aligned to a single axis.

In both cases the behavior is the same in principle.

To concentrate on the frequency-dependent response of the cavity, only a

single spatial mode will be considered here. (Further discussion on the higher

order modes is treated in Chapter 5.) Thus, it is assumed that the mirrors have

appropriate curvatures for a stable mode to exist and that the incident light is

matched to the mode. With these assumptions, the resonance feature (tuning)

is determined by the cavity length and the frequency of the light.

If all the optics are aligned to a single axis, the field at any point of the

axis can be considered as the sum of two propagating waves: one has the same

direction of propagation as the incident light from the light source and the other

has the opposite:

a = a
→

ei(ωt−kx) + a
←

ei(ωt+kx) =





 ei(ωt−kx) ei(ωt+kx)













a
→

a
←





 . (1)

2) Here ‘on-axis’ is used to mean the optics are aligned so that the reflected beam has the
same path as the incoming beam.
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a1

a2

a3

a4
Optics

Figure 4.3: There are two waves on an optical axis propagating oppositely
to each other, which can be represented by a two-dimensional complex vec-
tor. An optical components couples the fields at either side of it, thus it can
be represented by a 2×2 matrix.

Then the amplitudes of the two waves can be treated as a two-dimensional

complex vector.

Any optical component (or combination of them) on the axis couples the

two vectors at either side of it, as is shown in Fig. 4.3. Thus, it is represented

by a 2×2 matrix. For example, a finite distance imposes a phase delay on the

light passing through it and some absorption (if there is) of the light through

the medium. In this case there is no coupling between the two oppositely

propagating waves. Thus, the matrix to represent a finite length ℓ will be

S =







e−(γ+ik)ℓ 0
0 e(γ+ik)ℓ





 , (2)

where γ and k = 2π/λ = ω/v are the absorption and the wave number per unit

length in the medium, respectively.

A mirror couples the fields at either side of it by its (amplitude) reflectivity ρ

and transmittance τ . The outgoing wave from one side of a mirror is the sum

of partial reflection of the wave from the same side and partial transmission of

the wave from the other side. This gives the matrix for a mirror M as

M =
−1

iτ







1−A −ρ
ρ −1





 (3)

where A = 1−ρ2−τ2 is the power loss per reflection due to absorption and

scattering.

Any combination of mirrors aligned to a single axis can in principle be

represented using matrices of the two types described above. Usually light is

injected from one side and nothing from the other. From the two equations, the

amplitudes of outgoing waves from both sides relative to the incident wave can

be obtained. Let us take a Fabry-Perot cavity as an example.

– 108 –



4.2: Three-mirror coupled cavities

4.2.2: Fabry-Perot cavities

A Fabry-Perot cavity is composed of two mirrors aligned to an axis and

separated by a finite distance, as is shown in Fig. 4.4. When light is injected

along the optical axis of the cavity through the coupling mirror (Mirror1 in

Fig. 4.4), a part of the light enters the cavity and will be reflected back and forth

inside the cavity. The many contributions from different numbers of reflections

compose the light field inside the cavity.

ai

ar

at

0

Fabry-Perot Cavity

Mirror1 Mirror2Space

Figure 4.4: A Fabry-Perot cavity is composed of two mirrors separated by
a finite distance, which can be represented by the product of three matrices.
In usual applications, light is injected from one side (ai) and nothing from
the other (0). This makes it possible to solve the reflected and transmitted
amplitudes (ar,at) relative to the incident amplitude.

The reflection at the coupling mirror is, however, actually an interference

between the two amplitudes: one is the reflection of the internal amplitude of

the cavity and the other is the transmission of the incident light. Furthermore,

the internal amplitude is in turn a result of the interference at the coupling

mirror. This ‘loop’ makes the analysis of a cavity complicated.

The advantage of using matrices described above is that it is not necessary

to worry about the actual form of the internal amplitude but to consider the

relation between the amplitudes. By this method, a Fabry-Perot cavity can be

represented as a combination of two mirrors and the space between them:

M2SM1 =
−1

τ1τ2







1−A2 −ρ2

ρ2 −1













e−ikℓ 0
0 eikℓ













1−A1 −ρ1

ρ1 −1







=
−1

τ1τ2







−ρ1ρ2e
ikℓ+ (1−A1)(1−A2)e

−ikℓ ρ2e
ikℓ−ρ1(1−A2)e

−ikℓ

−ρ1e
ikℓ + ρ2(1−A1)e

−ikℓ eikℓ − ρ1ρ2e
−ikℓ





 ,

(4)
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assuming the medium between the two mirrors to be the vacuum, which is

lossless with speed of light c.

Considering the fact that the light is injected from one side of a cavity and

nothing from the other side, the fields at either side of the cavity are related by







at

0





 = M2SM1







ai

ar





 , (5)

where ai, at, and ar are the complex amplitudes of the incident wave, the

transmitted wave, and the reflected wave, respectively.

Solving these equations yields the amplitudes of the transmitted and the

reflected waves relative to the incident wave, i.e. the (complex) reflectivity and

the transmittance of the cavity. The results are

ρ
FP

(φ) =
ar(φ)

ai
=
ρ1 − (1−A1)ρ2e

−i2φ

1 − ρ1ρ2e−i2φ

τFP(φ) =
at(φ)

iai
=

iτ1τ2e
−iφ

1 − ρ1ρ2e−i2φ
,

(6)

where φ = kℓ = ωℓ/c (mod 2π) is the tuning parameter of the cavity. This

tuning parameter represents the fractional part of the cavity length measured

in wavelengths.
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Figure 4.5: The power transmittance of a Fabry-Perot cavity as a function
of its tuning. Both mirrors are assumed to have power reflectivities of ≈ 0.8
and no loss, thus the cavity has a finesse of ≈ 28 and the coupling is matched.
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Figure 4.6: The power transmittance of a Fabry-Perot cavity as a function
of the power transmittance of the coupling mirror, while the other mirror
is fixed (zero loss is assumed). The cases when the cavity is resonant or
anti-resonant are shown. The power transmittance of the cavity in any
tuning condition must be somewhere between these two cases. The power
transmittance of the cavity can be either more or less than that of the fixed
mirror, depending on the tuning. The coupling is matched when the power
transmittance at a resonance is the maximum (of unity if no loss). Otherwise
the cavity is classified either as over-coupled (the coupling mirror is more
transmissive than in matched case) or as under-coupled (less transmissive).

The response of a Fabry-Perot cavity is periodic with φ by a modulus 2π,

as can be seen from eq. (6). As a consequence, it is also periodic with the light

frequency ω by a modulus determined by the cavity length

∆ω = 2π/(ℓ/c) = 2πc/ℓ . (7)

This corresponds to twice the free-spectral-range ∆fFSR of the cavity. Thus, the

cavity length changes the tuning parameter in a microscopic sense (≪λ) and

its frequency dependence in a macroscopic sense (≫λ).

Fig. 4.5 shows the dependence of the power transmittance of a cavity on

the tuning parameter φ. The light will be resonant, i.e. the power transmittance

is the maximum, when φ = 0 or π, and on anti-resonant, the minimum, when
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φ = ±π
2 . The amplitude reflectivities and transmittances of the cavity when

resonant and anti-resonant are given by

ρ
FP

(0) = ρ
FP

(π) = ρ1−(1−A1)ρ2

1−ρ1ρ2
τFP(0) = −τFP(π) = iτ1τ2

1−ρ1ρ2

ρFP(π
2 ) = ρFP(−π

2 ) = ρ1+(1−A1)ρ2

1+ρ1ρ2
τFP(π

2 ) = −τFP(−π
2 ) = τ1τ2

1+ρ1ρ2
.

(8)

The power reflectivity of the cavity in an arbitrary tuning condition must be

somewhere between these two cases.

Fig. 4.6 shows the dependence of the power transmittance of a cavity (when

it is resonant or anti-resonant) on the power transmittance of the coupling

mirror, assuming a fixed reflectivity for the reflecting mirror. It is seen that

the power transmittance can be either increased or decreased from that of the

fixed mirror by putting another mirror to compose a cavity and by adjusting

the tuning appropriately. This feature is used by resonant sideband extraction

and signal recycling with Fabry-Perot cavities in the arms.

4.2.3: Under- and over-coupling

It is interesting to note, in Fig. 4.6, that the power transmittance of a cavity

on resonance has a maximum value (which is unity if there is no loss) given by a

choice of the reflectivity of the one of the mirrors. Either increasing or decreasing

the transmittance (or reflectivity) of the coupling mirror (Mirror1) results in

less power transmittance. In other words, there are two possible values for the

coupling mirror reflectivity to realize a certain (non-unity) power transmittance

of the cavity on resonance (as long as this transmittance is higher than that of

the reflecting mirror Mirror2).

What is described above is actually shown in eq. (8). The reflectivity of a

cavity on resonance is zero when ρ1 = (1−A1)ρ2, the so-called matched case.

Either increasing or decreasing the reflectivity of one of the mirrors results in

more reflection of the incident power, but whose amplitude is opposite in sign.

To classify the two cases we call the cavity under-coupled when ρ1 > (1−A1)ρ2

and over-coupled when ρ1 < (1−A1)ρ2. The difference between the two cases

will be clear when one considers the phasor diagram of the reflected light from

a cavity.

For this purpose, it is useful to rewrite the complex reflectivity in eq. (6)

as follows:

ρ
FP

(φ) =
ρ1 − (1−A1)ρ2e

−i2φ

1 − ρ1ρ2e−i2φ
= ρ1 + ρ2

(iτ1)
2e−i2φ

1 − ρ1ρ2e−i2φ
, (9)
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a)
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under-coupled cavity
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cavity reflectionleakage of internal field

(-1,0) (1,0)(0,0)
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over-coupled cavity
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(-1,0) (1,0)(0,0)

Figure 4.7: The phasor diagram of the light reflected by a cavity, a) an
under-coupled case and b) an over-coupled case. In the under-coupled case,
the locus of reflected light along the change of the tuning condition always
stays in the right half of the complex plane. On the other hand, its locus
in the over-coupled case encloses the origin. This makes a difference in the
phase of the ‘identical’ vectors. In either case the locus is a circle, though
its orientation (angle measured from the positive half of the real axis) does
not directly represent the tuning condition.
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where 1−A1 = (ρ1)
2+(τ1)

2 was used. In the last expression, the first term

represents the field directly reflected at the front surface of the coupling mirror

and does not depend on the tuning of the cavity. On the other hand, the second

term represents the field leaking out of the cavity, whose amplitude as well as

phase varies with tuning. (Note the similarity between the second term and the

transmittance of the cavity found in eq. (6).) The reflected light from a cavity

can be thought as a sum of these two fields.

In a phasor diagram, the first (constant) term in eq. (9) is expressed as a

fixed length vector (we take this direction as the positive part of the real axis)

and the second (tuning-dependent) term as a rotating vector whose length varies

with the tuning of the cavity, as is shown in Fig. 4.7. When at resonance, the

rotating vector has the opposite direction to the fixed one so that their sum

(which represents the light reflected from the cavity) is minimized. On the

other hand, the vectors have the same direction when at anti-resonance and

their sum is maximized.
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Figure 4.8: The phase shifts of reflected light from under- and over-coupled
cavities. The power reflectivity of these cavities, the same in both cases, is
also shown. It can be seen that the phase shift from an over-coupled cavity
changes by 2π around each resonance, whereas that from an under-coupled
cavity just ‘fluctuates’ near zero around the resonance. It should also be
noticed that the gradient of phase shift from an under-coupled cavity can
be positive near a resonance.
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In the case of an under-coupled cavity, the rotating vector is always shorter

than the fixed one. This makes their sum always remain in the right half of

the complex plane. Thus, the minimum of the summed vector has the same

direction as the fixed one. For an over-coupled cavity, however, the rotating

vector is longer than the fixed one when on resonance. Thus, the locus of the

sum encloses the origin of the complex plane through the change of the tuning

parameter φ from 0 to π.

The above distinction makes a big difference when one considers the phase

shift of the reflected light around a resonance. In Fig. 4.7, the phase shift upon

the reflection is represented by the angle of the summed vector measured from

the positive half of the real axis. This is shown in Fig. 4.8 as a function of

the tuning of the cavity. The phase shift increases by an additional 2π at each

resonance3) for an over-coupled cavity, whereas it just ‘fluctuates’ around zero

for an under-coupled cavity. The phase shifts at resonance differ by π between

the two cases, representing their opposite directions.

Fig. 4.8 also clarifies the fact that the power reflectivity and the phase shift

are almost constant for tunings far away from resonance, in both under- and

over-coupled cavities. This allows a cavity to be approximated by a mirror for

a relatively wide range of tuning as long as there is no resonance in this range.

4.2.4: Three-mirror coupled cavities

A three-mirror cavity can be analyzed in a similar way to a Fabry-Perot

cavity, i.e. by solving (see Fig. 4.9)







at

0





 = M3S2M2S1M1







ai

ar





 , (10)

with (assuming the vacuum between the mirrors)

M3S2M2S1M1 =
−i

τ1τ2τ3
×







1−A3 −ρ3

ρ3 −1













e−ikℓ2

0
0

eikℓ2













1−A2 −ρ2

ρ2 −1













e−ikℓ1

0
0

eikℓ1













1−A1 −ρ1

ρ1 −1





 .

(11)

3) It may be surprising that there is a difference in the phases of vectors pointing in the
same direction. This difference arises from the fact that the negative half of the real axis is
the branching line of the logarithmic function and crossing it makes a difference of 2π in its
imaginary part.

– 115 –



Chapter 4: Resonant sideband extraction

Three-Mirror Cavity

M1 M3S1 M2 S2

ai

ar

at

0

Figure 4.9: A three-mirror coupled cavity is composed of three mirrors,
each separated by a finite distance. This can be represented by the product
of five matrices. In a similar way to the Fabry-Perot case, the reflected
and transmitted amplitudes (ar,at) relative to the incident one (ai) can be
obtained.

Assuming no loss for the mirrors (A1=A2=A3=0) for simplicity, the results are

ρ
3M

(φ1, φ2) =
ar(φ1, φ2)

ai

= −

ρ3e
−iφ2(e−iφ1

−ρ1ρ2e
iφ1) − eiφ2(ρ2e

−iφ1
−ρ1e

iφ1)

ρ3e−iφ2(ρ2eiφ1−ρ1e−iφ1) − eiφ2(eiφ1−ρ1ρ2e−iφ1)

τ3M(φ1, φ2) =
at(φ1, φ2)

iai

=
τ1τ2τ3

ρ3e−iφ2(ρ2eiφ1−ρ1e−iφ1) − eiφ2(eiφ1−ρ1ρ2e−iφ1)
,

(12)

where φ1=ωℓ1/c (mod 2π) and φ2=ωℓ2/c (mod 2π) are the tuning parameters.

Due to these two independent tuning parameters, the behavior of a three-mirror

coupled cavity is more complicated than a standard Fabry-Perot cavity. Let us

calculate it taking the power transmittance as an example.

The power transmittance |τ3M(φ1, φ2)|
2 of a three-mirror coupled cavity can

be plotted taking the two parameters φ1 and φ2 as the x- and y-axes, respec-

tively. An example is shown in Fig. 4.10. Note that this pattern is determined

only by the reflectivities of the mirrors. Since the function is periodic to both

parameters, this pattern must fill the whole x–y plane like ‘tiles’, as is illus-

trated in Fig. 4.11. Any condition of this coupled cavity must be represented

by a point somewhere in the x–y plane, and thus a point in a ‘tile’.

When the light frequency changes by ∆ω, the change in each tuning pa-

rameter is proportional to it; ∆φj=∆ω ℓj/c (j=1, 2). Then the two tuning

parameters are also proportional to each other, i.e. ∆φ1/∆φ2 = ℓ1/ℓ2. This

relation can be represented by an oblique line (bias) in the x–y plane filled by

the tiles, as is shown in Fig. 4.11. This oblique line has the slope of ℓ1/ℓ2 (which
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Figure 4.10: A sample of a ‘tile pattern’ which represents the power trans-
mittance of a three-mirror coupled cavity. The two axes correspond to the
two tuning parameters, respectively. The upper picture shows the three-
dimensional view and the lower shows its contour map. This pattern is
determined only by the power reflectivities of the mirrors; they are 0.5, 0.3,
and 0.2, and zero loss is assumed.
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Figure 4.11: The response of a three-mirror coupled cavity is periodic to
two tuning parameters, thus whole x-y plane is divided into small sections by
a ‘mesh’. Each section contains the ‘tile pattern’ shown in Fig. 4.10, though
only a simplified one is presented here. The light frequency changes the two
tuning parameters proportionally to each other, thus the relation between
them is expressed by an oblique line in this x-y plane. The offset and the
slope of this oblique line are determined by the initial tuning condition and
the ratio of the distances between the mirrors, respectively. The frequency
response of the three-mirror coupled cavity is obtained as the ‘cross-section’
of this x-y plane along this oblique line. It will not be periodic to the light
frequency unless the slope is a rational number.

is always positive) and is shifted by the offsets determined by the initial tuning

conditions.

Thus, the light frequency dependence of the power transmittance of the

three-mirror coupled cavity will be the ‘cross section’ of the x–y plane along

the oblique line. If the slope ℓ1/ℓ2 is a rational number, then the frequency

dependence will be periodic since it will pass through exactly the same point

of a tile after crossing several tiles. Otherwise, however, it will never trace the

same point in a tile.

Although the changes in the distances between the mirrors do not change

the pattern of a tile, they alter the frequency dependence by changing the

offsets and the slope of the oblique line. A microscopic change in one of the
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mirror distances varies the corresponding offset, thus ‘shifts’ the position of

the oblique line. Note that the motion of the center mirror makes changes in

both distances simultaneously. On the other hand, a macroscopic change in one

of the distances varies the frequency dependence of the corresponding tuning

parameter and thus changes the slope of the oblique line.

It should be noted that φ1=0 or φ2=0, which are the resonance condition

if the first or the third mirror is not present, are not necessarily the resonance

condition of the three-mirror coupled cavity. This can be true in a few cases,

such as φ1=0 or φ2=π/2, but not in general. Thus, excepting such cases, one

must treat the full expression of a three-mirror coupled cavity shown in eq. (12).

4.3: Frequency response of resonant sideband extraction

4.3.1: The effect of the signal cavity

The frequency response of an interferometer with resonant sideband ex-

traction can be obtained by inserting the reflectivity and the transmittance of

the ‘compound mirror’ into the generalized response given in eq. (3.44).

GSX

h→a/a0

(ω) =
√

Garm ×
iτCM

1 − ρCMρre
−iωta

×
ρrω0

4

1 − e−iωta

iω
. (13)

As is discussed in 3.4.1, the frequency response is mainly determined by the

second factor if the arm length is short compared with the wavelength of the

gravitational wave. Let us consider this term in more detail.

The reflectivity and the transmittance of the compound mirror are those

of a Fabry-Perot cavity, but the losses inside the cavity must be taken into

account. Thus eq. (6) must be modified as

ρ
CM

(φs) =
ρc − ρSX(1−Ac)(1−ABS)

√

1+C

2 e−i2φs

1 − ρcρSX(1−ABS)
√

1+C

2 e−i2φs

τCM(φs) =
iτcτSX

√

(1−ABS)
1+C

2 e−iφs

1 − ρcρSX(1−ABS)
√

1+C

2 e−i2φs

(14)

using accordingly changed notations. Here φs = ωℓs/c + ψ is the tuning of

the signal extraction cavity with ψ = ω0ℓs/c the initial detuning at the carrier

frequency, C the apparent visibility, Ac the loss at the surface of Fabry-Perot

coupling mirror, and ABS the losses at the beamsplitter and in the substrates

of the Fabry-Perot coupling mirrors.
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By inserting the reflectivity and transmittance of the compound mirror into

eq. (13), the second factor can be expanded as follows:

GSX =
iτCM

1 − ρCMρre
−i2φa

=

i
iτsτce

−iφs

1 − ρsρce−i2φs

1 −
ρc − ρs(1−Ac)e

−i2φs

1 − ρsρce−i2φs
ρre

−i2φa

=
−τsτce

−iφs

1 − ρsρce−i2φs − ρcρre−i2φa + (1−Ac)ρsρre−i2(φa+φs)
,

(15)

where φa=ωℓa/c is the tuning of the arm cavity, and the ‘effective’ reflectivity ρs

and transmittance τs of the signal extraction mirror, defined as











ρs = ρSX(1−ABS)
√

1+C

2

τs = τSX

√

(1−ABS)
1+C

2
,

(16)

are used for simplicity.

One may observe the similarity between this expression and the transmit-

tance of a three-mirror coupled cavity found in eq. (12). Assuming no loss, the

only difference is the additional factor τre
−iφa . This difference can be under-

stood as resulting from two causes: the sidebands produced inside the cavity

do not traverse the reflecting mirror of the arm cavity, and the reference for

phase measurements are different in the two cases. With the exception of these

points, the resonance features in the two cases are identical.

As discussed in 2.1.3, the sidebands due to a gravitational wave (or any

kind of modulation) are produced inside the arm cavity and their amplitudes

are proportional to that of the carrier. The power of the sideband is a result

of the multiple interference inside the signal cavity, and thus depends on the

resonance condition of this cavity. It should be emphasized that the magnitude

of the sideband produced is determined by the amplitude, not by the power.

This is similar to the light injected into a cavity through one of the mirrors; in

this case the amplitude inside the cavity is determined by that of the injected

light and the transmittance of the coupling mirror.

The above similarity implies that a cavity does not distinguish the ampli-

tude produced inside the cavity from that injected through one of the mirrors.

The field leaking out of the cavity must then be the same in the two cases. The

amplitude of the light reflected from a cavity is, however, different since it is a

result of the interference of the amplitude directly reflected from the coupling
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mirror with that leaking out of the cavity. For the sidebands produced inside

the cavity, on the contrary, there will be no interference.

As a consequence of this similarity, all the discussion on the transmittance

of a three-mirror coupled cavity found in 4.2.4 are also applicable for the signal

cavity of resonant sideband extraction. Thus, we qualitatively discuss the char-

acteristics of the signal cavity taking Fig. 4.10 as an example. In the figure, φ1

and φ2 correspond to φa and φs, respectively. Note, however, that the one shown

in Fig. 4.10 is not necessarily a good example of parameters for gravitational

wave detectors. More realistic choices of parameters are shown in 4.4.

4.3.2: Frequency response

As is discussed in 4.2.4, the power transmittance of a three-mirror coupled

cavity can be represented by the pattern in a single ‘tile’ (like that in Fig. 4.10),

whose shape is determined by the reflectivities of the mirrors. The frequency

response of the cavity is obtained as the cross-section of a tile along an oblique

line. The slope of this oblique line is determined by the ratio of distances

between the mirrors. Since the arm cavity is short compared with expected

wavelengths of gravitational waves (a practical limitation), we only need to

consider the response within a single tile.

The horizontal and vertical widths of a tile correspond to the free-spectral-

range of the arm cavity and the signal extraction cavity, respectively. It should

be noted that these do not depend on the ratio of the two cavity lengths. Since

the length of the arm cavity (and thus its free-spectral-range) are one of the

(practically) fixed parameters in a gravitational wave detector, it is convenient

to measure the linewidth of the resonance by projecting it to the horizontal

axis.

In resonant sideband extraction, there is an additional condition that the

light from the source is resonant with the (isolated) arm cavity. This means the

carrier frequency satisfies

φa(ω0) = 0 (17)

(as is included in eq. (14)). This corresponds to the horizontal center in Fig. 4.10

(φ1=0 in the figure). The sideband produced inside the cavity must have a finite

offset φa from the horizontal center. The amount of this offset is determined by

the modulation frequency ωm (e.g. the gravitational wave frequency) as

φa = ωmℓa/c , (18)
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Figure 4.12: The power transmittance of a three-mirror coupled cavity
with various amounts of detuning of the compound mirror. Each curve
corresponds to a horizontal cross-section of Fig. 4.10 at a different vertical
position. For comparison, the response with no mirror at the signal port is
also shown. The horizontal axis is the tuning of the arm cavity, which is
given by eq. (18) in the text. It can be seen that the linewidth as well as the
peak frequency varies with the amount of detuning. With no detuning, a
response with a resonance (centered at the carrier frequency) broader than
that of the arm cavity is obtained.

where ℓa is the length of the arm cavity.

The parameters left undetermined are the slope of the oblique line and its

vertical position. The former is assumed to be nearly horizontal, from the prac-

tical limitation that the compound mirror is short compared with the arm cav-

ity. Thus, we initially consider the responses obtained by taking cross-sections

along horizontal lines. This is to concentrate on the effect of the tuning of the

compound mirror, which is represented by the vertical offset of the oblique line.

Fig. 4.12 shows the responses of a three-mirror coupled cavity, each with a

different detuning of the compound mirror. It is assumed to be relatively short

compared with the arm cavity. The horizontal axis is the tuning of the arm

cavity φa given in eq. (18), and the carrier frequency corresponds the center, i.e.

φa(ω0)=0. For comparison, the response of the arm cavity without any mirror

at the signal port is also shown.
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When φs(ω0)=
π
2
, i.e. the compound mirror is anti-resonant with the carrier,

the coupled cavity is resonant with the carrier with a sharper response than that

obtained without the additional mirror. This corresponds to signal recycling,

as expected. When φs(ω0)=0, i.e. the compound mirror is resonant with the

carrier, the coupled cavity is also resonant with the carrier but with a much

broader linewidth than that obtained without the additional mirror. This is

what is expected in resonant sideband extraction.

It is worth mentioning the responses obtained with other tuning conditions

φs of the compound mirror for the carrier. In general, the resonance peak

frequency moves away from that of the carrier and the linewidth also varies

with the amount of detuning. The response is not symmetric at either side of

φa=0, i.e. the upper and lower sidebands experience different resonance in the

cavity.

These are natural consequences of the situation described in 4.2.3. The

power reflectivity as well as the phase shift upon the reflection varies with

the tuning condition. The former changes the linewidth of the coupled cavity

and the latter changes the peak frequency. Furthermore, the tuning condition

depends on the light frequency. These complexities make the intuitive under-

standing of a coupled cavity comparatively difficult.

It is also expected from Fig. 4.8 in 4.2.3 that the dependence on the tuning

of the compound mirror is critical when it is near resonance and less critical

near anti-resonance. This is because both the power reflectivity and the phase

shift upon the reflection have strong dependence on the tuning only around a

resonance, and otherwise they are almost constant. This makes it possible to

approximate the response of signal recycling with Fabry-Perot cavities in the

arms by that of a Fabry-Perot cavity, when the resonance peak frequency is

within the linewidth of the arm cavity.

4.3.3: Coupling of the signal extraction cavity

The characteristics of a three-mirror coupled cavity described above actu-

ally depend on the reflectivities of the mirrors used. When mirrors with different

reflectivities are chosen, its behavior will change in a qualitative way. Another

example of the response, with different reflectivities of the mirrors from the pre-

vious one, is shown in Fig. 4.13 and Fig. 4.14, each corresponding to Fig. 4.10

and Fig. 4.12, respectively. One may notice the difference between Fig. 4.12 and

Fig. 4.14, especially when there is no detuning.
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Figure 4.13: The same as Fig. 4.10, with different reflectivities of the mir-
rors. The power reflectivities of mirrors are 0.5, 0.2, and 0.3, and no loss is
assumed. The latter two mirrors are interchanged from those in Fig. 4.10,
to show the effect of the coupling of the compound mirror. The significant
difference around φ2 ≃ 0 can be noticed.
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Figure 4.14: The same as Fig. 4.12, with different mirror reflectivities. Each
curve corresponds to a horizontal cross-sections of Fig. 4.13 at a different
vertical position. With an over-coupled signal extraction cavity, the carrier
frequency is anti-resonant when there is no detuning.

The qualitative difference between the two cases is the coupling of the com-

pound mirror. As is described in 4.2.3, there are two possibilities for coupling of

a cavity, under- and over-coupling. The compound mirror, looking from the arm

cavity side, must be one of these (excepting the matched case). Fig. 4.10 and

Fig. 4.12 show the response of the three-mirror coupled cavity with an under-

coupled compound mirror, whereas Fig. 4.13 and Fig. 4.14 show that with an

over-coupled one.

The biggest difference appears when the compound mirror is resonant with

the carrier. If the signal extraction cavity is under-coupled, the three-mirror

coupled cavity will still be resonant with the carrier, with a relatively broad

linewidth. If the compound mirror is over-coupled, however, it will be anti-

resonant with the carrier. This is so because the reflected beam from an over-

coupled cavity has opposite phase to that from a mirror (see Fig. 4.7 in 4.2.3

and discussion there).

Placing the third mirror (the signal extraction mirror) adds extra phase

shift on the light reflected from the second mirror (the coupling mirror of the
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arm cavity). Then the light which was resonant with the arm cavity (in this

case, the carrier) will be anti-resonant with this three-mirror coupled cavity.

Instead, the light which was anti-resonant with the isolated arm cavity will

become resonant.

As a conclusion from the above discussion, it is appropriate to choose an

under-coupled cavity as the signal extraction cavity for our application of reso-

nant sideband extraction. In other words, the effective reflectivity of the signal

extraction mirror must be chosen to be lower than that of the Fabry-Perot cou-

pling mirror. Then the coupled cavity will have a broader resonance than that

of the arm cavity, as desired.

4.3.4: Choosing the length of the signal extraction cavity

The last parameter to be considered is the macroscopic length of the com-

pound mirror, i.e. the signal extraction cavity. As mentioned earlier, the ratio

of the lengths of the signal extraction cavity to the arm cavity determines the

slope of the oblique line along which the cross-section is taken. The oblique line

must have a positive slope as described in 4.2.4, and is assumed to be nearly

horizontal.

In signal recycling case where φs= ± π
2
, it is expected that this slope does

not affect the response so much by inspecting Fig. 4.10 and Fig. 4.13. Actually

it can only make the linewidth narrower without improving the peak sensitivity.

Thus, within the above constraints, elongating the compound mirror does not

make any sense in signal recycling with Fabry-Perot cavities.

In the signal extraction case, however, this elongation has an interesting

effect on the response. Assuming no detuning of the signal extraction cavity,

both the arm cavity and the signal extraction cavity must be resonant with

the carrier, thus the oblique line passes through the point φ1=φ2=0, the origin.

When the length of the signal extraction cavity is elongated (to keep the tun-

ing condition constant, it must be done by steps of multiple of a wavelength),

the slope becomes steeper. When the slope becomes steep enough, the line

may cross the ‘skirts’ of the two peaks nearby (at upper-left and lower-right

of the origin). Since the pattern of a ‘tile’ is symmetric around the origin, the

frequency response is symmetric in upper and lower sidebands.

Fig. 4.15 shows the power transmittance of a three-mirror coupled cavity

with various signal extraction cavity lengths while other conditions are fixed.
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Figure 4.15: The power transmittance of a three-mirror coupled cavity
with various signal extraction cavity lengths, assuming there is no detuning.
Each curve corresponds to the cross-section of Fig. 4.10 along an oblique
line which passes through the origin. The difference among the curves is the
slope of the oblique line, or equivalently the ratio of the signal extraction
cavity length to the arm cavity length, which is indicated by the key. By
elongating the signal extraction cavity, a response with a resonance peak at
each side of the carrier frequency can be obtained.

When the signal extraction cavity is elongated, the curve at the top of the reso-

nance becomes flat, and the linewidth measured around its top gets broader. At

the same time, however, the gradient at each side of the resonance gets steeper,

and thus the height at off-resonance becomes lower. If the signal extraction cav-

ity is further elongated, a resonance peak appears at the edge of each side of the

flat region. Even further elongation of the signal extraction cavity makes the

each resonance peak higher and narrower, and also makes two peak frequencies

closer to the center (φs=0).

It is interesting to note that these responses are similar to those of two-pole

low pass filters, just as Fabry-Perot cavities behave like one-pole low pass filters.

The general transfer function of a two-pole low pass filter is given as

G(ω) =
G0

1 −
( ω
ωp

)2

+ i
1

Q

( ω
ωp

) . (19)
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This transfer function is characterized by the Q, the quality factor. When the

Q is high enough (Q >∼ 1), the height and the linewidth are approximately given

by QG0 and ωp/Q, respectively.

The response of resonant sideband extraction in eq. (15) approximates, by

keeping up to second order terms in ω, as

GSX(ω) =
−τsτce

−iωtx/2

1 − ρsρce−iωtx − ρcρre−iωta + (1−Ac)ρsρre−iω(ta+tx)

≃ −τsτce
−iωtx/2

1 − ρsρc[1−iωtx− 1
2
(ωtx)

2] − ρcρr[1−iωta− 1
2
(ωta)

2]

+ Aρsρr[1−iω(ta+tx)− 1
2
ω2(ta+tx)2]

≃ −τsτce
−iωtx/2

[1−ρc(ρs+ρr)+Aρsρr] + iω[ρc(ρstx+ρrta)−Aρsρr(ta+tx)]

− 1
2
ω2[Aρsρr(ta+tx)2−ρc(ρst2x+ρrt2a)]

≃ G0

1 −
(

ω
ωp

)2

+ i
1

Q

(
ω
ωp

) e−iωtx/2

(20)

where

G0 = −τsτc/B A = 1 −Ac

Q =
B/(ωpta)

ρs(ρc−Aρr)χ + ρr(ρc−Aρs)

B = 1 − ρsρc − ρcρr + Aρsρr

χ = tx/ta = ℓs/ℓa

ωp =

√
2B /ta√

−ρs(ρc−Aρr)χ2 + 2Aρsρrχ − ρr(ρc−Aρs)
.

(21)

Thus, resonant sideband extraction behaves like a two-pole low pass filter. Note

that the DC gain G0 does not depend on χ.

For broad-band purposes where Q ∼ 1, this approximation is valid. When

the Q becomes high, however, it is no longer valid since the effects from higher

order terms become significant. In general, they have an influence similar to

reducing the Q value. Thus, replacing Q by

Q′ ≃ B/(ωpta)

ρs(ρc−Aρr)χ+ρr(ρc−Aρs) − (ωpta)2{ρsρcχ3+ρcρr−Aρsρr(1+χ)3}/6
(22)

provides a better approximation4).

4) Eq. (15) can be better approximated by keeping the terms up to third order of ω. Third
order functions are, however, hard to solve and less convenient. Here Q′ was obtained by
using ωp instead of ω in the third order terms. According to the results of simulations, this

approximation provides a frequency response closer to the full expression than that using Q.
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It can be seen that elongating the signal extraction cavity changes the

resonance peak frequency and the quality factor simultaneously. The above

approximation is convenient for estimating the bandwidth and the peak sen-

sitivity of resonant sideband extraction, which are given by ωp/Q
′ and G0Q

′,

respectively.

The behavior of resonant sideband extraction can also be explained quali-

tatively by investigating the phase shift inside the three-mirror coupled cavity.

This was adopted by the author in the former paper [53], and fully described

again in Appendix C.

4.4: Application as gravitational wave detectors

4.4.1: Parameters in resonant sideband extraction

In the previous section, we discussed the characteristics of resonant side-

band extraction qualitatively. Now we are ready to choose appropriate param-

eters to use it in a realistic interferometric gravitational-wave detector. We will

assume that the detector will have an arm length of the order of a few kilometers

and that its bandwidth must be set to somewhere between a few tens of hertz

and a few kilohertz depending on the type of gravitational waves being sought.

The parameters which must be chosen to determine the frequency response

of resonant sideband extraction are the arm length, the signal extraction cav-

ity length, and the reflectivities of six mirrors which are the cavity coupling

and reflecting mirrors, the power recycling mirror, and the signal extraction

mirror. The length of the signal extraction cavity must be considered both in

macroscopic and microscopic senses. The latter, which will be referred to as the

tuning of the signal extraction cavity, is easy to change after the construction

of the detector, and thus has lesser importance in the choice of parameters.

There is also the possibility of using folded Fabry-Perot cavities in the arms

in order to achieve a longer storage time, and this may be useful in some cases

(see Chapter 5). We will not treat this here, however, to concentrate on the

basic procedure of choosing parameters. There is no difficulty in extending the

following discussion to more complicated applications.

By assuming the two arms are identical, the number of mirrors whose

reflectivities are to be chosen is reduced to four. Among these, the reflectivity

of the reflecting mirror must be as high as possible to maximize the amount of

energy stored in the interferometer. Furthermore, by the same reasoning the
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power reflectivity of the power recycling mirror must uniquely be chosen to be

(almost) the same as that of the interferometer (see 3.3.3).

The arm length may be determined by other reasons such as the location

or the cost. Then the parameters left undetermined are the reflectivities of the

Fabry-Perot coupling mirrors and the signal extraction mirror, and the length

and the tuning of the signal extraction cavity. In the end, what is to be chosen

is the signal extraction cavity appropriate for an interferometer with a certain

arm length.

The criterion for choosing parameters must be to make the probability of

detecting gravitational waves as high as possible. This, however, depends on

the signal spectrum and related matters, as discussed in 3.1.2, and is beyond

the scope of this paper. Thus we take examples to illustrate several possibilities

and to demonstrate the procedure for choosing parameters, for use in different

circumstances.

The examples taken here are a broad-band response, a narrow-band re-

sponse, and a low frequency response. Each one is expected to be appropriate

for a particular purpose; the first one is suitable for burst type waves in rela-

tively short time scales, the second one is useful for the detection of periodic

signals with known frequencies such as those from pulsars, and the last one is

adequate for the signals from coalescing binaries.

4.4.2: Broad-band detector

First let us consider a relatively broad-band case. Once the arm length is

determined, the free-spectral-range of the arm can be obtained as

∆fFSR = c/2ℓa≈ 50 kHz×
[
ℓa

3 km

]−1

. (23)

The bandwidth of the signal cavity must be twice the desired bandwidth, ac-

cording to the discussion in 3.2.2. If standard Fabry-Perot cavities were used

in the arms to achieve the desired bandwidth, this would require a finesse F of

F ≃ ∆fFSR

2∆fBW

≈ 250 ×
[
ℓa

3 km

]−1[
∆fBW

100 Hz

]−1

, (24)

and this must be realized by the reflectivity of the coupling mirror ρFP:

F ≃ π
√
ρFP

1 − ρFP

or |ρFP|2 ≃ 1 − ( 2π
F

) + 1
2
( 2π
F

)2+O
(
( 2π
F

)3
)
. (25)

– 130 –



4.4: Application as gravitational wave detectors

If we choose 1 kHz bandwidth for our example, F ≈ 25 and |ρFP|2 ≈ 0.78 are

obtained.

In the case of resonant sideband extraction, the signal extraction cavity

must have this order of power reflectivity when it is resonant, which is deter-

mined only by the reflectivities of the mirrors. There is still some freedom left

in choosing the reflectivity of one of the mirrors, and that of the other can be

determined from it.

Fabry-Perot coupling mirrors with low reflectivities may reduce the amount

of energy stored, as can be seen in Fig. 3.5. This is because the amount of energy

stored will not be limited by the dissipation in the arms but by the losses at the

beamsplitter and the coupling mirror substrates. A more serious problem will

arise with low finesse arm cavities when thermally induced distortions become

significant. This problem is discussed further in Chapter 5.

To avoid these effects, the arm cavity must have a high enough finesse,

typically ≫100, while the exact number depends on the properties of the optics

used. Here we will take F ≈ 1,000 as an example. Then the power reflectivity of

the Fabry-Perot coupling mirror will be |ρc|2 ≈ 0.994 from eq. (25). This, with

the loss due to imperfect contrast described below, determines the reflectivity

of the interferometer and thus the reflectivity of the power recycling mirror as

|ρPR|2≈ 0.96, which results in a power recycling gain of GPR≈ 25 (see 3.3.3).

The reflectivity of the signal extraction mirror must be chosen so that the

power reflectivity of the signal extraction cavity will be the desired value, though

the relation may not necessarily be exact.

|ρFP|2 ≃
∣∣∣∣
ρc − (1−Ac)ρs

1 − ρsρc

∣∣∣∣
2

or ρs ≃
ρc − ρFP

(1−Ac) − ρcρFP

(26)

Here ρs is the effective reflectivity of the signal extraction mirror defined in

eq. (16). There may be two solutions for this equation, but we must choose the

one which satisfies ρc > (1−Ac)ρs for a broad-band response according to the

discussion in 4.3.3.

The losses inside the signal extraction cavity must be included in our as-

sumption in order to obtain the reflectivity of the signal extraction mirror.

Among them, the loss due to the imperfect contrast (1−C)/2 is considered as

being the major contribution. In our example, we will assume C ≈ 0.99 or

(1−C)/2 ≈ 5 · 10−3 as a typical number. Although this looks like an unusu-

ally good number, it will be justified by the mode cleaning effect explained in
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Chapter 5. With this assumption, the power reflectivity of the signal extraction

mirror can be determined as |ρSX|2 ≈ 0.91 in our example. This results in the

sensitivity at DC of h̃ ≈ 4.6 · 10−24/
√

Hz assuming 50W illuminating light power

of 1.06 µm wavelength.

The length and the tuning of the signal extraction cavity are left undeter-

mined. Here we will assume that there is no detuning, since it only narrows the

bandwidth and is not very useful for broad-band purposes.

According to the discussion in 4.3.4, the macroscopic length of the signal

extraction cavity has the effect of broadening (to some extent) the bandwidth

measured at −3 dB points. This effect is, however, relatively small—typically

by no more than a factor of two. Thus, it is important to choose a proper

bandwidth without taking this effect into account, i.e. by the reflectivities of

the mirrors.

If the signal of interest is well within the detector bandwidth, it may be

appropriate to choose the flattest response so that the sensitivity inside the

bandwidth will be optimized. This, however, sacrifices the sensitivity outside

the bandwidth. It may be better to choose a response with less steep cut-off

if the information contained in the higher frequency components of the signal

is important as well5). A response of either type can be obtained in resonant

sideband extraction by adjusting the length of the signal extraction cavity.

If the signal extraction cavity is short enough, the response is identical to

that for a Fabry-Perot cavity with the same 3 dB bandwidth. To obtain the

flattest response, the Q in eq. (21) must be ∼1/
√

2 < 1 . By solving eq. (21)

for χ, the relative length of the signal extraction cavity to the arm cavity can

be obtained.

χQ =
ℓs
ℓa

≃ ρcρr−Cρr(ρc−Aρs) −
√

(ρcρr)2−Cρcρr(ρc−Aρs)(ρs+ρr)

Cρs(ρc−Aρr)
(27)

where
A = 1 −Ac

B = 1 − ρsρc − ρcρr + Aρsρr

C = C(Q) = 1 + 2Q2ρs(ρc−Aρr)/B
(28)

5) One may say that then the detector bandwidth should be chosen to be broader. However,
there is a trade-off between the bandwidth and the peak sensitivity, as can be seen eq. (3.3).
Thus, there may be cases where the detector bandwidth is set narrower than that of the
signal spectrum to achieve higher peak sensitivity with some interest on the signal outside
the bandwidth.
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Figure 4.16: The sensitivities of interferometers optimized for 1 kHz band-
width, in logarithmic and in linear scale. For resonant sideband extraction,
the finesse of the arm cavity is ≈ 1,000, the power reflectivity of the signal
extraction mirror is ≈ 0.91, and several curves with different signal extrac-
tion cavity lengths are shown (keys indicate the ratio of the signal extraction
cavity length to the arm length). For comparison, the response of an inter-
ferometer with delay lines of N≈50 and that with Fabry-Perot cavities of
F≈25 are also shown. The definition of the vertical unit and the assump-
tions for the parameters can be found in Appendix B.
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were used for simplicity. Although this relation is a little complicated, it is

not difficult to calculate the required length for the signal extraction cavity to

achieve the desired Q value.

In our example, the flattest response is obtained by choosing χQ ≈ 0.21, or

ℓs≈ 620m. Although this looks unrealistically long, it should be possible to use

one of the arms also for the signal extraction cavity by making a kink with a

mirror, in principle. One may be afraid of the gravitational wave effect in such a

long signal extraction cavity. There would be no problem, however, since there

would be few photons to be affected by gravitational waves.

Fig. 4.16 shows the response of our example, with various lengths for the

signal extraction cavity to illustrate their effects. The delay line type and Fabry-

Perot type responses with similar bandwidths are also shown as references. This

comparison is, however, assuming constant losses and is not valid when thermal

distortion becomes significant.

4.4.3: Narrow-banding

As we have discussed in the previous section, there are two ways to make

narrow-band responses in resonant sideband extraction. One is elongating the

signal extraction cavity and the other is the detuning of the signal extraction

cavity. Furthermore, it is also possible to combine the two methods. Which is

the best way to realize the desired response?

For this problem, recalling the ‘tile pattern’ described in 4.2.4 is very help-

ful. The frequency response of resonant sideband extraction corresponds to the

cross section of a tile along an oblique line. Elongating the signal extraction

cavity makes the slope of the oblique line steeper and finally it crosses the peaks

nearby, which results in a response with a resonance peak at each side of the

carrier. On the other hand, detuning shifts the oblique line and it will cross a

peak with a certain detuning, resulting in a response with a resonance peak at

one side. Note that in either case the oblique line crosses the same peak.

As described in 4.2.4, the pattern of a tile is determined only by the reflec-

tivities of the mirrors used. As a consequence, the height of the resonance peak

for one of the sidebands does not depend on how the response is realized. In

the case of elongation, both upper and lower sidebands will be at the resonance

frequencies whereas in detuning only one of them is at the resonance frequency

and the other is off-resonance. This makes a difference in sensitivity between

the two cases by a factor of up to two.
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Since the peak is the same in all the cases, its width will not depend so

much on how the response is realized. From the shape in Fig. 4.10, it is expected

that a less steep oblique line will yields a broader width of resonance. It is also

expected from the figure that the combination of elongation and detuning has

a weak effect unless the elongation has a considerable effect by itself.

In practice, however, narrowing the bandwidth by elongation often requires

an unrealistic value for the length of the signal extraction cavity, especially when

the bandwidth is narrow compared with the peak frequency. Thus, we will

consider the detuning as being of primary interest in the following discussion.

Assuming a certain length for the signal extraction cavity, there must be

an optimum amount of tuning for the target frequency. For simplicity, we will

assume the signal extraction cavity to be short compared with the arm cavity

(ℓs ≪ ℓa). This means that the oblique line, along which the cross section of a

tile is taken, is almost horizontal.

In a tile pattern, the one of the sidebands (we consider only one at this

point) at the target frequency is represented by a vertical line whose horizontal

position is determined by the arm length. We need to find the maximum point

along this line, and the vertical position of the point represents the amount of

tuning required.

It should be noted that this does not necessarily mean that this is the

maximum point of the frequency response. In other words, the sensitivity at

a certain frequency may not be the best when it is the top of the response.

This arises from the fact that the peak frequency and the sensitivity at that

frequency is related in a complicated way, as can be seen in eqs. (20) and (21),

and cannot be chosen independently.

The optimum tuning ψ0 for a target frequency ωz can be obtained by

investigating eq. (15), as

ψ0 = arctan

[
(1−Ac) − (ρc)

2
]
sinωzta

(ρc/ρr) [1 + (1−Ac)(ρr)2] − [(1−Ac) + (ρc)2] cosωzta
. (29)

It is worth noting that this does not depend on the reflectivity of the signal

extraction mirror. If the signal extraction cavity is infinitesimally short, the

detuning of the signal extraction cavity at the carrier frequency must be this ψ0.

If the signal extraction cavity has a finite length, the detuning at the carrier

frequency is obtained by subtracting the phase delay in the signal extraction

cavity, as

ψχ = ψ0 − χωzta . (30)
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Figure 4.17: The relation between the normalized sensitivity and the band-
width in resonant sideband extraction, detuned to optimize for a 350 Hz sig-
nal. Each curve represents a different finesse of the arm cavity. In general,
narrowing the bandwidth improves the sensitivity until the minimum band-
width determined by the finesse of the arm cavity. To achieve a very narrow
bandwidth and a correspondingly improved sensitivity, it is necessary to
reduce the finesse of the arm cavity.

We will, however, continue assuming an infinitesimally short one.

When the amount of detuning is set as described above, the peak frequency

of the response and the bandwidth measured at the −3 dB point at both sides of

the peak frequency, i.e. not centered at the target frequency, are approximately

given by
ωp ≃ ωz + ℑ

{
E(ωz, ψ0)

}
/ta

∆f3dB ≃
∣∣ℜ

{
E(ωz, ψ0)

}∣∣ /(πta)
(31)

where

E(ω, ψ) = 1 − 1 − ρsρce
−iψ

ρre−iωta [ρc − (1−Ac)ρse−iψ]
. (32)

These approximations are valid when Q = ωp/(2π∆f3dB) >∼ 1, which will be

satisfied in most narrow-band applications. The derivation of eqs. (29)–(33) can

be found in Appendix D.

In general, a narrow-band response optimized for a target frequency tends

to have a peak at a lower frequency than the target frequency. Thus, the target
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Figure 4.18: The sensitivities of the interferometers optimized at 350Hz.
For resonant sideband extraction, the three cases with different finesse (250,
500, 1,000) of the arm cavity are shown. The responses of dual recycled inter-
ferometers with 4 and 10 transits in the arms are also shown for comparison
(keys indicate the power transmittance of the signal recycling mirror). In
general, dual recycling can achieve better sensitivity as long as the stor-
age time in the arm is reasonably long. Both configurations have similar
response curves when both are optimized for the same bandwidth.

frequency used in the above calculation must be chosen as the upper limit of

the bandwidth of interest. Note that the value of ρs is not the reflectivity of the

signal extraction mirror but is related to it by eq. (16), and its value is limited

by the losses inside the signal extraction cavity.

The most common requirement for a narrow-band purpose, such as the

detection of a gravitational wave from a known pulsar, is to realize a certain

bandwidth at a certain frequency. This must be achievable by choosing appro-

priate parameters for the reflectivities of mirrors and the amount of detuning,

i.e. by solving

∆f3dB = ∆f3dB

(
ωz, ρs, ρc, ψ(ωz, ρc)

)
. (33)

The above relations are, however, a little too complicated to be solved analyti-

cally.

It may be better to use plots of these functions taking the reflectivity of the

signal extraction mirror as a parameter. An example, optimized for a 350Hz
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signal assuming an arm length of 3 km, is shown in Fig. 4.17 with several choices

for the finesse of the arm cavity. From the dependence of bandwidth and peak

sensitivity on the reflectivity of the signal extraction mirror, the relation between

the two can be plotted. Note that this result may include signal recycling with

Fabry-Perot cavities in the arms since there is no assumption which restricts

the argument to resonant sideband extraction.

For example, if we assume the same arm cavity (F ≈ 1,000), a bandwidth

of ≈ 40Hz is obtained by choosing the reflectivity of the signal extraction mirror

as |ρSX|2≈ 0.989 and the detuning as ψ0 ≈ 0.14 radian. With these choices the

sensitivity at the target frequency (350Hz) is h̃ ≈ 1.6 · 10−24/
√

Hz, assuming

the same light source as the broad-band case (50W with 1.06µm wavelength).

Narrowing the bandwidth further does not improve the sensitivity so much.

Reducing the finesse of the arm cavity down to ∼280 allows realization of a

narrower bandwidth of ∼10 Hz with a sensitivity improvement of ∼1.5.

As a general tendency, it is necessary to have a lower finesse for the arm

cavity to achieve a narrow-band response, especially when the target frequency

is relatively high. Once the finesse of the arm cavity enters the reasonable range,

however, the sensitivity achievable for a given bandwidth (or vice versa) does

not depend so much on the finesse of the arm cavity.

This is what is expected from the theorem described in 3.1.3. The stored

energy in each case does not differ so much and the only differences are the

effects from losses. Since both limits of low finesse or high finesse for the arm

cavities increase the effects from losses at or around the beamsplitter, it may

be reasonable to choose a moderate finesse (1,000∼3,000) for the arm cavity.

4.4.4: Low frequency detector

When one considers a low frequency detector using resonant sideband ex-

traction, there are two possibilities, broad-band type or narrow-band type re-

sponse. The former has a bandwidth starting from DC up to a certain cut-off

frequency, whereas the latter has a peak at a certain frequency with a band-

width spread around that frequency. This choice arises since at low frequency

range the bandwidth of a broad-band type response is relatively narrow and

becomes comparable to that of the narrow-band type responses.

In this comparison, one must recall that the signal at very low frequencies

cannot be observed anyway due to the noise caused by seismically or thermally

excited motions of the mirrors (see 1.3). Then the broad-band type responses

– 138 –



4.4: Application as gravitational wave detectors

300

500

800

1000

2000

3000

5000

10 100 1000

no
rm

al
iz

ed
 s

en
si

tiv
ity

frequency (Hz)

response at low frequency (F=1000)

FP
F=250RSE    F=1000

standard

flat

peak

0.25 rad

detune  0.35 rad

0

500

1000

1500

2000

2500

3000

3500

4000

0 50 100 150 200 250 300

no
rm

al
iz

ed
 s

en
si

tiv
ity

frequency (Hz)

response at low frequency (F=1000)

FP
F=250

RSE   F=1000standard flat

peak

detune
0.25 rad

0.35 rad

Figure 4.19: The responses of interferometers optimized at low frequen-
cies, around 100 Hz–200Hz, in logarithmic and in linear scale. For resonant
sideband extraction, the same arm cavity as the broad-band case (Fig. 4.16)
is assumed. The power reflectivity of the signal extraction mirror is ≈ 0.719
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mizes ∼200Hz and 140 Hz. The response of an interferometer with Fabry-
Perot cavities of F≈250 is also shown for comparison.
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effectively have the same response as that of narrow-band type ones, i.e. they

‘waste’ the sensitivity at the very low frequency. The lower cut-off frequency

is determined by the mechanical design of the test masses and the suspension

systems, and here we take the cut-off frequency to be ∼100Hz.

If the sensitivity is only determined by the amount of energy stored and the

bandwidth set, it may be advantageous to have narrowed response just above

the lower cut-off frequency so that nothing is lost. In general, however, the

narrowed responses are not so efficient as the broad-band ones since only one of

the sidebands is utilized in many cases. This is especially true when detuning

is used to narrow the bandwidth.

As a typical example, let us consider responses with an effective bandwidth

of ∼100Hz. To avoid the lower cut-off frequency, the broad-band type response

must have ∼200Hz bandwidth. This requires an unrealistic value of the mirror

size for delay lines, so we assume Fabry-Perot based configuration and resonant

sideband extraction. On the other hand, the narrowed response must have

∼100Hz bandwidth centered at ∼150 Hz, i.e. Q∼1.5.

The procedure to choose the parameters is the same as in the previous cases.

The results are shown in Fig. 4.19. Both broad-band type and narrow-band

type responses of resonant sideband extraction, with a Fabry-Perot response

for comparison, are shown. Again, the same arm cavity as the broad-band case

is assumed in resonant sideband extraction. The reflectivity of the signal extrac-

tion mirror is ≈ 0.719 for the ‘standard’ (neither detuning nor elongation) and

‘flat’ responses, and ≈ 0.837 for the detuning and ‘peaking’ by elongation. The

amount of detuning is ≈ 0.25 radian when optimized at ∼200Hz and ≈ 0.35 ra-

dian for ∼140Hz.

For a broad-band type response, resonant sideband extraction shows some-

what better sensitivity than the simple Fabry-Perot, though the difference is

smaller than that in the broad-band case. This is due to better efficiency of

resonant sideband extraction in storing the light energy. ‘Flattening’ the re-

sponse by elongating the signal extraction cavity may considerably improve the

sensitivity in the frequency range of interest (100–200Hz), though this requires

an unrealistically long signal extraction cavity length (χ≫ 1).

From the same reasoning, the narrow-band response by elongation is not

so promising. Narrowing the bandwidth by detuning improves the sensitivity

a little within the frequency range of interest, when appropriate parameters
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are chosen. This is, however, less efficient than ‘peaking’ or ‘flattening’ by

elongation since it utilizes only one of the sidebands.

It may be more useful if a flat or peaked response is obtained with a more

reasonable signal extraction cavity length. In general, increasing the reflectivity

of the Fabry-Perot coupling mirror has such an effect. In order to retain the

detector bandwidth, however, the reflectivity of the signal extraction mirror

must also be increased. This means that light stays in the signal extraction

cavity longer, which increases the effect of losses inside it (such as that at or

around the beamsplitter) and reduces the amount of sidebands that can be

detected.

When arm cavities with a finesse of ∼15,000 are used, a flat response can

be obtained by elongating the signal extraction cavity length to a half of the

arm cavity. Similarly a peaked response is obtained with the signal extraction

cavity of the same length as the arm cavity. In these cases, however, the peak

sensitivity will be worse than those shown in Fig. 4.19 by a factor of ∼0.92.
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Thermal distortion

5.0: Introduction

Up to here, we have been considering a linear model, i.e. the parameters

of optical components are assumed to be constant and do not depend on other

parameters. In practice, however, there are non-linearities due to the depen-

dence among the parameters. Among them, the thermal effects are revealed as

a severe problem which can limit the sensitivity [54–56]. In this chapter, the

sensitivities with such effects are estimated.

A complete analysis using the heat conduction equation may, however, take

too much effort to compare several configurations under various conditions,

and may not be so convenient. Here we adopt the simplified approximation

introduced by Winkler et al. [54]. Thus, all the discussion here should be taken

as rough estimations. These still give an insight of the problems associated with

thermally induced distortions.

Since all the discussions are merely rough estimates, the detailed transfer

function of each configuration is not so meaningful. Thus we use the simpli-

fied theorem described in 3.1.3 to estimate the sensitivities of interferometers,

ignoring the effect of output efficiency. This may add another factor (of up to

∼1.05) onto the inaccuracy of the estimate. This inaccuracy should, however,

not change the main arguments and actually has an advantage to make the

discussion lucid.

5.1: Non-linear problems

5.1.1: Non-linearity

In previous chapters, the parameters of optical components are assumed to

be constant; this treatment is referred to as a linear model. This simple model

may, however, no longer be valid if there is dependence among the parameters.

Such effects are classified as non-linear problems. Due to their complexities,

– 143 –



Chapter 5: Thermal distortion

non-linear problems have previously been less considered. The use of the sensi-

tivity theorem described in 3.1.3 provides a clearer view of these problems.

According to the theorem, the sensitivity is determined by the wavelength λ

of the light, the noise bandwidth ∆fNB of the optical configuration, and the

amount of light energy E stored in the optical system, as

h̃0 >∼

√
2h̄λ

πc

∆fNB

E (1)

(reprint of eq. (3.3)). Among the parameters, the noise bandwidth must be cho-

sen to be appropriate for the desired observation purpose, and the wavelength

is determined by the type of the laser used as the light source. Then the sensi-

tivity is primarily determined by the amount of the light energy stored in the

optical system.

The amount of light energy that can be stored in an interferometer is limited

to a maximum value Emax by the dissipation in the arms,

Emax ≃ P0ℓ

cA (2)

(reprint of eq. (3.5)). This is determined by the injected light power P0, the

arm length ℓ of the interferometer, and the minimum loss A per reflection from

a mirror.

In the linear model, the loss is assumed to be a constant that does not

depend on other parameters. Then the amount of energy stored is proportional

to the injected light power and the arm length of the interferometer, and thus

the spectral sensitivity h̃ is inversely proportional to their square roots.

If, however, the loss per reflection depends on other parameters, these

proportional relations break. This can easily be shown by taking the total

differentiation of eq. (2),

dEmax ≃ ℓ

cA dP0 +
P0

cA dℓ− P0ℓ

cA2
dA

≃ ℓ

cA

(
1 − P0

A
∂A
∂P0

)
dP0 +

P0

cA

(
1 − ℓ

A
∂A
∂ℓ

)
dℓ .

(3)

In the linear model where the loss depends neither on the arm length nor the

illuminating light power, the partial derivatives ∂A/∂P0 and ∂A/∂ℓ vanish and

eq. (3) shows the proportionality.
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There will be cases, however, where these partial differentiations are not

zero. The former, ∂A/∂P0, will be positive when thermally induced distortion of

the wavefront becomes significant. On the other hand, the latter will be positive

if the loss due to scattering becomes dominant. Let us look at them briefly.

5.1.2: Thermal distortion

An optical component absorbs a small fraction of the light power, either

at the surface (coating) or inside the substrate if it is transmitting the light. If

the injected light power is significantly increased, this absorbed power heats up

the optical component. This heating occurs locally within the beam diameter

where most of the light power is concentrated. Since the optical substrate has

a finite thermal conductivity, there will be a temperature gradient inside the

substrate due to this local heating.

This temperature gradient causes deformation of the optical path, either

mechanically by the thermal expansion or optically by the so-called thermal

lensing. The latter means the gradient of the refraction index due to its de-

pendence on the temperature, and it has an effect similar to a lens as its name

implies. It is also expected that there will be another optical effect, the bire-

fringence, due to the stress inside the thermally expanding substrate.

These thermal distortions affect the sensitivity of an interferometer, either

by decreasing the amount of signal or by increasing the amount of noise. The

former can also be written as the decrease of the stored energy. The latter

means that there will be unwanted light components induced by the distortion

which can hit the photo-detector to increase the shot noise. This can, however,

be eliminated by placing an appropriate mode cleaner (output mode cleaner)

before the photo-detector. Thus, the main argument in this chapter is placed

on the amount of stored energy when thermally induced distortions are present.

The thermal distortions affect the amount of stored energy through a few

mechanisms. One simple example is that the thermal distortions which occur

in two arms are not necessarily matched to each other, thus the contrast of

the interference at the beamsplitter will be deteriorated. Then the loss inside

the power recycling cavity is increased, reducing the amount of energy stored.

(This is also the mechanism by which the unwanted light component can hit

the photo-detector.)

Another important effect is the stability of cavities. Most of the config-

urations utilize cavities to store light energy, either in the arms or for power
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recycling. When thermal distortions inside a cavity become too strong, the

cavity will no longer be ‘stable’, i.e. the circulating light tends to diverge rather

than to be confined inside the cavity with a finite aperture. This also reduces

the amount of energy stored inside the cavity.

These problems are discussed more in detail in the later part of this chapter.

Before doing that, we need to introduce the analytical ‘tools’ to handle these

problems. This can be found in the following section, after some more comments

on the non-linearities.

5.1.3: The beam size effect

Although it is less known, another non-linearity, ∂A/∂ℓ in eq. (3), also re-

duces the amount of stored energy and thus degrades the sensitivity from that

expected in the linear model. This, in other words, means that a longer arm

length does not necessarily improve the shot-noise-limited sensitivity of an in-

terferometer.

When the arm length is increased, the spot size on the mirrors becomes

larger, proportionally to the square root of the arm length:

w(ℓ) ∝
√
λℓ/π (4)

(see eq. (11)). Note that this is attributed to a property of the Gaussian beam

and cannot be altered.

It was found [57] that the spatial fluctuation (either of mirror surface or of

refraction index) which causes the loss due to scattering tends to increase with

the beam radius. According to Ref. [57], the power loss due to scattering can

be approximated by

Ascat ≈ 1 · 10−5 ×
[

w

5 mm

]2

(5)

for beam radii bigger than 5 mm. This means, with eq. (4), the longer arm

effectively increases the loss per reflection of the fundamental mode.

We must take the mode cleaning effect into account (see 5.2.5) to evaluate

the actual loss inside the interferometer. This, however, may only change the

factor in eq. (5) but not its exponent. Then the maximum energy stored in an

interferometer can be written as

Emax ∝∼
P0ℓ

cAscat

∝∼
P0ℓ

c

1

w2
∝∼
P0ℓ

c

π

λℓ
∝∼
P0π

cλ
, (6)
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if the scattering due to spatial fluctuation is the dominating loss in the inter-

ferometer. This means that the longer arm does not necessarily improve the

shot noise limited sensitivity. In practice, of course, other losses as well as other

noise sources must be considered carefully.

A similar problem arises in the choice of the wavelength of the light source.

According to eq. (1), E/λ must be maximized to optimize the sensitivity. The

amount of stored energy E depends on the loss per reflection which in turn

depends on the wavelength λ, not only from the quality of the coating at that

wavelength but also from the beam radii at that wavelength (see eq. (4)).

All the discussion above will strictly depend on the quality of mirrors (pol-

ishing and coatings) and thus we cannot come to a final conclusion of these

problems at the moment. What should be emphasized here is the possible ex-

istence of these problems. Again, the simple relations in eqs. (1) and (2) are

helpful for the understanding of these problems.

5.2: Mode description of scattering

5.2.1: Loss mechanisms

Any light which does not contribute to the signal detection process must be

considered as lost. One of the mechanisms for losses is the absorption, either at

the surface (coating) or inside the substrate, or both, of an optical component.

In this case the light energy is converted to heat and thus is of no use for signal

detection. On the other hand, it is also possible that the energy still remains

as light but in a state which does not produce any detectable signal.

This happens, for instance, in a Michelson interferometer when the beams

from the two arms are mismatched. Then they will not interfere with the beam

from the other arm to produce the detectable signal. One of the possible cause

of this is misalignment of the beams from the two arms. This is, however, a sort

of problem which one can (and one must) control externally. Even though there

will be technical difficulties, this will be able to be overcome with an appropriate

alignment system [58].

What is more serious is the mismatch due to the imperfection of the ex-

isting optical components. For example, the irregularities of the optical path

caused by optical components scattering a part of the injected light into higher

order modes. This can also take places either at the surface (coating) or inside

the substrate, or both, of an optical component. In either case, it does not

– 147 –



Chapter 5: Thermal distortion

necessarily occur in the same way between the two arms and thus does not

interfere at the beamsplitter to produce the detectable signal.

In addition, it is also possible that a part of the injected light is converted

into the unwanted polarization component due to the birefringence of optical

components. Similar to the scattering, this effect can be caused either at the

surface or inside the substrate of an optical components and is not necessarily

be matched in the two arms.

In these problems, the accuracy of manufacturing mirrors will limit the

matching between the two arms. Furthermore, these effects will be induced by

thermal properties of mirrors when injected (and thus absorbed) light power

is significantly increased. In other applications such as telescopes, an active

control of the mirror surface is considered as a solution for similar problems. In

our case, however, it is difficult because of the mechanical requirements on the

mirrors.

5.2.2: Reflection at a non-ideal surface

Any deviation of the optical path from the ideal shape scatters a part of the

incident light from the original transverse mode (usually the fundamental mode)

to higher order modes. Here we describe the scattering as the inter-conversion

of transverse modes of light field.

When most of the light intensity is concentrated near its propagation axis,

the light field can be treated by the paraxial approximation of the wave equation.

This is briefly described in Appendix G and it is shown there that a light field

with any spatial distribution can be considered as a superposition of a series of

eigen functions.

There is freedom in the choice of the series to which the field is expanded,

e.g. Hermite-Gaussian or Laguerre-Gaussian, and also in the choice of the posi-

tion and the radius of the beam waist. They can, of course, be converted from

and to each other. For instance, a fundamental Gaussian beam with a certain

beam waist at a certain point can be expanded as a series of Gaussian modes

(including higher order modes) with different beam waist at a different point

(see G.5 in Appendix G).

In considering the light scattering from a mirror, we assume the following

few points for convenience. The incoming beam is a fundamental Gaussian

beam which has certain beam parameters (radius and curvature). The mirror

surface is considered as a composition of a (perfect) spherical surface with a
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certain curvature and the deviation from this spherical surface (see Fig. 5.1).

The latter, which we will refer to as the spatial fluctuation of the mirror surface,

is assumed to be small compared with the wavelength.

R

deviation

Figure 5.1: A non-ideal surface of a mirror is considered as a superposition
of a spherical surface with a certain curvature and the deviation from it.
The curvature is not necessarily matched to that of the incident beam. This
converts a Gaussian beam to a Gaussian beam with different parameters
unless the curvature is matched. On the other hand, the deviation from the
ideal sphere converts the fundamental mode to higher order modes.

Even though both originate from the deviation of the mirror surface from

the ideal shape, this separation is introduced since the largest component of the

deviation is often more or less spherical. By separating this, the rest of the devi-

ation can be treated as small fluctuations. Furthermore, the curvature, which is

mostly determined by the fluctuation with spatial wavelength Λ at Λ≃πw [59],

converts the beam parameters in a well-defined way (see, for example, Ref. [60]).

This will be useful to for analyzing large deviations in detail.

The light scattering of a traversed optical substrate due to the spatial

fluctuation of the refraction index can be treated in a similar way. In this case

the spatial fluctuation is defined as the deviation from the ideal optical path

length (a constant for a non-lensing optical component).
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Assuming no transmittance and no absorption, the light field after the

reflection from a mirror is represented as

Ψ(x, y, z) =
√

2
w u00

(√
2x
w ,

√
2y
w

)
exp

{
iψ(z) − ik x2+y2

2Rb(z)

}

× exp

{
i

[
k
x2+ y2

2

(
1

Rb
− 1

Rm

)
+ Φ(x, y)

]}

=
√

2
w u00

(√
2x
w ,

√
2y
w

)
exp

{
iψ(z) − ik x2+y2

2Rm(z)

}
exp{iΦ(x, y)}

where u00

(√
2x
w ,

√
2y
w

)
=

1√
π

exp

{
−x

2+ y2

w2

}
,

(7)

using the quadratic approximation of a sphere. Here u00 represents the two-

dimensional amplitude distribution of the fundamental Gaussian mode, w is the

beam radius on the surface, and Rb and Rm are the curvature radii of the beam

(at the mirror surface) and the mirror, respectively. (As for Φ, see below.)

In the top equation, the upper line of the right hand side represents the

incident fundamental mode and the lower line represents the pure phase effects

from a mirror with non-ideal surface. These phase effects are separated into

the two parts, one is due to the curvature error and the other is the spatial

fluctuation of the phase Φ(x, y) imposed by the fluctuation of the mirror surface

(or refraction index). As can be seen in the second equation, the error in

the curvature of the mirror converts the fundamental Gaussian beam into a

fundamental Gaussian beam with a different curvature.

5.2.3: Mode stability of a cavity

From eq. (7), it is obvious that all the power is preserved in the original

mode if (and only if) the curvature of the mirror is matched to that of the beam

(at the mirror surface). In fact, it can be shown in a similar way that the power

of any mode is preserved in that mode if the above condition is satisfied. This

leads one to the concept of the mode stability of a cavity. If the light in a cavity

always stays in the same mode, the cavity is stable. This requires the curvature

of each mirror must be matched to that of the beam.

Using the characteristics of a Gaussian beam described in Appendix G, one

can write down the conditions which the mirrors must satisfy. Assuming the

beam waist is located at the origin z=0, the conditions are

Rj = R(z) = zj
[
1 + (zR/zj)

2]
or (zj)

2

(Rj

zj
− 1

)
= z2

R
= const. , (8)
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Figure 5.2: The beam radius at one of the mirrors in a Fabry-Perot cav-
ity. The horizontal and vertical axes represent ζ⊳ and ζ⊲, respectively (see
eq. (10) for their definition). The brightness shows the reciprocal of the
beam radius, thus a brighter color represents a smaller beam and a darker
color represents a bigger beam. The black part represents that there is no
real solution for the beam radius, which means the cavity does not have any
stable mode. The white part represents the part in which the beam radius
is smaller than the symmetric confocal case (ζ⊳=ζ⊲=0). The beam size at
the other mirror can be obtained by exchanging the two axes.

where Rj and zj are the curvature and the distance from the beam waist point

of j-th mirror, respectively.

It should be noted that the curvature of a mirror in this notation is defined

by the beam propagating in the positive direction of the z-axis. This means

a concave mirror facing to the positive direction of the z-axis has a negative

curvature radius (since it has a convex reflecting surface looking from the other

side). Although this is somewhat different from the standard notation, it is

necessary in such an application like a three-mirror coupled cavity where the

light may hit a mirror at both sides.

For a Fabry-Perot cavity which is composed of two mirrors, the conditions

described in eq. (8) can be rewritten, following the ‘standard’ notation, as a
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well-known expression [60]

0 ≤ ζ⊳ ζ⊲ ≤ 1 (9)

where ζ⊳ and ζ⊲ are geometric parameters defined as

ζ⊳ = 1 − z⊲−z⊳
R⊳

= 1 − ℓ

R⊳
and ζ⊲ = 1 − z⊲−z⊳

R⊲
= 1 − ℓ

R⊲
, (10)

where ℓ = z⊲−z⊳ is the separation between the two mirrors. Here subscripts ⊳

and ⊲ represent the mirrors at the left and right hand sides, respectively. Since

this follows the standard notation, the definition of the curvature radius of a

mirror is different from that in eq. (8). Here the curvature radii of mirrors are

measured by the beam incident to the reflecting surfaces, which are opposite

for the two mirrors facing to each other.

In practice, there are more often the cases in which the beam radius at

the waist and its position must be determined from the curvature radii of the

mirrors and their separation. Using the above results, these can be solved as

follows.

z2
R

= ℓ2
ζ⊳ζ⊲(1 − ζ⊳ζ⊲)

(ζ⊳ + ζ⊲ − 2ζ⊳ζ⊲)2
=
ℓ (R⊳+R⊲−ℓ)(R⊳−ℓ)(R⊲−ℓ)

(R⊳ + R⊲ − 2ℓ)2

z⊳ = ℓ
−ζ⊲(1 − ζ⊳)

ζ⊳ + ζ⊲ − 2ζ⊳ζ⊲
=

−ℓ (R⊲ − ℓ)

R⊳ + R⊲ − 2ℓ

z⊲ = ℓ
ζ⊳(1 − ζ⊲)

ζ⊳ + ζ⊲ − 2ζ⊳ζ⊲
=

ℓ (R⊳ − ℓ)

R⊳ + R⊲ − 2ℓ

(ww)2 =
ℓλ

π

√
ζ⊳ζ⊲(1 − ζ⊳ζ⊲)

|ζ⊳ + ζ⊲ − 2ζ⊳ζ⊲|
=
λ

π

√
ℓ (R⊳−ℓ)(R⊳−ℓ)(R⊳ + R⊲−ℓ)

|R⊳ + R⊲ − 2ℓ|

(w⊳)
2 =

ℓλ

π

√
ζ⊲

ζ⊳(1 − ζ⊳ζ⊲)
=
λ|R⊳|
π

√
ℓ (R⊲ − ℓ)

(R⊳ − ℓ)(R⊳ + R⊲ − ℓ)

(w⊲)
2 =

ℓλ

π

√
ζ⊳

ζ⊲(1 − ζ⊳ζ⊲)
=
λ|R⊲|
π

√
ℓ (R⊳ − ℓ)

(R⊲ − ℓ)(R⊳ + R⊲ − ℓ)

(11)

where ww, w⊳, and w⊲ are the beam radii at the waist and at the left and right

mirrors, respectively.

From the above equations, it is expected that the beam radius at one of the

mirrors becomes infinite when the cavity parameters approach the limitations

of eq. (9), i.e. ζ⊳ or ζ⊲→0, or ζ⊳ ζ⊲→1. This should be avoided in realistic cases

where the mirrors have finite diameters.
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Fig. 5.2 shows the beam radius at one of the mirrors, taking ζ⊳ and ζ⊲ as pa-

rameters. (The beam radius at the other mirror can be obtained by exchanging

the two axes, from their symmetry in eq. (11).) This is in fact identical with the

famous stability diagram of a Fabry-Perot cavity, with additional information

of the beam radius at one of the mirrors.

-3
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2

3
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stability of a cavity

x 2
x 1.4
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Figure 5.3: A simplified version of Fig. 5.2, but with the constraint from
the beam radii at both of the mirrors. The innermost part represents the
region in which the beam radii at both mirrors do not exceed

√
2 times those

at the symmetric confocal case. The second innermost part is the same but
for twice the symmetric confocal case.

Fig. 5.3 shows a somewhat simplified version of Fig. 5.2, but with the con-

straint from the beam radii at both of the mirrors. If the beam radii should not

be bigger than
√

2 times of those in the confocal case ζ⊳=ζ⊲=0 (which makes the

product of the two spot sizes smallest), the two ζ-parameters must be within
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the innermost part of the diagram. If the tolerance is twice of those in confocal

case, the second innermost part is allowed.

5.2.4: Scattering as mode conversion

Now let us consider the second effect in eq. (7), the spatial fluctuation of the

phase, assuming the curvature of the mirror is matched to that of the incident

beam so that the first effect disappears. The reflected light with distorted

phase induced by the mirror surface irregularity can be decomposed into a

series of higher order modes with the same beam waist size and its position as

the incoming beam. As mentioned earlier, we will assume that the amplitude

of the spatial fluctuation is small. Then the exponential function in eq. (7) can

be approximated by

exp
{
iΦ(x, y)

}
≃ 1 + iΦ(x, y) − 1

2

[
Φ(x, y)

]2
+ · · · for |Φ| ≪ 1 . (12)

When the Hermite-Gaussian mode expansion is used, the relative amplitude

of each higher order mode Slm (l,m6=0) can be obtained by (see eq. (G36) in

Appendix G)

Slm =

√
2

w

∫ ∞

−∞
dx

∫ ∞

−∞
dy

ul

(√
2x
w

)
um

(√
2y
w

)

exp
{
i[1+l+m]ψ(z) − ik x

2+y2

2R(z)

} Ψ(x, y, z)

≃ 2e−i[l+m]ψ(z)

w2

∫ ∞

−∞
dx

∫ ∞

−∞
dy ul

(√
2x
w

)
um

(√
2y
w

){
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}
u00

(√
2x
w
,
√

2y
w

)

≃ i
2e−i[l+m]ψ(z)

w2

∫ ∞
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dx

∫ ∞
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)
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(√
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(√
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u0

(√
2y
w
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√
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−∞
dx
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−∞
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2x
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(√
2y
w

)
exp
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−2(x2+y2)
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where uj

(√
2x
w

)
=
Hj(

√
2x/w)√

2j j!
√
π

exp
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− x2

w2

}
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Hj(

√
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2j j!

u0

(√
2x
w

)
.

(13)

In a similar way, the relative amplitude of the Laguerre-Gaussian higher order

modes can be obtained (see Appendix G). For the relative amplitude of the

fundamental mode (l=m=0), it is necessary to expand up to the second order

for the approximation in order to avoid violating the power conservation.

S00 =

√
2

w

∫ ∞

−∞
dx

∫ ∞

−∞
dy u00

(√
2x
w ,

√
2y
w

)
exp

{
−iψ(z) + ik x

2+y2

2R(z)

}
Ψ(x, y, z)

≃ 2

w2

∫ ∞

−∞
dx

∫ ∞

−∞
dy

[
u00

(√
2x
w ,

√
2y
w

)]2 {
1+iΦ(x, y)−1

2 [ Φ(x, y) ]2
}

≃ 1 +
2

πw2

∫ ∞

−∞
dx

∫ ∞

−∞
dy exp

{
−2(x2+y2)

w2

} {
iΦ(x, y)−1

2 [ Φ(x, y) ]2
}

(14)
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As can be seen in eqs. (13) and (14), the amplitudes of higher order modes

will have non-zero components, and correspondingly the amplitude of the fun-

damental mode will decrease. Thus, the scattering due to the spatial fluctuation

of the phase can be considered as the inter-conversion of the power among dif-

ferent transverse modes. This is also true if a beam with non-fundamental mode

is injected, then a part of its power will be converted to other transverse modes

including the fundamental one.

Considering only a single mirror, the relative power scattered into a cer-

tain mode can be obtained by squaring the absolute value of the relative ampli-

tude |Slm|2. The relative power of the fundamental mode represents the ‘fun-

damental mode reflectivity’, or unity minus the loss due to scattering. Equiv-

alently, summing the relative power of all the higher modes (excepting that of

the fundamental mode) gives the loss due to scattering.

Ascat = 1 − |S00|2 =
∑

l,m 6=0

|Slm|2

≃ 2

πw2

∫ ∞

−∞
dx

∫ ∞

−∞
dy exp

{
−2(x2+y2)

w2

} [
Φ(x, y)

]2

−
∣∣∣∣

2

πw2

∫ ∞

−∞
dx

∫ ∞

−∞
dy exp

{
−2(x2+y2)

w2

} {
iΦ(x, y)−1

2 [Φ(x, y) ]2
}∣∣∣∣

2

(15)

The last expression is obtained by using eq. (14).

Let us consider, as an example, a sinusoidal fluctuation in the x-axis

whereas no fluctuation is assumed in the y-axis. Then the integration by y

in eq. (13) is reduced to δ0m, thus we only need to consider the components Sl0.

A sinusoidal fluctuation in the x-axis can be written as

Φ(x) = Φ0 cos(2πx/Λ + Θ) , (16)

where Φ0 is the peak amplitude of the fluctuation, Λ and Θ are the spatial

wavelength and the spatial phase (relative to the beam center), respectively.

Inserting eq. (16) into eq. (13) yields

Sl0 =
e−ilψ(z)

√
2lπl!

√
2

w

∫ ∞

−∞
dxHl

(√
2x
w

)
exp

{
−2x2

w2

}
exp

{
iΦ(x)

}

=
e−ilψ(z)

√
2lπl!

√
2

w

∫ ∞

−∞
dxHl

(√
2x
w

)
exp

{
−2x2

w2

}
exp

{
iΦ0 cos(2πx/Λ + Θ)

}

≃ ie−ilψ(z) Φ0 cos(Θ + π
2
l)

(
Ω√
2

)l exp
{
−Ω2/4

}
√
l !

where Ω =
2π

Λ

w√
2

: normalized spatial frequency

(17)
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Figure 5.4: The relative power scattered into higher order modes by a
one-dimensional sinusoidal fluctuation. Only even modes are excited by a)
symmetric fluctuation and odd modes by b) anti-symmetric fluctuation. The
vertical scale is normalized by Φ2

0/2, where Φ0 is the zero-to-peak amplitude
of the spatial fluctuation. The total loss approaches unity in the normalized
scale in the range where the spatial wavelength is shorter than the beam
radius.
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for a higher order mode and, from eq. (14), the relative amplitude of the funda-

mental mode is obtained as

S00 ≃
√

2

w
√
π

∫ ∞

−∞
dx exp

{
−2x2

w2

} [
1 + iΦ(x) − 1

2Φ2(x)
]

≃ 1 + iΦ0 cos Θe−Ω2/4 − 1
4Φ2

0

(
1 + cos 2Θe−Ω2

)
.

(18)

As expected, a symmetric fluctuation (Θ=0) excites only even modes (l=2j)

and an anti-symmetric fluctuation (Θ=π
2
) only odd ones (l=2j+1). A fluctua-

tion of the spatial wavelength Λ typically excites the mode with the index

ltyp ≃ Ω2/2 = (πw/Λ)2 . (19)

This is consistent with the typical spatial wavelength Λtyp ∼ 4w/
√
l of the l-th

mode which has l nodal lines within the typical diameter1) ∼2w
√
l+1/2 .

An example of the relative power in each mode scattered by a sinusoidal

fluctuation is shown in Fig. 5.4. As can be seen in the figure, the total loss by

a sinusoidal fluctuation approaches to a constant value Ascat when the spatial

wavelength becomes shorter than the beam radius (Λ<∼w). The total loss in

such a case is determined only by the peak amplitude of fluctuation Φ0 as

Ascat = Φ2
0 /2 for Λ <∼ w (20)

(the vertical scale of Fig. 5.4 is normalized by this).

It can also be seen in Fig. 5.4 that the power converted into one given mode

decreases with the shorter spatial wavelength. At the same time, however, the

number of the modes that are scattered by the sinusoidal fluctuation of a given

spatial wavelength increases. This compensates the lesser power in one mode

to result in a constant total loss.

It should be mentioned that the first order mode (l=1) can be eliminated

(to first order) by adjusting the orientation of the mirror properly [59]. Thus,

fluctuation with spatial wavelengths much longer than the beam radius (Λ>∼πw)

practically do not cause any scattering.

1) The standard deviation of the fundamental mode is σ=w/
√

2, and the characteristic

width of l-th mode is given by
√

2l+1 σ. The nodal lines are present within this characteristic
width. See Appendix G for more detail.
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5.2.5: Cavity effect (mode cleaning effect)

The above consideration can, however, be applied only if a single mirror

is present. If two or more mirrors are aligned to compose a cavity, there are

either suppression or enhancement of higher order modes due to the multiple

interference inside the cavity.

Let us assume the case of two mirrors composing a Fabry-Perot cavity.

Each mirror has an appropriate curvature for a stable mode to exist and the

incident beam matches to the mode. Furthermore, one of the mirrors is assumed

to be ‘perfect’, i.e. it has no deviation from the ideal shape, and the other has

only small spatial fluctuation from the ideal shape. By restricting ourselves

to small fluctuations, we can neglect the higher order effects, i.e. the effects of

scattering back into the fundamental mode from higher order modes.

In a cavity, the light scattered into one of the low order modes (l,m<∼10) has

a radius w smaller than the size of the mirrors. Then this light component will

be reflected back and forth inside the cavity, forming a multiple interference

inside the cavity. As a result, the amplitude of that mode inside the cavity

depends on the tuning condition of the cavity for that particular mode.

In other words, the amount of the power converted into a transverse mode

depends on the boundary condition which is determined by the mirrors. This is

actually the same mechanism as the case of the frequency (longitudinal mode)

conversion induced by gravitational waves. In both cases the perturbation (spa-

tial fluctuation or gravitational waves) converts a certain amount of amplitude

into a different mode (transverse or longitudinal), but the power converted into

that mode is also affected by the boundary condition.

As can be found in Appendix G, the phase shift along the propagation, the

so-called Guoy phase shift, depends on the number of nodal lines. This makes

it possible to distinguish the fundamental mode from higher order modes. By

adjusting the cavity so that it is resonant with the fundamental mode but not

with higher order modes, the amount of power converted into the higher order

modes can be suppressed. This practically reduces the loss due to scattering.

The amplitude inside a Fabry-Perot cavity is modified (either enhanced or

suppressed) by a factor

G(φ) =
1

1 − ρ1ρ2 exp{−iφ} , (21)
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Figure 5.5: Mode suppression or enhancement factor in a Fabry-Perot cav-
ity with respect to the tuning. The power transmittances of the mirrors
are 0.1 and 5 · 10−5, respectively, which corresponds to a finesse of ∼60. It
has a maximum of ∼ 2

π
F when resonant (∼ 0 or 2π radian) and a minimum

of ∼ 1/( 2

π
F) when anti-resonant (∼ ± π radian). The typical suppression

factor is ∼π/F .

where ρ1 and ρ2 are the amplitude reflectivities of the mirrors, respectively, and

φ is the tuning of the cavity in one round trip at that ‘mode’.

In this case both the transverse and longitudinal mode must be taken into

account. Then the tuning can be written as

φlm(ω) = ωtr − (1+l+m)ψr (mod 2π)

= ωgtr − (l+m)ψr + φ0 ,
(22)

where tr is the retarded time for a round trip inside the cavity, ψr is the Guoy

phase shift of the fundamental mode in a round trip, l and m are the number

of nodal lines in the two axes, respectively. The second line applies when there

is some modulation inside the cavity, like the signal cavity in an interferometric

gravitational-wave detector; ωg is the angular frequency of the modulation that

produces the sidebands (negative for the lower sideband), and φ0 = trω0−ψr is

the tuning of the fundamental mode at the carrier frequency.
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The relative loss at a mode is given by the power which leaks out of the

cavity through either of the mirrors,

Plm = |alm|2 ×
[
|τ1G(φlm)|2 + |τ2G(φlm)|2

]

= |alm|2 × (τ1)
2 + (τ2)

2

1 + (ρ1ρ2)2 − 2ρ1ρ2 cosφlm
.

(23)

Thus, the second factor can be considered as the effect of the mode suppression

or enhancement.

Here a problem arises: How can one determine the reflectivity and trans-

mittance of a mirror without knowing the amount of loss due to scattering,

which is affected by the mode suppression or enhancement? To get the exact

answer for this problem, we must consider the second or even higher order con-

tribution of mode conversion, i.e. the effects from such light that is converted

from a high order mode to the other modes. We will, however, neglect them

here and use the reflectivity and transmittance without the cavity effect. Since

we assume the amplitude of fluctuation is small, the higher order effects of mode

conversion are small and this will be a good enough approximation.

Fig. 5.5 shows an example of the mode suppression or enhancement factor

with respect to the tuning. It can be seen that the relative loss is enhanced

if the cavity is resonant with that mode and it is suppressed if the cavity is

off-resonant. The border between enhancement and suppression is given by

|φ| = arccos(ρ1ρ2) ≃
√

2π/F (for F ≫ 1) . (24)

Thus, in the case of reasonably high finesse, most of the tuning range corre-

sponds to suppression rather than enhancement.

The maximum enhancement or suppression factor (φ=0 or π) is roughly

given by ∼ 2
πF or ∼1/( 2

πF) where F is the finesse of the cavity. (Note that this

is defined in power, not amplitude. The amount of signal enhancement is, as is

discussed in 3.4.1, determined by the amplitude.) The off-resonant modes are

suppressed typically by a factor of one half of the maximum case ∼π/F , and

those with |φ| <∼
π
2 (mod 2π) are suppressed more strongly.

For our purpose of reducing the loss due to scattering into higher order

modes, it is necessary to set the tunings of higher order modes so that they

will be suppressed effectively. It is impossible, however, to suppress all the

higher order modes. Since the tuning difference between two successive modes
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Figure 5.6: The scattering loss due to a sinusoidal fluctuation, with the
mode cleaning effect of the cavity taken into account. The power transmit-
tances of two mirrors are the same as in Fig. 5.5, 0.1 and 5 · 10−5, respec-
tively. The Guoy phase shift per round trip in a cavity of the fundamental
mode is assumed to be ψr

∼= 0.274×2π. It can be seen that most of the
modes can be suppressed, though by different factors, compared with those
without the cavity (see Fig. 5.4).
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is a constant, one among
⌈√

πF/2
⌉

modes2) must be enhanced. Thus, it is

important to have a high finesse for the mode cleaning purpose both to suppress

effectively and to suppress as many modes as possible.

It is also known [57] that, fortunately, the most of the power goes into

relatively low order modes. This makes it possible to adjust the cavity to

suppress the relatively strong modes effectively. On the other hand, the number

of the modes involved increases with the nodal number (l+m). It must be

avoided to have strong enhancement even at very high order modes.

It is ψr, the Guoy phase shift in a round trip, that determines the tuning

difference of between two successive modes. It is given by

ψr = arctan(c tr/zR) (25)

where zR is the Rayleigh range, which in turn is determined by the curvature

radii of the mirrors and their distance, as can be found in eq. (11).

To avoid the strong enhancement of higher order modes, this must be

chosen so that ψr/2π will not be a rational number. Furthermore, it should be

chosen to suppress relatively low order modes effectively. For example, ψr/2π ∼
0.25–0.3 or 1.7–1.75 seems to be a good choice to suppress the second to the

fifth modes (note that the first order mode can be eliminated by choosing the

orientation of the mirror appropriately).

Fig. 5.6 shows an example of mode cleaning effect, again taking a sinusoidal

fluctuation at one of the mirrors. Thus, the result can be directly compared

with Fig. 5.4. It is seen that most of the modes and thus the total loss can

be suppressed by a typical factor ∼π/F , even by a cavity with relatively low

finesse (F∼60). With higher finesse cavities, it is easier to suppress them more

effectively, though one must be careful to avoid accordingly strong enhancement.

2) Here ⌈x⌉ means the smallest integer bigger than x.
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5.3: Thermal distortion

5.3.1: Thermal expansion

Now we return to the problems of thermally-induced distortions mentioned

in 5.1.2. First of all, let us consider one of the simplest cases, which is the

thermal expansion due to the absorption at the surface of a mirror. As is

discussed in 5.2.2, the deformation due to the thermal expansion is assumed to

be more or less spherical. The deviation from the ideal sphere is treated as the

spatial fluctuation whose amplitude is small compared with the wavelength.

The spatial fluctuation increases the loss due to scattering, as is discussed

in 5.2.4. This loss may, however, be reduced by the mode cleaning effect if it

occurs inside a cavity, as is discussed in 5.2.5. Furthermore, it can in principle be

compensated by increasing the injected light power, if we have a strong enough

light source.

Another thing to be considered is the change in the curvature of the sphere.

As can be seen in Fig. 5.3, the curvature of each mirror of a Fabry-Perot cavity

must satisfy a certain condition. The change in the curvature of one or both

of the mirrors may cause this condition to be violated, resulting in an unstable

cavity, which cannot be compensated by means of injecting power. Thus, the

major emphasis here is placed on the curvature change due to thermal expansion

and its implication on the cavity stability, which will be referred to as the

thermal stability of a cavity.

Due to the intensity distribution of a Gaussian beam, the thermal expansion

also depends on the distance from the center of the beam. The amount of

deformation is characterized by the sagitta ς, which is defined as the curvature

depth of the mirror surface measured across the beam diameter. It is given as

ς ≃ w2

2R (26)

by the curvature radius R of the mirror and the beam radius w at the mirror

using a quadratic approximation of a sphere. The saggita is positive for a

converging mirror and negative for a diverging mirror.

Since the intensity outside the beam diameter is small compared with that

within the diameter, it is assumed that the temperature gradient occurs within

the hemisphere of the same radius as the beam spot on the mirror. Then the
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ς
δς

2w

Figure 5.7: The local curvature of a mirror is characterized by the sagitta ς,
which represents the curvature depth of the mirror surface measured across
the beam diameter. The thermal expansion due to the local heating changes
the curvature of the mirror which is represented by the change in sagitta δς.

change in sagitta, which represents the local curvature change (see Fig. 5.7) due

to thermally induced deformation, can be estimated [54] as

δς ≃ α/κ

4π
PA (27)

for a fixed beam radius. Here PA is the total absorbed light power, α and κ are

the thermal expansion coefficient and the thermal conductivity of the substrate

material, respectively.

It is interesting to note that δς depends only on the absorbed power and

the thermal properties of the substrate α/κ, but not on the beam radius. When

the eigen mode of a cavity is considered, however, this is no longer true since

the change in the curvature varies the beam radii on the mirrors. From eq. (26),

it is expected that this in turn changes the sagitta. Due to this ‘secondary’

effect, the dependence of the sagitta on the thermal distortion is non-linear for

the eigen mode of a cavity.

The thermal expansion due to the absorption inside the substrate will also

occur. This can, however, be neglected because the substrate is assumed to be

much thicker than the beam radius (from mechanical requirements) and thus

the end effect is expected to be small. It is also assumed that the light power

transmitted through the substrate is much less than that hitting the surface

and thus a weaker effect is expected from this cause. Furthermore, the thermal
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lensing, to be discussed next, is found to have a bigger effect than the thermal

expansion, as can be seen in Table 5.1.

5.3.2: Thermal lensing

If the thermal lensing in a transmitting optics is concerned, what matters is

the ‘optical’ path length change due to the gradient of the refraction index. This

effect is characterized by a parameter β = ∂n/∂T , the temperature dependence

of the refraction index. This has a similar effect with α, the thermal expansion

coefficient, in the previous problem.

In this case, the sagitta must be defined by the spherical curvature of the

wavefront, or the path length difference between the beam center and the point

of the beam radius. The change in saggita by δς has a similar effect with a lens

of a focal length zF ≃ w2/2δς for single passage (note that light often passes

through a thermal lens twice in a round trip of a cavity).

The temperature gradient due to the absorption at the mirror surface will

cause a thermal lensing effect that can be described by replacing α in eq. (27)

by β [54] as

δς ≃ β/κ

4π
PA . (28)

Again, this depends only on the total absorbed power and the thermal properties

of the substrate β/κ, but not on the beam radius.

The thermal lensing due to the absorption inside the substrate also has a

significance, since its effect is proportional to the length through which the light

is transmitted. This is a difference from the thermal expansion which appears

only at the end of the substrate. The thermal lensing inside the substrate can,

again, be written in a similar form to eqs. (27) and (28) [56] as

δς ≃ 1.3
β/κ

4π

dPA

dz
zd , (29)

where dPA/dx is the absorbed power per unit length and zd is the thickness

of the substrate. (The reason for writing it in this form rather than a simple

total absorbed power is that the absorption per unit length is thought to be

a constant and thus the thermal lensing effect in the substrate is expected

to be proportional to the substrate thickness—an important issue in choosing

parameters.)

The additional factor 1.3 from the case of the surface absorption arises from

the fact that the area through which the heat escapes by conduction is less than
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that in the surface case. This results in a larger temperature gradient and thus

a stronger lensing effect. Another difference is that there is a temperature

gradient along the optical axis in the surface case. This also affects the total

lensing strength.

5.3.3: Thermal properties of substrate materials

Table 5.1 reviews the relevant thermal properties of the materials which are

of interest as the substrates of optical components. As can be seen in the table,

the thermal lensing always has a stronger effect than the thermal expansion for

these materials.

In the choice of the substrate material for our optical components, not only

optical properties but also mechanical properties must be taken into account.

Though their values are shown for comparison, both of typical low-expansion

materials, Zerodur and ULE, must be excluded as candidates because of their

relatively large internal damping. It is also true that they are not so much of

interest when thermal lensing is concerned.

Among the rest, fused silica is thought to be the most promising material,

because of the mechanical properties and moreover because of the availability for

the required size as the substrate for long arm interferometers. It has, however,

relatively strong thermal lensing effect, as can be seen in the table, due to its

relatively poor thermal conductivity.

For non-transmitting optics such as delay line mirrors or far end mirrors

of arm cavities, silicon is a good candidate. This also has good mechanical

properties. This may, however, require development of polishing technology

since it has rarely been used as substrates for high-quality mirrors so far.

Although sapphire has good thermal and mechanical properties and thus

can be used for transmitting optics, its inherent birefringence may introduce

another problem [61]. Obviously diamond would be the optimum, both from

the thermal and mechanical properties. Both of these materials may, however,

be difficult to obtain in a big enough piece for our purpose.

From the above consideration, fused silica seems to be a reasonable choice

for the substrate of transmitting optics, at least for the moment. For non-

transmitting optics, silicon can also be used. Thus, in the following discussion,

we estimate the sensitivities of interferometers with the two cases in mind: one

is those made of fused silica only and the other is a combination of fused silica

and silicon.
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Table 5.1: Thermal properties

mass sound expansion lensing
material density velocity α/κ β/κ

(g/cm3) (km/s) (nm/W) (nm/W)

diamond 3.51 17.5 1.3 10
sapphire 3.98 9.3 280 600
silicon 2.33 8.4 12.8 —

fused silica 2.20 5.7 330 8700
ULE 2.20 5.5 ±23 8500

Zerodur 2.53 6.0 ±14

Another parameter which is relevant to the thermal distortion problem is

the fraction of absorption. The best values reported so far are of the order of

∼1 ppm for a coated surface and ∼1 ppm/cm for a bulk of fused silica. These

values may be improved with the development of techniques, especially for coat-

ings. At the moment, however, we will use these values for the estimation of

the thermal distortion effects.

5.3.4: The effect of thermal distortion on the interference

As is mentioned in 5.1.2, thermal distortions deteriorate the interference

between the two arms of an interferometer, unless they occur identically in the

two arms. In practice, it is natural to assume that there will be mismatching

between the two arms to some extent. Here we will consider its effect.

Following the assumption discussed in 5.2.2, the thermal lensing (or expan-

sion—we will take lensing as the example since it is expected to have larger

effects) is separated into a perfect lens with a certain focal length and the

deviation from it. When a fundamental Gaussian beam passes through this

distorted path, the former converts it to a Gaussian beam with different beam

parameters and the latter converts a part of the injected power into different

spatial modes. Since the latter is assumed to be small, we will consider here

mainly the former effect.
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According to the ABCD law [62], a thin lens with focal length zF converts

the parameters of a fundamental Gaussian beam as

z
′ =

Az + B

Cz + D
, z = z + izR

where


 A B

C D


 =


 1 0

−1/zF 1


 for a thin lens

with focal length zF

(30)

where z and z
′ are the complex beam parameters of the original beam and the

converted beam, respectively. The origin (z=0) is assumed to be located at the

waist point of the original beam. This can be rewritten as

z′ = z
1 − (z2+ z2

R)/(zzF)

(1 − z/zF)2+ (zR/zF)2
, z′

R
=

zR

(1 − z/zF)2+ (zR/zF)2
, (31)

by taking the real and the imaginary parts of eq. (30).

If the two arms of an interferometer have lenses with different focal lengths

z′F and z′′F , its interference visibility can be obtained by inserting eq. (31) into

eq. (G56) in Appendix G, as

C = |a00|2 =
4z′

R
z′′
R

(z′ − z′′)2 + (z′R + z′′R)2

=
4(z′

F
z′′
F
zR)2

4(z′
F
z′′
F
zR)2 + (z2+ z2

R
)2(z′

F
−z′′

F
)2

=

[
1 +

(
z2+ z2

R

2z

)2 (
1

z′F
− 1

z′′F

)2
]−1

.

(32)

The loss due to this deteriorated visibility is

AC =
1 − C

2
≃ 1

2

(
z2+ z2

R

2z

)2 (
1

z′
F

− 1

z′′
F

)2

≃ 1

2

(
z2+ z2

R

z

)2
(δς ′−δς ′′)2

w4
≃ 1

2

(
k∆ς

2

)2

,

(33)

where w and k = 2π/λ are the beam radius and the wave number, respectively.

Here ∆ς = δς ′−δς ′′ and zF ≃ w2/2δς were used.

The above result means that there will be a loss of ∼5 · 10−4 if the thermal

lensing in the two arms differ in sagitta by λ/100. Assuming 10% error between

the two arms, this corresponds to a change in sagitta of λ/10 in one of the

arms. Supposing if fused silica is used as the substrate material, this amount

of deformation will be caused by an absorption of 150mW at a surface, or of
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120mW inside the substrate. If there is no compensation at all, however, the

mismatch between the two arms will be more significant [54].

Fortunately, there is a remedy for this problem. As is discussed in 5.2.5,

the loss due to scattering can be reduced if it occurs inside a cavity. When a

mirror is present at the interfering output, as in signal recycling or in resonant

sideband extraction, the interference occurs inside the cavity that is composed

of the signal (recycling/extraction) mirror and the arms. Then the modes that

are not resonant with this cavity will be suppressed, resulting in a reduction of

the loss. In addition, this suppression can be made quite efficient if the modes

expected to be produced are known in advance, as in the thermal distortion

case [56].

With the mode cleaning effect taken into account, the power loss due to

the imperfect visibility can be approximated as follows:

Aint ≃
(τs)

2

2

1

2

(
k

2
2∆ς

)2

≃ (τs)
2

4

(
kΥ

2
2δς

)2

≃ (τs)
2

4

{
kΥ

4π

(∑
j

αj+βj

κj

PCj + 1.3
∑
m

βm

κm

PBm

)}2

Υ =
∆ς

δς
=

δς1 − δς2
δς

,

(34)

where Υ is the fraction of the mismatch between the thermal distortions in

the two arms, (τs)
2 is the power transmittance of the signal mirror, and PC

and PB are the absorbed power at the surface (coating) and inside the substrate

(bulk), respectively. The subscripts j and m represent the different points where

absorptions take place, and thermal properties at each point can be different.

It is assumed that the light passes a thermal lens twice and that the power

transmittance of the signal mirror dominates the losses inside the signal cavity.

5.3.5: Thermal distortion in a cavity

To consider the thermal stability problem, let us start from a simple Fabry-

Perot cavity case. When there is no other optics inside the cavity (as in the

case of the arm cavities), only the thermal expansion of the mirrors must be

considered. The small deviation from the ideal sphere may increase the loss due

to scattering, but it will be suppressed by the mode cleaning effect. Thus, in

this case the curvature of the sphere is most important.

From the discussion in 5.2.3, it is expected that a big change in the curva-

ture of one or both of the mirrors makes the initially stable cavity unstable. If

– 169 –



Chapter 5: Thermal distortion

the two mirrors have the same thermal properties, the maximum change allowed

is from −1 to 0 or 0 to 1 in terms of ζ-parameters (see eqs. (9) and (10) and

Fig. 5.3). If one of the mirrors has a lower expansion coefficient (as in the case

of a combination of fused silica and silicon), this tolerable range may be even

bigger by choosing an appropriate initial geometry.

It should be noted, however, that the beam radius at one of the mirrors

will be too large when the parameters approach a boundary of the stable region,

as can be seen in Fig. 5.3. If we want the beam always to be smaller than
√

2

times of that in the confocal case, the ζ-parameters are not allowed to change

by more than unity for any initial geometry. Furthermore, the assumption of

small deviation may not be satisfied if thermal deformation becomes too large.

Thus, we will use 1/2 in ζ-parameter as the upper limit, taking a safety factor

into account.

The above limitation corresponds to a change in sagitta by δς ∼ λ/4π for

a near-confocal geometry. Though the change of sagitta for the eigen mode of

a cavity is non-linear, its effect is small in this case since we use only the region

where the change in the beam radius is small. Thus, it is possible to estimate

the critical absorbed power3) as

PE ≃ λ

4π

4π

α/κ
≃ λ

α/κ
≈ 3.2 W×

[
λ

1.064 µm

][
α/κ

0.33 µm/W

]
. (35)

The numerical result quoted is that for fused silica, and it will be 64 W for

silicon.

The coupling of the injected beam to the cavity will change when the eigen

mode of the cavity changes by thermal distortion. This can in principle be

compensated by adjusting the input beam actively. Within the region with

relatively small change, however, the coupling will not be so much deteriorated

(>∼0.9) even without any compensation. This requires just 10% more injecting

power in order to store the same amount of energy.

When transmitting optics are present inside the cavity (as the beamsplitter

in a power recycling cavity), the thermal lensing inside that optical component

must be taken into account. In this case, a lens effectively changes the curvature

of a mirror and the distance between the mirrors simultaneously. This has,

however, relatively small effect as long as the focal length is much longer than

3) Note that the definition of the critical power here is identical with Ref. [53], but is
different from Ref. [51] by a factor of 2.
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the cavity length. This condition is satisfied, again, in the region of small

change.

Thus, we can use the same threshold as in the expansion case, δς∼λ/4π,

and the critical absorbed power can be defined in a similar way:

PC ≃ λ

4π

4π

β/κ
≃ λ

β/κ
≈ 120 mW ×

[
λ

1.064 µm

][
β/κ

8.7 µm/W

]
(36)

for surface (coating) absorption and

PB ≃ λ

4π

4π

1.3β/κ
≃ λ

1.3β/κ
≈ 94 mW ×

[
λ

1.064 µm

][
β/κ

8.7 µm/W

]
(37)

for substrate (bulk) absorption. The numerical results quoted are those for

fused silica.

5.4: Sensitivity with thermal distortion

5.4.1: Sample parameters of an interferometer

In the following discussion, we assume an interferometer with arm lengths

of 3 km which is illuminated by a laser with 1.064µm wavelength. Each coated

surface and each transmitting optical component are assumed to have minimum

losses of 25 ppm and 3ppm/cm, respectively, due to absorption and scattering

(to high order modes that cannot be suppressed).

The beam radius will be 32mm when a near-confocal geometry is adopted.

The actual geometry will not be far from this. Taking a safety factor into

account, the mirror diameter will be ∼250mm. From the mechanical require-

ments, a mirror must have an aspect ratio close to unity, thus its thickness must

be >∼100 mm. Though exact numbers depend on many considerations (such as

manufacturing facilities), we will take 150mm as a typical value.

The injected beam is separated into two arms by a beamsplitter, and the

returning beams from the two arms interferes with each other at the same beam-

splitter. In order to retain the symmetry of the two arms, a compensation plate

with similar properties to the beamsplitter will be used. The beamsplitter (and

the compensation plate) has similar dimensions as the mirrors. Note that the

path length inside it is 1.13 times the physical thickness due to the refraction,

when the beam is injected at 45 degrees.

The interferometer has either a delay line or a Fabry-Perot cavity in each

arm to increase the storage time in the arms. To maximize the amount of
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energy stored, power recycling is incorporated and optimized. Signal recycling

is an option either for a delay line based or a Fabry-Perot based configuration.

For a Fabry-Perot based configuration, resonant sideband extraction is another

possibility. In either case, the detector bandwidth must be set for the desired

observation purpose.

To prevent the non-interfering beam to hit the photo-detector and to con-

tribute to the shot noise, an output mode cleaner must be used (unless the

generic mode cleaning effect of the configuration is strong enough). To avoid

the unwanted coupling to the interferometer response, optical isolators must be

placed between the interferometer and the mode cleaner.

The interfering output is detected after beating with a local oscillator light

(by, for example, using external modulation), and then, if necessary, demodu-

lated to reproduce the original gravitational wave signal. It is assumed that the

local oscillator light is strong enough so that it dominates the shot noise at the

photo-detector. This is necessary to avoid the degradation of the signal-to-noise

ratio by, for example, the remaining higher order modes due to the distortions.

5.4.2: Delay lines in the arms

Supposing that delay lines are present in the arms, the light power hitting

the mirrors is the same as that transmitted through the beamsplitter. Then,

from the values estimated above, it is expected that the thermal lensing in the

beamsplitter (and the compensation plate) will be the limiting factor. The

maximum light power which can be transmitted through these substrate will be

∼5.5 kW from the values quoted above.

The amount of energy stored in the optical system can be written, when it

is limited by thermal distortion, as

EDL ≃ 2 × PB

ABS

× Nℓ

c

≈ 1.1 J ×
[

λ

1.064 µm

][
β/κ

8.7 µm/W

]−1[ ABS

17 ppm

]−1[
N

10

][
ℓ

3 km

]
,

(38)

where ABS is the total absorption inside the beamsplitter, N is the number of

transits in the delay line, and ℓ is the arm length of the interferometer. Here 2

in the top equation stands for the two arms of an interferometer.

As can be seen in eq. (38), increasing the number of bounces increases the

amount of energy, and thus improves the sensitivity. It may, however, be limited
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by the required mirror size, as is discussed in 3.2.1. This also means that it is

difficult to match the detector bandwidth to the desired observation purpose,

especially for low frequency cases.

To optimize the detector bandwidth, it is necessary to combine with signal

recycling scheme. The power transmittance of the signal recycling mirror is

determined from the required detector bandwidth as

(τSR)2 ≃ 4π∆f3dB

c/Nℓ
≈ 0.25 ×

[
∆f3dB

200 Hz

][
N

10

][
ℓ

3 km

]
, (39)

assuming a broad-band response, i.e. without detuning. With this configuration,

the spectral sensitivity will be

h̃DL ≃
√

h̄λ

c

∆f3dB

E

≈ 8.2 · 10−24/
√

Hz ×
[

λ

1.064 µm

] 1
2
[

∆f3dB

200 Hz

] 1
2
[ E
1.1 J

]−
1
2

≈ 8.2 · 10−24/
√

Hz ×
[

∆f3dB

200 Hz

] 1
2
[

β/κ

8.7 µm/W

]−1[ ABS

17 ppm

] 1
2
[

Nℓ

30 km

]−
1
2

(40)

for a broad-band response.

When detuning is used to shift the peak frequency of the response, the

bandwidth is broader by a factor of 2 but the sensitivity will be worse by a

factor of 2 (assuming the same reflectivity for the signal recycling mirror as the

broad-band case). In this case, however, its full bandwidth is useful whereas

the low frequency part will be ‘wasted’ in the broad-band responses.

From eq. (34), the thermally induced loss of this interferometer is expected

to be around

Ath ≃ (τSR)2

4
(Υk δς)2 ≈ 160 ppm ×

[
(τSR)2

0.25

][
Υ

0.1

]2

, (41)

which is reasonably small as long as moderate matching of the two arms is

achieved. Without any compensation, however, this loss will be significantly

large. The required illuminating light power to store the expected energy is

given by

Pin ≃ E Atot

Nℓ/c
≃ 2 PB

Atot

ABS

≈ 5.5 W ×
[

PB

94 mW

][ Atot

500 ppm

][ ABS

17 ppm

]−1

(42)

where Atot ≃ NAmin+Ath is the total loss per one round trip inside the power

recycling cavity. It is a natural consequence that the critical power and the

fraction of the absorption at the critical part among the total loss determine

the required illuminating light power.
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5.4.3: Fabry-Perot cavities in the arms

When Fabry-Perot cavities are used in the arms, the number of the optical

components where thermal effects take place increases, as can be seen in Fig. 5.8.

The power inside the arm cavities will be extremely high and their thermal

stability must be considered. The stability of the power recycling cavity must

also be taken into account, since it has stronger thermal effects due to the optics

inside it. Finally, the loss due to imperfect interference may contribute.

From the thermal stability of the arm cavities, the light power hitting on

the mirror surface must be less than ∼3.2MW, which is probably good enough

for our requirement. However, the power absorbed at the surface of the coupling

mirrors cause thermal lensing inside the power recycling cavity. From this view

point, the light power allowed to hit a coupling mirror is ∼120 kW. This results

in the amount of energy that can be stored as

EAP ≃ 2 × PC

Asurf

× 2ℓ

c

≈ 4.8 J ×
[

λ

1.064 µm

][
β/κ

8.7 µm/W

]−1[ Asurf

1 ppm

]−1[
ℓ

3 km

]
,

(43)

where Asurf is the absorption at the surface of the coupling mirror.

Another limitation arises from the thermal lensing due to the absorption

inside the beamsplitter and the coupling mirror. The presence of the coupling

mirrors increases the absorption and the associated thermal lensing inside the

power recycling cavity. The maximum light power transmitted through these

optics will be ∼2.9 kW. Then the amount of energy stored is

ERP ≃ 2 × PB

AIC+ABS

× 2F
π

× 2ℓ

c

≈ 9.4 J ×
[

λ

1.064 µm

][
β/κ

8.7 µm/W

]−1[ABS+AIC

32 ppm

]−1[ F
125

][
ℓ

3 km

]
,

(44)

where AIC is the absorption in the substrate of the coupling mirror.

Of the above two conditions, the lower one will limit the stored energy, thus

the amount of stored energy never exceeds the value quoted in eq. (43). For a

relatively narrow-band case, the power in the arm cavity is likely to be the
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Thermal lensing by
internal absorbtion

Thermal lensing by
internal absorption

Thermal lensing by
surface absorption

Signal Recycling/Extraction Mirror
(mode cleaning effect   ~ T/4 )

Deterioration of
visibility due to
the mismatching
of two arms

Stability of
the arm cavities

    Stability of 
the PR cavity

Figure 5.8: The major points which must be taken into account in concern-
ing the sensitivity with thermally induced distortions. The possible places
and the causes of thermal distortions are shown, with comments on asso-
ciated problems. When the coupling mirror of the arm cavity absorbs a
fraction of the light inside the cavity, it will cause thermal lensing inside
its substrate, which affects the stability of the power recycling cavity. The
coupling mirrors and the beamsplitter (and the compensation plate, if exist)
will cause thermal lensing due to the absorption inside their substrates. If
signal recycling or signal extraction mirror presents, its mode cleaning effect
must be taken into account in considering the distortion-induced mismatch
of the two beams.

limitation and for a broad-band case the light power inside the power recycling

cavity will be the dominant factor. The threshold is

F ≈ 64 ×
[ABS+AIC

32 ppm

][ Asurf

1 ppm

]−1

or equivalently

∆f3dB ≈ 390 Hz ×
[

ℓ

3 km

]−1[ABS+AIC

32 ppm

]−1[ Asurf

1 ppm

]
.

(45)

In practice, both effects contribute to the distortion, especially in cases that are

close to this threshold (∆f3dB
>∼200Hz is already close enough to be of signifi-

cance).
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Assuming the light power in the arms is the limiting factor, the sensitivity

expected from the above numbers is

h̃FP ≈ 3.9 · 10−24/
√

Hz ×
[

λ

1.064 µm

] 1
2
[

∆f3dB

200 Hz

] 1
2
[ E
4.8 J

]−
1
2

≈ 3.9 · 10−24/
√

Hz ×
[

∆f3dB

200 Hz

] 1
2
[

β/κ

8.7 µm/W

]−1[ Asurf

1 ppm

] 1
2
[

ℓ

3 km

]−
1
2

for ∆f3dB
<∼ 200 Hz .

(46)

For broad-band response, the sensitivity will be worse than that expected from

eq. (46) with additional dependence on the bandwidth ∆f3dB. This can, however,

be improved by using resonant sideband extraction, as is discussed in 5.4.4.

When the power recycling cavity is at the limit of thermal stability, either

from the light power in the arm cavities or that in the power recycling cavity,

the loss due to the imperfect visibility will be

Ath ≃ 1

2

(
Υk δςth

)2

≃ 1.25 · 10−3 ×
[

Υ

0.1

]2

. (47)

This should be compared with the loss in the arms

Aarm ≃ 2

π
FAmin ≈ 4 · 10−3 ×

[ F
125

][ Amin

25 ppm

]
. (48)

For broad-band cases with

F ≈ 40 ×
[ Amin

25 ppm

]−1[
Υ

0.1

]2

or equivalently

∆f3dB ≈ 625 Hz ×
[

ℓ

3 km

]−1[ Amin

25 ppm

][
Υ

0.1

]−2

,

(49)

the light power injected is wasted rather than stored in the arm cavity.

For relatively narrow-band cases, the illuminating light power required to

store the expected energy is given by

Pin ≃ E Aeq

2ℓ/c
≃ 2 PC

Aeq

Asurf

≈ 16 W×
[

PC

120 mW

][ Aeq

66 ppm

][ Asurf

1 ppm

]−1

(50)

where Aeq ≃ 2Amin+Ath/( 2
π
F) is the equivalent loss per one round trip in the

arm cavity. Again, the required power is determined by the critical power and

the fraction of the absorption there among the other losses.
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5.4.4: Resonant sideband extraction

As is discussed above, the sensitivity of broad-band type response is likely

to be limited by the light power inside the power recycling cavity. In addition,

thermally induced loss may reduce the efficiency of storing light energy, i.e. more

light power is required than that expected in the linear model. To reduce this

loss, a mirror at the interfering output will be useful. For a Fabry-Perot based

configuration, two possible options are signal recycling and resonant sideband

extraction.

To install signal recycling, the arm cavities must have broader linewidths

(i.e. lower finesse) than that required from the desired detector bandwidth. On

the other hand, it is necessary to have narrower linewidths (higher finesse) for

the arm cavities in resonant sideband extraction. Since the arm cavities with

low finesse introduced these problems, it is a natural consequence to choose

resonant sideband extraction.

The additional mirror, signal extraction mirror, works to broaden the de-

tector bandwidth from that determined by the arm cavity. At the same time, it

also has an effect to suppress the loss due to the thermal lensing inside the power

recycling cavity. Furthermore, the light power which is transmitted through the

optics can be significantly reduced by having high finesse for the arm cavities.

This makes the thermal lensing due to the absorption inside the substrate com-

pletely negligible.

The surface absorption, however, still remains as a cause of thermal lens-

ing which can limit the sensitivity of an interferometer. When this is the lim-

iting factor, the amount of energy that can be stored in the arms is given

by eq. (43), and the expected sensitivity is that described in eq. (46), however

without any restriction on the bandwidth. Thus, for broad-band purposes with

∆f3dB
>∼390 Hz, an improvement of

PC

PB

AIC+ABS

Asurf

π

2F ≈ 1.3 ×
[AIC+ABS

32 ppm

][ Asurf

1 ppm

]−1[
∆f3dB

500 Hz

][
ℓ

3 km

]
(51)

in terms of energy (and by the reciprocal of its square root in spectral sensitivity)

is expected by using resonant sideband extraction.

The required illuminating light power to store the thermally limited energy

is given in eq. (50). The loss due to thermal distortion will be reduced by the

mode cleaning effect of the signal extraction cavity. Furthermore, the loss due

to thermal distortion will have less significance by increasing the finesse of the
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arm cavities. As a consequence, the equivalent loss per one round trip will be

dominated by the loss in the arms, i.e. Aeq ≃ 2Amin ≈ 50 ppm. Thus, the light

power required to achieve the sensitivity limited by thermal distortion will be

less by a factor of ∼0.76, or equivalently ∼12W of light power is required.

5.4.5: Possible remedies

From the above consideration, we may conclude that thermally induced

distortion can limit the sensitivity from that expected in the linear model (20 J

in terms of stored energy) by a factor ∼2. However, there are still several

possibilities remaining to improve the sensitivity a little more than those in the

discussion above. Here we briefly review them (see Fig. 5.9).

First of all, it should be emphasized that the limiting factor is thermal

lensing at the coupling mirrors of the arm cavities due to the absorption at

the surface. This naturally suggests the possible remedies: reducing thermal

lensing, reduce the absorption at the coating, and finally store more energy

with these limitations.

To reduce thermal lensing, one straightforward way is the use of materials

with lower β/κ. This, however, strictly depends on the availability of the ma-

terial. What is required is not only the big enough bulk but also the polishing

techniques and so on. Thermal lensing due to surface absorption may also be

reduced by having a (thick enough) coating of high thermal conductivity, which

distributes the heat homogeneously and thus reduces the temperature gradient.

Another less obvious way is to control the thermal lensing actively. This can

be done, either by pre- or post-figuring using extra light (possibly at wavelengths

that are absorbed by the substrates). The former means that the optics are

designed with thermal distortion taking into account and extra light is used to

preset the distorted condition. The latter means that the extra light is used to

cancel the thermal distortion induced by the ‘main’ beam.

The reduction of the absorption at a coating depends on the development of

the technology. It is not hopeless, however, since the present value is limited by

the real process rather than the properties of the coating material. Theoretically

there is room for improvements by a factor of ∼103. The absorption inside the

substrate is, however, close to the theoretical limit for fused silica and further

improvements seem to be difficult as long as it is used for the substrates.

A straightforward way of storing more energy with these limitations is the

use of longer cavity length. This does not necessarily mean a longer geometrical
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Use of folded FP

Silicon
mirrors

Sapphire or
Diamond
mirrors

Thermally conductive coating

active control
of mirror figure

Lower
absorption
at bulk
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Figure 5.9: Possible schemes to improve the thermal distortion limited sen-
sitivity. One straightforward way is to store more energy under the same
limitation, by using folded Fabry-Perot cavities in the arms. It is also possi-
ble to reduce the distortion by controlling the thermally induced distortion
actively, by using extra light. Reducing the absorption of the optics (at
the surface or inside the substrate) decreases the cause of the problem. Im-
proving the thermal conductivity (mirrors made of silicon or sapphire or
diamond, or coating by conductive material) decreases the temperature gra-
dient and associated lensing.

arm length, but elongating the cavity length by using folded Fabry-Perot cavities

would suffice. Then ℓ in eq. (43), (45) and (46) must be considered as the cavity

length rather than the geometrical arm length, which must be replaced by Nℓ/2

where N is the number of transits. Even though N cannot be so large because

of the limitation on mirror size, this scheme will be useful when thermal lensing

becomes the limiting factor.

It is worth mentioning that resonant sideband extraction has some advan-

tages when one of such remedies is adopted. First of all, the thermal lensing

effect due to the absorption inside the substrates can be made negligible. The

heat conducting coating can help the thermal lensing due to surface effect, but

not the bulk effect. Active control of thermal distortion will be easier if it is

due to surface absorption than that due to the absorption inside the substrates.
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When the absorption at a coating is reduced, the finesse of arm cavities

must be increased, according to eq. (45), so that again the surface effect dom-

inates the limitation. To maintain the detector bandwidth, resonant sideband

extraction is useful. Similarly, the linewidth of the arm cavities becomes nar-

rower when a longer arm length or folded cavities are used (assuming the same

finesse). Again, the use of resonant sideband extraction can be a solution for

this problem.
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Summary and prospects

We have discussed in Chapter 3 that the sensitivity of an interferometric

gravitational-wave detector can be given by its (noise) bandwidth ∆fNB and the

amount of energy E stored in the optical system, as

h̃0
>
∼

√
2h̄λ

πc

∆fNB

E
,

not depending on the configuration employed. According to this sensitivity

theorem, the sensitivities expected in future advanced detectors require 20 J

of 1 µm light to be stored. The physical background of this theorem can be

understood qualitatively, though its full explanation is left to be done.

In Chapter 4, the normalized response of resonant sideband extraction is

analyzed in detail assuming the linear model. Its behavior is well understood,

which makes it possible to choose appropriate parameters for the desired re-

sponse. When appropriate parameters are chosen, resonant sideband extraction

shows similar or better sensitivities compared with other configurations in many

cases including broad-band type responses and low-frequency responses (with

accordingly narrow bandwidths). For a narrow-band response at a relatively

high peak frequency, however, signal recycling seems to be a better choice, as

long as a reasonably long storage time in the arm can be achieved.

It is shown in Chapter 2 that the detection scheme affects the normalized

response of an optical configuration, though its dependence is relatively small.

The phase of the local oscillator relative to the signal sidebands determines the

amount of the signal which can be detected for given upper and lower sidebands.

If these two are symmetric as in a broad-band response, the signal is pure phase

modulation and the amount of the signal which can be detected is proportional

to the amplitude of one of the sidebands.

The sensitivities in the presence of thermally induced distortions of the

beam were estimated in Chapter 5. As expected, resonant sideband extraction

is advantageous when thermally induced distortion becomes significant, espe-

cially for broad-band purposes. It is also shown that the use of the sensitivity

theorem described above makes the discussion easier and more straightforward

in considering such a non-linear problem.
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Assuming fused silica as the substrates of optical components and coat-

ing losses of state-of-art level, the amount of energy that can be stored in an

optical system is likely to be limited by thermally induced distortions. Unless

either lower coating loss or better substrate material will be available, somewhat

more complicated optical configurations will be necessary. Again in such cases,

an application of resonant sideband extraction with some modification will be

useful.

There are, however, things left to be done before the use of resonant side-

band extraction. One of the biggest problems is controlling the position of each

optical component. As is discussed in Chapter 2, all the relative positions of

the optical components must be kept appropriately (within a certain tolerance)

in order to make the interferometer work at its best sensitivity. To achieve

this with the help of a feedback control system, it is necessary to measure the

relative positions of optical components with moderately good sensitivities.

The increasing number of optical components makes this problem more

difficult. In this aspect, resonant sideband extraction is less favorable due to

its more complicated optical layout. The difficulty arises not only from the

information required to control all of the optical components but also from

the necessity of separating the pieces of information contained in one of the

detected signals. Although this does not degrade the principal advantages,

detailed analysis must be carried out in order to solve this problem.

Another problem left to be solved is the detection of the differential phase

of the Michelson interferometer, which contains the possible gravitational wave

signals. A good efficiency of detecting the signal-induced sidebands is required

and there are several schemes proposed for this purpose, as described in Chap-

ter 2. Among them, external modulation can always be used, however at the

expense of a relatively complicated optical layout. In order to apply other

schemes, e.g. pre-modulation, to resonant sideband extraction, a detailed anal-

ysis will be required because of the presence of the signal extraction mirror.

In addition, the spurious signal caused by the motion of the signal extraction

mirror must also be considered carefully.
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Appendix A: An additional factor of two

The additional factor of two in eq. (3.2) is a subtle, but a non-negligible

point. In short, this arises from two factors, both due to the virtue of a Michel-

son interferometer. The explanation is, however, not so straightforward and

thus the author postponed it. Here it is discussed, though only briefly.

What is being discussed in 3.2.3 and the successive sections is the effect

of a gravitational wave on the light propagating perpendicularly to it. One of

the arms of an interferometer produces the signal sidebands according to the

normalized response G(ω). If the incident light has power of P0, its amplitude

is given by a0 =
√
P0/Z0 and the amplitude of a single sideband is expected

to be G(ω) a0.

In fact, however, the light from the source is first divided into the two arms

by a beamsplitter. Assuming that the beamsplitter has a power reflectivity and

a transmittance of ρ2 = τ2 = 0.5 , the ‘effective’ input amplitude in each arm is

a0/
√

2 (we ignore the effects of power recycling or signal recycling since they are

included in the normalized response). Then the amplitude of a single sideband

produced in one arm is given by G(ω) a0/
√

2 .

Assuming a gravitational wave with optimum propagation axis and polar-

ization (as is assumed throughout this paper), the other arm has the same effect

but in the opposite polarity. The light from the two arms are recombined at

the beamsplitter so that the sidebands from the two arms are added linearly at

the detecting output. Thus the total sideband produced in an interferometer

is as(ω) =
√

2G(ω) a0. This is
√

2 more than the amplitude expected from only

one arm with the same (total) light power.

This is a natural consequence of the quadrupole nature of a gravitational

wave; the correlation between the two arms improves the sensitivity by a factor

of
√

2 from that expected for one arm. In terms of scattering cross-sections, the

effective cross-section of two orthogonal arms is twice that of one arm with the

same length.

Another factor of
√

2 is a little more complicated to explain, although it

comes from a similar origin. Just as the ‘input’ (not optical but for gravitational
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waves) of a Michelson interferometer has a correlation between the two arms,

the ‘output’ from an interferometer has a correlation.

As is discussed in 2.4.1, the signal of the differential phase appears equally

in the photo-currents of the two detectors in differential method. By taking the

difference of the two photo-currents, the signal is summed linearly whereas the

noise is added quadratically. This, again, results in an improvement of
√

2 on

the signal-to-noise ratio.

The above discussion can explain the reason of the factor in the differential

method. Many interferometers are, however, operated at a dark fringe in order

to separate the carrier and the signal sidebands (see 2.4.2). If, for example,

the internal modulation scheme is used, only one of the interfering outputs is

detected by a photo-detector. Then, the correlation between two photo-currents

cannot explain the factor of
√

2 .

In such a case, the interferometer must be modulated near a dark fringe.

Then the photo-current, which determines the amount of shot noise, is also

modulated at twice the frequency modulating the interferometer. The amount

of signal is proportional to the local oscillator amplitude, whereas the averaged

photo-current is half the square of the local oscillator amplitude, as can be seen

in eq. (2.35). Thus, a factor of
√

2 can be gained compared with the case of a

local oscillator at DC range.

This can also be understood as the correlation of the two slopes of a Michel-

son interferometer, utilized in the time domain. In this case the phase is ‘mea-

sured’ twice, once at each side of a dark fringe, during one modulation period.

When the photo-current is demodulated, the signals at these two slopes are

summed linearly and the noise contributions are added quadratically. Thus,

this gives a similar effect to the previous case.

Although what are discussed here are relatively simple detection schemes

only, similar effects are expected in more complicated cases. Thus, the author

assumes that the relation given in eq. (3.2) is a universal one which is always

satisfied in any detection scheme.
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Appendix B: Basic assumptions

In order to plot the normalized responses shown in Chapter 3, it is necessary

to determine the associated parameters. Many of them are derived from others

according to the requirements from the desired response. There are, however, a

few parameters which must be given a priori , from which others are determined.

Among them are the arm length of the interferometer, the minimum loss per

reflection upon a mirror, the loss inside the substrate of a transmitting optics,

the loss at an anti-reflection surface with non-zero reflectivity, and the loss due

to the imperfect visibility.

The assumptions the author used in this paper in plotting the normalized

response are as follows:

ℓ = 3 km

C0 = 0.99

Amin = 25 · 10−6 = 25 ppm

Asub = AAR = 0 .
(B1)

As can be seen in the list, the losses inside a substrate and at an anti-reflection

surface are assumed to be zero, since they are usually less significant than those

due to the imperfect visibility. If one expects a much better visibility (or a

much worse substrate or anti-reflection coating), they must also be taken into

account. These are, however, merely assumptions and their validity must be

discussed.

In some cases, the author discussed ‘ideal’ interferometers. In such cases,

the visibility C0 is assumed to be unity. The minimum loss per reflection is,

however, assumed to be finite since otherwise the amount of energy stored (or

the power recycling gain) will be infinity (see eq. (3.5)), which is impractical

and meaningless.

Using the above values, a normalized response |G(ω)| typically has a value

of the order of ∼1013 (see eq. (B4)). Such a big number is, however, less conve-

nient to handle. In addition, the upper and lower sidebands must be summed,

according to eq. (3.51), before making the plots. Thus, the author used the

normalized sensitivity as the vertical scale of the figures, whose definition is

G′(ω) =
4

ω0 t3km
× G(ω) =

4

ω0 t3km
×

[
G(ω) +G∗(−ω)

]

≈ 1.1 · 10−10 ×
[

λ

1µm

]
×

[
G(ω) +G∗(−ω)

]

where t3km = 2 × (3 km)/c ≈ 20µs .

(B2)
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As can be seen in eq. (3.51), the sum of the two sidebands’ responses reduces to

twice the single sideband in broad-band cases.

Using the normalized sensitivity defined above, the noise-equivalent (linear)

spectral amplitude of gravitational waves is given by

h̃(ω) =
1

2 G(ω)

√
2h̄ω0

P0
=

2

G′(ω)

√
2h̄ω0/P0

ω0 t3km

≈ 1.1 · 10−20/
√

Hz ×
[
G′(ω)

1

]−1[
P0

10 W

]− 1
2
[

λ

1µm

] 1
2

.

(B3)

Note that this depends on the power and the wavelength of the light source.

The dependence on the arm length is, however, absorbed in the normalized sen-

sitivity so that one can compare the normalized sensitivities of interferometers

with different arm lengths.

From the sensitivity theorem, the normalized response at the peak fre-

quency ωp is limited by

∣∣G(ωp)
∣∣ ≤ 1

2

ω0

4

√
2ℓ/c

∆fNB

√
1−Amin

Amin

<∼ 2.1 · 1013 ×
[

λ

1µm

]−1[
∆fNB

100 Hz

]− 1
2
[

ℓ

3 km

] 1
2
[ Amin

25 ppm

]− 1
2

.

(B4)

Similarly, the normalized sensitivity is limited by

∣∣G′(ωp)
∣∣ ≤ 1

2 t3km

√
2ℓ/c

∆fNB

√
1−Amin

Amin

<∼ 100 ×
√
Neff ×

[
ℓ

3 km

][ Amin

25 ppm

]− 1
2

<∼ 2.2 · 103 ×
[

∆fNB

100 Hz

]− 1
2
[

ℓ

3 km

]− 1
2
[ Amin

25 ppm

]− 1
2

,

(B5)

where Neff = (c/2ℓ)/∆fNB is the ‘effective number of transits’ in the arm. This

is the ‘yardstick’ of the values of the normalized sensitivity.

The assumptions eq. (B1) are not necessarily fair all the way. A typical

example is the non-linearity discussed in Chapter 5. Even without such effects,

however, the losses may depend on other conditions. For example, the minimum

loss per reflection may depend on the reflectivity of the mirror, because the

higher reflectivity requires more layers of coating which may result in a bigger

loss.
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What is more serious is the loss due to the imperfect visibility; it may

depend, for example, on the number of reflections in the multi-reflecting arms.

It is expected that there will be more distortion of the wave front with more

reflections in the arms, and thus the visibility deteriorates. The situation will be

more complicated when Fabry-Perot cavities are used in the arms—the visibility

may depend on the finesse of the arm cavities, but in a manner which is not

yet understood. Furthermore, the visibility will improve if a signal recycling

or extraction mirror is present in front of the photo-detector, as is discussed in

5.2.5.

In plotting the normalized responses, however, all these effects are neglected

and a constant visibility is assumed. Thus, the comparison here may not be

fair for some of the configurations, such as a dual recycled interferometer with

a few bounces in the arms. The better comparison can be made if all the con-

figurations are compared using proper parameters, preferably measured under

appropriate conditions.

There is, however, no systematic data on these points, especially for large

beams which will be used in a full scale interferometric gravitational-wave detec-

tor. This is the reason why the author had to use relatively ‘simple’ assumptions.

With the more realistic data, some of the conclusions may alter.
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Appendix C: Cancellation of phase delay

The behavior of a three-mirror coupled cavity described in 4.3 can be par-

tially understood as the rotation of the oblique line in Fig. 4.10. An alternative

way of understanding the behavior is to investigate the phase shift inside the

three-mirror coupled cavity. This allows one to get a qualitative understanding

of resonant sideband extraction without referring to Fig. 4.10.

In general, the resonance feature is determined by the phase rather than the

amplitude. The reason why a cavity has a finite linewidth is the phase delay, i.e.

the difference in phase shift between different frequency components, incurred

while travelling a finite distance. The reflectivities of the mirrors determine the

sharpness of the multiple interference inside the cavity, and thus the tolerable

phase shift per round trip to maintain the resonance condition. When light of a

particular frequency is resonant with a cavity, that of a different frequency will

incur a different phase shift while travelling the cavity length and thus may not

be resonant with the cavity.

In our application, what is of interest is the linewidth of the ‘tentative

cavity’ used in the brief discussion in 4.1.3. The phase difference ∆φa between

different frequency components (with difference of ∆ωm) while travelling the

arm cavity length ℓa is given by

∆φa = (2ℓa/c) × ∆ωm or
dφa

dωm
=

2ℓa
c

. (C1)

This coefficient is determined by the arm length and is always positive. Since

the phase φa appears negative in e−iφa , this means a phase delay .

The phase shift during the ‘round trip’ of the tentative cavity is the sum of

the phase delay while travelling the arm and the phase shift upon the reflection

from the ‘compound mirror’. The latter is determined by the reflectivities of

the mirrors and the length of the compound mirror, as

d

dωm

6 ρCM(ωm) =
dφs

dωm
× d

dφs

6 ρCM(φs) =
2ℓs
c

× d

dφs

6 ρCM(φs) . (C2)
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Here the second factor is determined only by the reflectivities of the mirrors. If

the compound mirror is under-coupled, this factor can be positive, i.e.

d

dφs

6 ρ
CM

(φs) =
d

dφs



arctan

1−(ρc)
2

ρc
sin 2φs

1+(ρs)2

ρs
− 1+(ρc)2

ρc
cos 2φs





=
2 · 1−(ρc)

2

ρc

[
1+(ρs)

2

ρs
cos 2φs − 1+(ρc)

2

ρc

]

[
1+(ρs)2

ρs

]2

+
[

1+(ρc)2

ρc

]2

− 2
[

1+(ρs)2

ρs

] [
1+(ρc)2

ρc

]
cos 2φs − 1

4 sin2 2φs

≃
2 · 1−(ρc)

2

ρc

1+(ρs)2

ρs
− 1+(ρc)2

ρc

=
2ρs[1 − (ρc)

2]

(ρc − ρs)(1 − ρsρc)
> 0 (for φs ≃ 0) ,

(C3)

within a limited region around the resonance, as can be seen in Fig. 4.8. This

has the effect of cancelling the phase delay incurred while travelling the arm

cavity.

On the other hand, the first factor in eq. (C2) is determined by the length

of the signal extraction cavity. Thus, it is possible to compensate the phase

delay incurred while travelling the arm cavity by adjusting this factor. This

is, however, possible only within a limited frequency range, and the range in

turn gets narrower by elongating the signal extraction cavity. Furthermore, the

tolerable phase delay in a round trip also varies since the signal extraction cavity

has a frequency-dependent reflectivity.

Provided that the signal extraction cavity linewidth is broad enough, only

the cancellation around the resonance is significant. This reduces the sharpness

of the curve at the peak of the resonance. Elongating the signal extraction

cavity makes the cancellation stronger, and thus the top of the curve becomes

a ‘plateau’ rather than a ‘peak’ (see Fig. 4.15). At the same time, however,

the linewidth of the signal extraction cavity gets narrower and thus the initial

assumption may become invalid.

When the signal extraction cavity linewidth becomes comparable (not nec-

essarily equal) to that of the arm cavity, a resonance peak appears at each end

of the signal extraction cavity linewidth (see Fig. 4.15). This is because the sig-

nal extraction cavity has higher reflectivities at slightly off-resonant frequencies

than the exact resonance frequency, which improves the sensitivity at these fre-

quencies. This is only true within the linewidth of the signal extraction cavity

where the phase cancellation applies.
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Further elongation makes the linewidth of the signal extraction cavity even

narrower, thus the two resonance peaks move even closer to each other. At the

same time each peak becomes higher, since the reflectivity becomes higher at

the frequency where the amount of phase shift upon the reflection matches to

the phase delay along the arm. In this case the phase may actually be ‘over-

compensated’ at the carrier frequency and thus a ‘notch’, instead of a peak, will

be formed at the carrier frequency (see Fig. 4.15 in 4.3.4).

Due to these complexities, it is not so easy to find the appropriate length

of the signal extraction cavity. This effect is, however, relatively small—the

increase in the bandwidth measured at the −3 dB point is typically no more

than a factor of two. Furthermore, this effect has a significance only with a

quite long signal extraction cavity (typically >∼ 1/10 of the arm cavity length).

Thus, the cavity length may be limited by practical conditions rather than

suitability.
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Appendix D: Derivation of narrow-band parameters

The frequency response of resonant sideband extraction is dominated by

the effect of the signal cavity given in eq. (4.15). Since the absolute value of

its numerator is constant, the resonance feature is mainly determined by the

denominator. Assuming the signal extraction cavity length to be infinitesimal,

the denominator can be written using the light frequency ω as

D(ω, ψ) = 1 − ρsρce
−iψ − ρcρre

−iωta + Aρsρre
−i(ωta+ψ). (D1)

Here A = (1−Ac) and ψ is the amount of detuning of the signal extraction

cavity at the carrier frequency measured in radian.

To choose the optimum tuning for a given target frequency ωz, one need

to find ψ0 which minimizes the absolute value of D(ψ) = D(ωz, ψ). Differenti-

ating the square of the absolute value of a complex-value function (by its real

argument) gives

∂
∂ψ

|D|2 = ∂
∂ψ

(DD∗) = D ∂
∂ψ
D∗ +D∗ ∂

∂ψ
D = 2 ℜ

{
D ∂
∂ψ
D∗

}

= 2
(
ℜ

{
D

}
ℜ

{
∂
∂ψ
D

}
+ ℑ

{
D

}
ℑ

{
∂
∂ψ
D

})
.

(D2)

Using this, the condition required in the present problem can be written as

0 = ℜ
{
D

}
ℜ

{
∂
∂ψ
D

}
+ ℑ

{
D

}
ℑ

{
∂
∂ψ
D

}

= ρs

{
ρc sinψ0 −Aρr sin(ωzta+ψ0)

+ (ρc)
2ρr(sinωzta cosψ0 − cosωzta sinψ0)

+ Aρc(ρr)
2 [sin(ωzta+ψ0) cosωzta − cos(ωzta+ψ0) sinωzta]

}

= ρsρr sinψ0 ×
{
(ρc/ρr)[1+A(ρr)

2] − [A+(ρc)
2] cosωzta − [A−(ρc)

2] sinωzta cotψ0

}
.

(D3)

One of the solutions of this equation is

ψ0 = arctan

[
A− (ρc)

2
]
sinωzta

(ρc/ρr) [1 + A(ρr)2] − [A+ (ρc)2] cosωzta
, (D4)

which is presented in eq. (4.29). Note that this does not depend on ρs, the

effective reflectivity of the signal extraction mirror.

If the signal extraction cavity has a finite length, its effect must be taken

into account. The tuning at the target frequency must be ψ0, and detuning at
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the carrier frequency must be less than this by the phase shift inside the signal

extraction cavity. Subtracting this effect results in

ψχ = ψ0 − ωzts = ψ0 − χωzta , (D5)

as is shown in eq. (4.30). Again, remembering the tile pattern and the oblique

line shown in Fig. 4.11 is helpful for the understanding of this problem.

Once the amount of detuning is determined as described above, it is conve-

nient to consider the locus of D(ω) = D(ω, ψ0) in the complex plane along the

change of ω. At the peak frequency, |D(ω)| must be the minimum, i.e. the locus

must be closest to the origin (0, 0). When detuning is optimized, the target

frequency ωz can be assumed to be close to the peak frequency. This will be

true in most of the narrow-band purposes with Q = ωp/(2π∆f3dB) >∼ 1.

Under such conditions, D(ω) can be approximated around D(ωz) by taking

up to the first order terms of ω,

D(ω) ≃ D1(ω) = D(ωz) + (ω−ωz)
∂
∂ω
D(ωz)

= D(ωz) − ita(ω−ωz) Ḋ(ωz)
(D6)

where
Ḋ(ω) = −1

ita

∂
∂ω
D(ω) = −ρcρre−iωta + Aρsρre

−i(ωta+ψ)

= −ρre−iωta(ρc − Aρse
−iψ) .

(D7)

(This definition of Ḋ(ω) is to keep it dimensionless.)

The locus of D1(ω) in the complex plane is a straight line which passes

through D(ωz), and it must be compared with that of D(ω) to confirm the

validity of the approximation. If the locus of D1(ω) is close enough to that of

D(ω), ωp which minimizes |D1(ω)| can be considered as being an approximation

of ω′
p which minimizes |D(ω)|.
If |D1(ω)| has a minimum at ωp, the vector to point D1(ωp) must be or-

thogonal to the locus of D1(ω) (see Fig.D.1), i.e.

D1(ωp) ⊥ ∂
∂ω
D1(ω) . (D8)

Since the first term of D1(ω) in eq. (D6) is just an offset, this means

D1(ωp) ⊥ itaḊ(ωz) or D1(ωp) ‖ Ḋ(ωz) . (D9)
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Figure D.1: The loci of D(ω) and its approximation D1(ω) (see eqs. (D1)
and (D7) in the text for their definitions), although they are scarcely dis-
tinguishable. The point of the peak frequency D(ωp) is not necessarily the
same as that of the target frequency D(ωz). The 3 dB bandwidth is obtained
as the range within which the length of the vector remains ≤

√
2 times of

the minimum at D(ωp).

This can be rewritten as

0 = ℑ

{
D1(ωp)

Ḋ(ωz)

}
= ℑ

{
D(ωz) − ita(ωp−ωz) Ḋ(ωz)

Ḋ(ωz)

}

= ℑ

{
D(ωz)

Ḋ(ωz)

}
− ta(ωp−ωz) .

(D10)

Thus, the first relation in eq. (4.31) can be obtained

ωp = ωz +
1

ta
ℑ

{
E(ωz, ψ0)

}
(D11)

where

E(ω, ψ) =
D(ω, ψ)

Ḋ(ω, ψ)
=

1 − ρsρce
−iψ − ρcρre

−iωta + Aρsρre
−i(ωta+ψ)

−ρcρre−iωta + Aρsρre−i(ωta+ψ)

= 1 − 1 − ρsρce
−iψ

ρre−iωta(ρc − Aρsρre−iψ)
,

(D12)

using the definitions in eqs. (D1) and (D7). This is what is shown in eq. (4.32).
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The 3 dB bandwidth is measured at the two points whose distances from

the origin are 3 dB ≈
√

2 times longer than that of the minimum (see Fig.D.1).

Since the locus of D1(ω) is orthogonal to D(ωp), the above condition can be

written as

(1 ± i) ×D1(ωp) = D1(ω±) = D1(ωp) − ita(ω±−ωp) Ḋ(ωz) . (D13)

Thus we obtain

−ita∆ω = −ita(ω+ − ω−) = 2iD1(ωp)/Ḋ(ωz) . (D14)

In the above equation, D1(ωp) can be written, from the relation in eq. (D9), as

D1(ωp) = D(ωz) − ita(ωp−ωz) Ḋ(ωz)

=

{
D(ωz)

Ḋ(ωz)
− ita(ωp−ωz)

}
Ḋ(ωz) = ℜ

{
D(ωz)

Ḋ(ωz)

}
Ḋ(ωz) .

(D15)

Using this result, the second relation in eq. (4.31)

∆f3dB =
|∆ω|
2π

=
1

πta

∣∣ℜ
{
E(ωz, ψ0)

}∣∣ . (D16)

is obtained.
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Appendix E: Et cetera

If the interaction between a gravitational wave and light can be thought

of as being a ‘scattering’, there are a few things worth commenting on. The

discussions here are actually not of practical use. They might, however, be in-

teresting issues when one compares interferometric gravitational-wave detectors

with other type of detectors.

In a broad-band detector, a gravitational wave produces the upper and

lower sidebands. The upper sideband has more energy than the carrier which is

received (or absorbed) from the gravitational wave, whereas the lower sideband

has less energy, which is lost as (or emitted into) the gravitational wave. The

difference of energy from the carrier is the same amount in both cases, thus no

energy is lost from the gravitational wave according to conservation of energy.

Thus, it can be considered as an elastic scattering.

On the other hand, in the single sideband case a part of the gravitational

wave energy may be absorbed by a photon, causing an inelastic scattering by

the detector. Furthermore, if the detector is optimized for the lower sideband,

a part of energy is lost from a photon. This should be thought of as being

a gravitational wave ‘emitted’ by a photon. This can be understood in close

analogies to stimulated emission and absorption of a photon by an atom. One

question (which the author cannot answer) is: What will happen to conservation

of spin in this case? Does a photon change its spin by absorbing or emitting a

graviton (which has a spin of two)? Does this cause any effect on the detection

process?

From eq. (3.58), the effective scattering cross-section of the detector can be

estimated as ∼1.6 · 10−25 m2 —which is an extremely small value considering the

physical size of a detector. This is, as mentioned in 3.5.3, due to the weakness

of gravitational interactions. Another disadvantage of an optical detector is the

smallness (or tininess) of the energy per photon. The product of the last two

factors in eq. (3.58)

αG ×
(2πh̄c/λ

Mpc2

)2

≈ 1.0 · 10−56 ×
[

λ

1µm

]−2

(E1)

indicates the weakness of a typical probability of gravitational interaction be-

tween photons.

This disadvantage of using photons as interacting media is partially com-

pensated by the fact that photons are bosons. This makes it possible to store
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in a single state as many photons as needed—in our case, 1020 photons are

required to achieve the desired sensitivity. An interferometer using particles

with heavier (rest) masses, e.g. an electron interferometer or even a neutron

interferometer, may be advantageous in terms of the probability of interaction,

or the scattering cross-section. These particles are, however, fermions and each

particle must occupy a different state, which makes it difficult to predict the

behavior of the detector.

Another advantage of using light as the interacting media is the readiness to

reach the quantum-noise limited sensitivity. For ‘optical’ frequencies, h̄ω0≫kBT ,

i.e. a photon has much more energy than the typical thermal energy. This makes

it possible to forget about ‘thermally excited’ photons completely, which is a

big difference from resonant mass detectors. Although this type of detector has

a much bigger scattering cross-section to gravitational waves than an optical

detector, its sensitivity is likely to be limited by thermally excited motions

which cannot be distinguished from that excited by gravitational waves.

In the above paragraph, the term ‘thermally excited’ was put in quotation

marks because it is used for the narrowest meaning which is a less common def-

inition. What the author meant here is the photons excited purely by thermal

origin—in other words, the photons due to the Planck radiation. A more com-

monly used meaning of ‘thermal noise’ in an optical detector is the conversion

of a photon from one state to another due to the coupling with the thermally

excited motion of the optical components. Since we have so many photons in a

single state, any small perturbation may convert a few (or more) of them into

other states.

Thermal noise in the latter sense is another serious problem in interfero-

metric gravitational-wave detectors, though it is rarely mentioned in this paper.

This can reduce the number of photons which are useful as interacting media,

and, moreover, this may cause spurious signals by converting a photon into the

mode we detect. Then it may not be possible to distinguish it from that due to

gravitational waves, just as in the resonant mass detector case.

The coupling of thermally excited motion of a mirror with the photons are

investigated in Refs. [50] and [51]. According to these results, the coupling of

relatively high order vibration modes with the fundamental optical mode (which

we use as the interacting medium) seems to be a serious problem. Fortunately,

this coupling can be suppressed by using the mode cleaning effect of cavities

described in 5.2.5. To achieve a good suppression factor, however, one needs
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to use relatively high finesse cavities in order to suppress the coupling with the

most sensitive optics, i.e. the main test mass mirrors.

In this respect, resonant sideband extraction is advantageous not only be-

cause it utilizes high finesse cavities in the arms but also because the signal

extraction cavity effectively has a mode selective reflectivity1). If the relevant

parameters are chosen properly, it is resonant practically only with the (optical)

fundamental mode. Then it suppresses all the optical higher order modes which

are caused by the surface irregularity (static scattering) or by thermally excited

motions of the mirrors (dynamic scattering).

In a quantum mechanical view, the probability of transition from one state

to another depends on the mode density around the final state, as can be seen

in eq. (3.59). Cavities, especially multi-mirror coupled cavities like the signal

cavity of resonant sideband extraction, in general have an effect of changing the

mode density inside it. Thus, it is possible to reduce the mode density around

the relevant higher order modes, i.e. the modes that are expected to couple

strongly with the spatial fluctuations.

The relevant parameters must, however, be chosen carefully to utilize this

effect since this can work also in the other way, i.e. it can enhance one of

the unwanted higher order modes. The resonance feature of scattered light is

determined by tuning defined in eq. (5.22). In the ‘dynamic’ case, both mode

number and the frequency of the vibration is important. To avoid the spurious

signal inside the observation frequency range, the tuning at that frequency and

in the mode expected to be produced must be off-resonant.

1) This concept was initially proposed by Meers [49] for the use in signal recycling scheme.
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Appendix F: Frequency response and the local oscillator

As is discussed in 2.3.4, the frequency response of a narrow-band config-

uration depends on the phase of the local oscillator that detects the signal

sidebands. In Chapters 3 and 4, the author assumed the detection of the ‘phase

modulation component’, since it is the best scheme for broad-band responses,

it is the scheme used in present prototypes, and altering it to other schemes

does not make big differences. In order to show the last point, we consider here

the effect of the phase of the local oscillator taking dual recycling and reso-

nant sideband extraction as examples (they are the only ‘realistic’ narrow-band

configurations).

For a broad-band response, the signal is a pure phase modulation and

the phase of the local oscillator affects the sensitivity sinusoidally, as shown

in eq. (2.33). On the other hand, if the signal is a pure single sideband, the

local oscillator phase does not affect the normalized response at all. Thus, it is

expected that the effect of the local oscillator phase will be most significant when

the upper and lower sidebands have different but comparable (real) amplitudes.

In this appendix, we take such ‘extreme’ cases as examples in order to show the

effects clearly. Although there will be similar effects in other cases, they may

not be as significant as those shown here.

Fig. F.1 shows the (real) amplitude of the signal sideband in the interfer-

ometer using dual recycling with detuning, before summing the upper and lower

ones. Zero-frequency corresponds to the carrier frequency, and the positive and

the negative frequencies correspond to the upper and lower sidebands, respec-

tively. Even if the signal recycling cavity is tuned to the upper sideband, the

lower sideband can have a smaller but non-negligible amplitude, as can be seen

in the figure. This affects the normalized response when the two sidebands are

summed, as is illustrated in Fig. F.2. The peak frequency as well as the band-

width varies with the local oscillator phase, but only by a small fraction. There

is stronger dependence at out-of-resonance frequencies.

It can be seen that the sensitivities at lower frequencies and higher frequen-

cies are not compatible, i.e. choosing the local oscillator phase which maximizes

one of them makes the sensitivity in the other region worse. This can be under-

stood by considering that the phase of the upper sideband varies by π radian

with the frequency around the resonance, whereas that of the lower sideband

does not change so much. There may be a local oscillator phase which gives the
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Figure F.1: The amplitude of a single sideband in a dual recycled inter-
ferometer with various amounts of detuning (keys indicate them measured
in radian). The shape of the response does not change; only the peak fre-
quency moves with detuning. The horizontal axis represents the frequency
offset from the carrier; the positive and negative ones corresponds to the up-
per and lower sidebands, respectively. The parameters assumed are N=20
and ρ2

SR≈ 0.95.
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Figure F.2: The normalized responses of a dual recycled interferometer
with different local oscillator phases. Keys indicate the local oscillator phase;
0 corresponds to detecting the phase modulation component and π

2
corre-

sponds to detecting the amplitude modulation component of the signal car-
ried by the upper and lower sidebands. The detuning of the signal recycling
cavity is 0.125 radian and other parameters are the same as Fig. F.1.
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Figure F.3: The amplitude of a single sideband in an interferometer with
resonant sideband extraction, with various amounts of detuning (keys indi-
cate them measured in radian). The peak frequency as well as the band-
width varies with detuning. The parameters assumed are Farm ≈ 1240, and
ρ2
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Figure F.4: The normalized responses of an interferometer with resonant
sideband extraction, with different local oscillator phases. Keys indicate the
local oscillator phase as explained in Fig. F.2. The detuning of the signal
extraction mirror is 0.6 radian and other parameters are the same as Fig. F.3.
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best compromise for all the frequencies, but it will depend on the parameters

used as well as the observation purpose.

In the application of a narrow-band response, however, only the sensitivity

around the resonance peak will probably be of interest. Furthermore, in such

cases the bandwidth of the signal recycling cavity will be narrower than in the

example shown here, in order to achieve the higher peak sensitivity. Then the

lower sideband will have smaller amplitude and thus weaker dependence on the

local oscillator phase is expected.

In a similar way to the dual recycling case, the normalized response of an

interferometer using resonant sideband extraction with detuning depends on

the local oscillator phase. The amplitude of the single sideband in this case

is shown in Fig. F.3 and the normalized response with various local oscillator

phases are illustrated in Fig. F.4, each corresponding to Fig. F.1 and Fig. F.2 in

the previous case.

The qualitative behavior is quite similar to the previous case, although the

local oscillator that optimizes, for example, low frequencies is different. Again,

there may be best local oscillator phase, but it will depend on the parameters

as well as the observation purpose.

One must, however, be careful that all the present experiments and most

of the analyses are carried out assuming the phase modulation component de-

tection. If one alters the detection scheme, some of the well-known behavior

may be also altered. Although a detailed analysis is left to be done, what the

author can imagine as an example is the effects from the fluctuation of the light

source, either in the frequency or the amplitude.

The present knowledge (see, for example, Ref. [25]) is derived assuming

that the phase modulation component of a broad-band response is detected. In

a narrow-band interferometer, especially when the detection scheme is altered,

the response of the interferometer to the fluctuation of the light source may

change from that in the previous experience.
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G.1: Paraxial equation

The spatial distribution of the amplitude of electro-magnetic waves, often

called modes, can be obtained as solutions of the paraxial wave equation2)

[(
∂2

∂x2
+

∂2

∂y2

)
− i2k

∂

∂z

]
Ψ(x, y, z) = 0 , (G1)

which corresponds to an approximation of the wave equation

[(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
− 1

c2
∂2

∂t2

]
E(x, y, z, t) = 0 (G2)

with the assumptions of 1) single polarization, 2) the wave propagating along

the z-axis, and 3) the intensity is concentrated near the propagation axis (in

this case the z-axis). Eq. (1) can be obtained by inserting

E(x, y, z, t) = u ℜ

{
aΨ(x, y, z) exp{ i(ωt−kz) }

}
(a ∈ C) (G3)

into eq. (2) and by ignoring the second derivative of Ψ with respect to z (i.e.∣∣ ∂2

∂z2
Ψ

∣∣ ≪
∣∣2k ∂

∂z
Ψ

∣∣). Here u is the unit vector to represent the polarization and

a is a constant factor that represents the magnitude of the amplitude.

It should be noted in eq. (3) that the definition of Ψ(x, y, z) does not con-

tain the waving factor exp{ i(ωt−kz) }. Thus Ψ(xp, yp, zp) must be understood

as the complex amplitude of the oscillation at the point (xp, yp, zp), not the os-

cillation itself. The whole Ψ(x, y, z) can be considered as the spatial distribution

of the complex amplitude of the wave propagating along the z-axis.

The intensity, the spatial distribution of the power, is obtained by squaring

the absolute value of the amplitude, i.e. | aΨ |2. The total power carried by the

electro-magnetic wave is obtained by integrating the intensity over the surface

perpendicular to its propagation axis (i.e. z=const.),

P =
| a |2
Z0

∫ ∞

−∞
dx

∫ ∞

−∞
dy

∣∣Ψ(x, y, z)
∣∣2

where Z0 =
√
µ0/ε0 = 1/(c ε0) ≈ 376.7 Ω .

(G4)

2) The following analysis is based on [57, 59], with some notations replaced.
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Here the proportional constant Z0 is called the characteristic impedance of

the vacuum3). The fact that both electric and magnetic fields carry the same

amount of power is also taken into account. It should be noticed that the total

power does not depend on z from the conservation law.

Since the constant factor a in eq. (4) represents the magnitude of the am-

plitude, it will be convenient if Ψ is defined so that it will be dimensionless after

the spatial integration. Under this condition, the dimensions of a and Ψ will be

(V) and (1/m), respectively. It will especially be useful if Ψ is normalized so

that the integration will be unity. We will return to this point later.

G.2: Fundamental Gaussian mode

In rectangular coordinates, Ψ can be separated into a product of the solu-

tions of the x- and y-axes components, i.e.

Ψ(x, y, z) = Ψx(x, z) × Ψy(y, z) , (G5)

where Ψx(x, z) must satisfy a differential equation

[
∂2

∂x2
− i2k

∂

∂z

]
Ψx(x, z) = 0 , (G6)

and so must Ψy(y, z), replacing x by y.

One of the simplest solution of eq. (6) can be obtained by assuming a solu-

tion with the form of

Ψx(x, z) = A(z) exp

{
− ik

2

x2

B(z)

} (
A(z), B(z) ∈ C

)
. (G7)

Inserting this into eq. (6) requires two functions A(z) and B(z) to satisfy

dB(z)

dz
= 1 and

dA(z)

dz
= − A(z)

2B(z)
, (G8)

which can be solved as

B(z) = z +Bx and A(z) =
√
Ax/B(z) =

√
Ax/(z +Bx) . (G9)

3) This can be obtained by considering that 1
2
ε0|E|2 represents the electric energy den-

sity and its two-dimensional integration means dE/dz. Multiplying this by dz/dt=c results in
P=dE/dt, the power. If aΨ(x, y, z) in eq. (4) represents the amplitude of the magnetic field
oscillation, then 1/Z0 will be replaced by Z0.
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Then the solution of eq. (6) is written as

Ψx(x, z) =

√
Ax

z +Bx
exp

{
− ik

2

x2

z +Bx

}
. (G10)

Similarly, a solution of Ψy(y, z) can be obtained by replacing x in eq. (10) by y.

By combining the two solutions for the x- and y-axes, we obtain one of the

solutions of eq. (1) as

Ψ(x, y, z) =

√
AxAy

(z +Bx)(z +By)
exp

{
− ik

2

(
x2

z +Bx
+

y2

z +By

)}
. (G11)

Although Bx and By, Ax and Ay are in general independent of each other,

we assume for a while that they are identical (this corresponds to cylindrical

symmetry), i.e.

Ax = Ay = iA0

Bx = By = −zw + izR (zw, zR ∈ R).
(G12)

(Here ‘ i ’ in the upper equation is introduced merely to make the following

expressions simpler.) Then eq. (10) can be rewritten as

Ψ(x, y, z) =
iA0

z−zw + izR

exp

{
− ik

2

x2+ y2

z−zw + izR

}

=
A0 exp

{
i arctan z−zw

zR

}

√
(z−zw)2+ (zR)2

exp

{
−x

2+ y2

2
× ik(z−zw) + kzR

(z−zw)2 + (zR)2

}

=
A0

zR

ww

w(∆z)
exp

{
− x2+ y2

w2(∆z)

}
exp

{
iψ(∆z) − ik

x2+ y2

2R(∆z)

}

(G13)

where






w(z) = ww

√
1 + (z/zR)2 ww =

√
2zR/k =

√
zRλ/π

R(z) = z [1 + (zR/z)
2] ∆z = z − zw

ψ(z) = arctan(z/zR)
[

eiψ(z) = i
√

z−izR
z+izR

= i z−izR|z+izR|

]
.

(G14)

This represents the fundamental Gaussian mode.

The last expression in eq. (13) is helpful in understanding the physical

meanings of the parameters: w(∆z) is the beam radius at z, measured as the

distance from the center (x=y=0) to the point where the amplitude is 1/e of

that on the axis, or equivalently to the point where the intensity is 1/e2. The

beam radius has a minimum value ww at z=zw, the beam waist point.
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The beam radius gets larger as the distance from the waist point increases.

Its divergence ϑ(z−zw) at z (the half angle, from center to 1/e amplitude point)

is given by

ϑ(z) =
dw(z)

dz
=

ww/zR√
1 + (zR/z)2

z→∞−→ ϑ∞ =
ww

zR

=

√
λ

πzR

. (G15)

This can be understood from the Uncertainty Principle. The beam has uncer-

tainties4) ∆x of the position in the x-axis determined by the beam size at the

waist, and ∆px of the momentum in that axis which determines the divergence.

The product of the two uncertainties has a minimum value of h̄/2:

∆x∆px =

(
ww

2

) (
ϑ∞
2

2πh̄

λ

)
=

√
zRλ

π

√
λ

πzR

πh̄

2λ
=
h̄

2
, (G16)

in accordance with the Heisenberg’s Uncertainty Principle.

As the beam diverges, the amplitude at the center correspondingly de-

creases, i.e. proportionally to ww/w(∆z), from the value at the waist A0/zR. The

amplitude at r =
√
x2+ y2 away from the axis is smaller by a Gaussian factor

exp
{
− r2

w2(∆z)

}
with a standard deviation of w(∆z)/

√
2.

The wavefront, which is defined as the surface with a constant phase, has

a curvature radius of R(∆z). The curvature radius is defined to be positive for

diverging beams and negative for converging ones. The absolute value of the

curvature radius |R| is the minimum of 2zR at |∆z| = zR; it becomes infinity,

i.e. a plane wave, at z=zw, and R(z) ≃ z when |z|≫zR. There is also a Guoy

phase shift ψ(∆z) due to the divergence.

As can be seen in eqs. (14) and (15), zR is the most useful parameter from

which all the others can be derived. This, the so-called Rayleigh range, is

measured as the distance along the propagation axis from the waist to the

point where the beam radius is
√

2 times of that at the waist. The region where

|∆z|≪zR is called the near field, in which the beam radius is approximately equal

to that at the waist, whereas in the far field where |∆z|≫zR the divergence ϑ(∆z)

is almost a constant and the curvature radius R(∆z) is roughly equal to the

distance ∆z from the waist. The Guoy phase shift ψ(∆z) varies rapidly with ∆z

in the near field, but slowly in the far field.

If the conditions in eq. (12) are not satisfied, the x- and y-axes have different

waist sizes at different points. This results in an elliptic beam shape whose

4) Note that the uncertainty is given by a radius of ww/2, not ww/
√

2. This is because what
represents the position of a photon is |Ψ|2, not |Ψ|.
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eccentricity varies with the propagation. This may, however, be better to be

considered as a superposition of higher order modes which are described below.

G.3: Hermite-Gaussian mode

From the previous result eq. (10), we can try a little modification in order

to find more complicated solutions of eq. (6). For simplicity, we shift the origin

of the z-coordinate to be zw, then each ∆z can be replaced by z. Keeping the

exponential term to be the same as before, the new trial can be made with a

form of

Ψx(x, z) = A(z)B
( √

2x
w(z)

)
exp

{
− ik

2
x2

z+izR

}
, (G17)

where A(z) and B(ξ) are different from those in the previous result. The new

additional factor B(ξ) is a function of a combination of x and z, from the real

part of the exponent of eq. (10).

By inserting eq. (17) into eq. (6), we obtain a differential equation which

B(ξ) must satisfy,

0 = B̈(ξ)− 2ξḂ(ξ) +
{
−1 + 1

izR

[
z + 2(z2+z2

R
) Ȧ(z)
A(z)

]}
B(ξ)

where ξ =
√

2x/w(z) = x
√
kzR/(z2+z2

R
) .

(G18)

If the inside of the big curly brackets ({· · ·}) is equal to 2m where m is a natural

number (or zero), then this reduces to

Ḧm(ξ) − 2ξḢm(ξ) + 2mHm(ξ) = 0 (m ∈ N0) , (G19)

whose solutions, known as the Hermite polynomials, are given by

Hm(ξ) = (−1)m eξ
2 dm

dξm
e−ξ

2

or
H0(ξ) = 1

H1(ξ) = 2ξ

H2(ξ) = 4ξ2 − 2

H3(ξ) = 8ξ3 − 12ξ

H4(ξ) = 16ξ4 − 48ξ2 + 12

H5(ξ) = 32ξ5 − 160ξ3 + 120ξ

.

.

.

(G20)

ignoring the arbitrary constant factor.

For the Hermite polynomials to be the solution of eq. (6), the condition

mentioned above

2m = −1 + 1
izR

[
z + 2(z2+z2

R
) Ȧ(z)
A(z)

]
(G21)
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must be satisfied. This results in a form of A(z) as

A(z) =
√
Ax

exp
{
i2m+1

2 arctan z
zR

}

4
√
z2 + z2

R

. (G22)

In the end, the solution of eq. (6) can be written as

Ψx(x, z) =
√
Ax

exp
{
i2m+1

2
arctan z

zR

}

4
√
z2 + z2

R

Hm

(
x
√

kzR
z2+z2

R

)
exp

{
− ik

2
x2

z+izR

}

=
√

Ax

zR

ww

w(z) Hm

( √
2x

w(z)

)
exp −x2

w2(z) exp
{
i
[
1
2+m

]
ψ(z)−ik x2

2R(z)

}
,

(G23)

using the definitions in eq. (14). Note that choosing m=0 coincides with the

simplest solution in eq. (10) except for the constant factor.

One may notice the similarity of this to the solution of the harmonic oscil-

lator, whose normalized eigen functions are given by

um(x/σ) =
Hm(x/σ)√
2mm!

√
π

exp
−(x/σ)2

2
= u0(x/σ)

Hm(x/σ)√
2mm!

(m∈N0) , (G24)

where σ is the standard deviation of x in the lowest mode (m=0). By letting

σ = w(z)/
√

2, eq. (23) can be rewritten as

Ψx(x, z) =

√
Axww2mm!

√
π

zRw(z)
um

( √
2x

w(z)

)
exp

{
i
[
1
2
+m

]
ψ(z) − ik x2

2R(z)

}
. (G25)

Since the last factor becomes a pure phase effect, it can be understood that the

Gaussian beam behaves5) as a harmonic oscillator on a wave front, i.e. a surface

of constant phase.

As is well known, um(x/σ) has a typical width of ∼σ
√

1+2m and m zero-

crossing points within this width. These appear as the typical width of the

beam in that axis and the number of the nodal lines, respectively.

It is also known that a set of eigen functions of a Harmonic oscillator

{um(x/σ), m∈N0} composes a complete set, i.e. an arbitrary function Ψ(x) can

be represented as a superposition of these functions, as

Ψ(x) =
∞∑
m=0

Cm um(x/σ) , (G26)

5) More exactly, we were trying to find such solutions.
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by choosing appropriate coefficients {Cm, m∈N0}. To find these coefficients,

another feature of um, ortho-normality6)

∫ ∞

−∞
ul(x/σ) um(x/σ) d

(x
σ

)
=

1

σ

∫ ∞

−∞
ul(x/σ) um(x/σ) dx = δlm (G27)

can be used.

∫ ∞

−∞
um(x/σ) Ψ(x) dx =

∫ ∞

−∞
um(x/σ)

∞∑

l=0

Cl ul(x/σ) dx

=
∞∑

l=0

Cl

∫ ∞

−∞
um(x/σ) ul(x/σ) dx =

∞∑

l=0

σδlmCl = σCm

(G28)

Since there is no restriction on the choice of σ, there is an infinitive number

of sets of {um(x/σ)} to represent a given function Ψ(x), though their coefficients

sets are different from each other. They can, of course, be converted into each

other by using eq. (28):

Clm =
1

σ

∫ ∞

−∞
ul(x/σ) um(x/σ′) dx . (G29)

This matrix Clm with infinity dimension converts the coefficients {Cl} for σ to

{C′
m} for σ′.

As in the fundamental mode case, eq. (25) is a solution for the y-axis as

well when all x are replaced by y. So the solution of eq. (1) can be obtained as

a product of the two:

Ψlm(x, y, z) =
√

2
w(z) ul

(√
2x

w(z)

)
um

(√
2y

w(z)

)
exp

{
i [1+l+m]ψ(z)−ik x

2+y2

2R(z)

}

=

√
2zR/λ

z + izR

Hl

(√
2x

w(z)

)

√
2l l!

Hm

(√
2y

w(z)

)

√
2mm!

exp

{
− ik

2

x2+ y2

z + izR

}
ei [l+m]ψ(z) .

(G30)

This represents the lm-th Hermite-Gaussian mode. This is normalized7) so that

it will satisfy

〈
Ψl′m′

∣∣Ψlm
〉

=

∫ ∞

−∞
dx

∫ ∞

−∞
dy Ψ ∗

l′m′(x, y, z) Ψlm(x, y, z) = δl′lδm′m , (G31)

6) According to the definition, the functions um are dimensionless and must be integrated
without any dimension so that the result will be again dimensionless.

7) The meaning of normalization here is somewhat different from that for the um which
are dimensionless by themselves, whereas Ψ has a dimension of (1/m). Thus, ‘normalized’
may be considered as ‘convenient to handle’.
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by choosing arbitrary constants Ax and Ay to be

AxAy =
zR/λ

2(l+m−1) l!m!
. (G32)

Using the above definition, the power carried by a mode is obtained by

squaring the absolute value of the normalized amplitude alm.

Plm =
|alm|2
Z0

∫ ∞

−∞
dx

∫ ∞

−∞
dy

∣∣Ψlm(x, y, z)
∣∣2 =

|alm|2
Z0

〈
Ψlm

∣∣Ψlm
〉

=
|alm|2
Z0

{ √
2

w(z)

}2
∫ ∞

−∞

{
ul

( √
2x

w(z)

)}2

dx

∫ ∞

−∞

{
um

( √
2y

w(z)

)}2

dy

= |alm|2/Z0

(G33)

It is a00, the normalized amplitude of the fundamental mode, that which is called

normalized amplitude in Chapters 2 through 4 where only the fundamental

mode is considered.

Due to the completeness of um, any solution of eq. (1) can be represented

by a superposition of Hermite-Gaussian modes,

Ψ(x, y, z) =
∞∑
l=0

∞∑
m=0

almΨlm(x, y, z) . (G34)

Furthermore, thanking to its ortho-normality, the total power carried by this

wave can be obtained by summing the power of each mode:

P =
1

Z0

〈
Ψ

∣∣ Ψ
〉

=
1

Z0

∫ ∞

−∞
dx

∫ ∞

−∞
dy

∣∣∣∣
∞∑
l=0

∞∑
m=0

almΨlm(x, y, z)

∣∣∣∣
2

=
1

Z0

∞∑
l=0

∞∑
l′=0

∞∑
m=0

∞∑
m′=0

a∗l′m′alm
〈
Ψl′m′

∣∣Ψlm
〉

=
∞∑
l=0

∞∑
m=0

|alm|2/Z0 =
∞∑
l=0

∞∑
m=0

Plm .

(G35)

This property is useful in analyzing the power loss due to scattering.

To find the normalized complex amplitude of a certain mode in an arbi-

trary spatial distribution, the ortho-normality can be used in a similar way to

eq. (28)8).

〈
Ψlm

∣∣ Ψ
〉

=

∞∑

l′,m′=0

〈
Ψlm

∣∣ al′m′Ψl′m′

〉
=

∞∑

l′,m′=0

al′m′δl′lδm′m = alm

=

√
2

w(z)

∫ ∞

−∞
dx

∫ ∞

−∞
dy

ul

( √
2x

w(z)

)
um

( √
2y

w(z)

)

exp
{
i [1+l+m]ψ(z) − ik x

2+y2

2R(z)

} Ψ(x, y, z)

(G36)

8) Here a rational expression is used merely to fit the long equation into the limited page
width, nothing more. Note that the complex conjugate of Ψlm was used inside the integral.
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The differences among the modes with different numbers of nodes appear

as the characteristic radius ∼w(z)
√

1+2m for the m-th mode (in either axis),

and the Guoy phase shift [1+l+m]ψ(z) for the lm-th mode. These features are

used in the iris (diaphragm) and the mode selector [63], respectively, to select

the desired mode which is usually the fundamental mode.

G.4: Laguerre-Gaussian mode

Another complete set of eigen functions of eq. (1) can be obtained by using

cylindrical coordinates {
x = r cos θ
y = r sin θ ,

(G37)

which is useful when axial symmetry can be assumed. Then eq. (1) can be

rewritten as
[(

∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2

)
− i2k

∂

∂z

]
Ψ(r, θ, z) = 0 . (G38)

A solution of this differential equation can be obtained by trying a form

similar to eq. (17),

Ψ(r, θ, z) = A(z)B
(

2r2

w2(z)

)
C(θ) exp

{
− ik

2
r2

z+izR

}
. (G39)

Among the factors, C(θ) can be easily separated and solved as C(θ)= exp{ilθ}
where l is an integer. Then the remaining factors must satisfy

χ B̈(χ)+(1−χ) Ḃ(χ)−
{
l2

4χ
+

1

2
− 1

2izR

[
z + (z2+z2

R
)
Ȧ(z)

A(z)

]}
B(χ) = 0 , (G40)

where χ = 2r2/w2(z).

Assuming B(χ) to be B(χ) = χjD(χ), then eq. (40) is reduced to

χ D̈(χ) + (2j + 1 − χ) Ḋ(χ) +mD(χ) = 0 , (G41)

whose solutions are known as Laguerre polynomials shown in eq. (46), if j and

A(z) satisfy the following conditions.

j = |l|/2 and 2m = −1 − 2j + 1
izR

[
z + (z2+z2

R
) Ȧ(z)
A(z)

]
(G42)

The latter equation can be solved as

A(z) = A0
exp{ i [1+|l|+2m]ψ(z) }√

z2 + z2
R

. (G43)
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In the end, the solution of eq. (38), which represents a Laguerre-Gaussian

mode, can be written in a similar way to eq. (30) as9)

Ψ(l)
m (r, θ, z) =

√
2

w(z)
ŭ(l)
m

( √
2r

w(z) , θ
)

exp

{
i [1+|l|+2m]ψ(z) − ik

r2

2R(z)

}

(l ∈ Z, m ∈ N0) ,

(G44)

where ψ(z), w(z), and R(z) are identical to those in Hermite-Gaussian modes,

defined in eq. (14). Again, this is normalized so that the power carried by

that mode is given by squaring the absolute value of an additional factor, the

normalized amplitude.

The normalized eigen functions ŭ
(l)
m (ξ, θ) are defined as

ŭ(l)
m (ξ, θ) = u(|l|)

m (ξ) exp{ilθ} (l ∈ Z, m ∈ N0)

u(l)
m (ξ) =

√
m!

π(m+l)!
ξl L(l)

m (ξ2) exp(−ξ2/2) (l,m ∈ N0)

= u
(0)
0 (ξ)

√
m!

(m+l)!
ξl L(l)

m (ξ2) ,

(G45)

where the indices m and |l| represent the numbers of radial and angular nodes,

respectively. Note that this is not a real function but a complex one (unless

l=0). In eq. (45), L
(l)
m (χ) is the generalized Laguerre polynomial defined as

follows.

L(µ)
m (χ) =

eχχ−µ

m!

dm

dχm
e−χχm+µ (µ > −1, m ∈ N0)

L
(µ)
0 (χ) = 1

L
(µ)
1 (χ) = (1 + µ) − χ

L
(µ)
2 (χ) = 1

2
{(2+µ)(1+µ) − 2(2+µ)χ + χ2}

L
(µ)
3 (χ) = 1

6
{(3+µ)(2+µ)(1+µ) − 3(3+µ)(2+µ)χ + 3(3+µ)χ2 − χ3}

.

.

.

(G46)

Among the normalized eigen functions, those with l=0 are cylindrically

symmetric, i.e. have no dependence on θ.

ŭ(0)
m (ξ, θ) = u(0)

m (ξ) =
1√
π
L(0)
m (ξ2) exp(−ξ2/2) (m ∈ N0) (G47)

9) Here the parenthesized superscript, in e.g. u
(l)
m , for the angular index is adopted to avoid

a possible confusion with an exponent. One may find those without parentheses in literature.
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Furthermore, the lowest mode coincides with the counterpart in the Hermite-

Gaussian mode set, i.e. the fundamental mode.

u
(0)
0 (r/σ) = ŭ

(0)
0 (r/σ, θ) = u0(x/σ) u0(y/σ) = u00(x/σ, y/σ) (G48)

As in the Hermite-Gaussian case, the normalized eigen functions u
(l)
m satisfy

the ortho-normal relation

∫ ∞

0

dξ

∫ 2π

0

ξdθ
{
ŭ(l)
m (ξ, θ)

}∗ {
ŭ(l′)
m′ (ξ, θ)

}
= δll′δmm′ . (G49)

Note that one of the eigen functions ŭ
(l)
m (ξ, θ) in the integral must be taken as

its complex conjugate, since it is a complex function. Except for this point, all

the discussion for Hermite-Gaussian modes (from eq. (33) through eq. (36)) are

applicable also to Laguerre-Gaussian modes.

The biggest difference of Laguerre-Gaussian modes from Hermite-Gaussian

modes is that the eigen functions are complex functions. This means that the

wave front is no longer given by a spherical surface with the curvature of R(z)

unless l=0. The constant phase surface of Laguerre-Gaussian mode with l 6=0

will be a spiral whose pitch is determined by l. This causes a singularity at the

center (x=y=0), but the amplitude there is zero (since it is the crossing point

of nodal lines) and the phase cannot be defined there.

Another consequence of the complex eigen function is that the angular

nodal lines move with the time. To see this effect, we need to return to eq. (3).

Inserting eqs. (44) and (45) into eq. (3), the phase part is represented by

6 E = [1+|l|+2m]ψ(z) − kr2

2R(z)
+ lθ + (ωt−kz) . (G50)

In a z=const. plane, the constant phase surface (such as nodal lines) rotate with

an angular frequency of −ω/l. This can be understood as the cross section of a

propagating spiral.

It is possible to compose a real eigen function by appropriately combining

those with l>0 and l<0, i.e.

ú(l)
m (ξ, θ) =

1√
2

[
ŭ(l)
m (ξ, θ) + ŭ(−l)

m (ξ, θ)
]

=
√

2u(l)
m (ξ) cos(lθ)

ù(l)
m (ξ, θ) =

−i√
2

[
ŭ(l)
m (ξ, θ)− ŭ(−l)

m (ξ, θ)
]

=
√

2u(l)
m (ξ) sin(lθ)

(l ∈ N, m ∈ N0)

(G51)
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Note that l in these definitions are restricted to positive integers (l >0). Either

ú
(l)
m or ù

(l)
m satisfy the ortho-normal relation eq. (49) and they are orthogonal to

each other. The union of these two sets and the set of cylindrically symmetric

ones {u(0)
m , ú

(l)
m , ù

(l)
m } is complete, but each set is not complete by itself.

G.5: Gaussian beam with different parameters

Let us consider, as an example, to expand a fundamental Gaussian beam

with different parameters, however with the same axis of propagation, to a series

of eigen modes. This example is useful in considering, for instance, the visibil-

ity of an interference of two fundamental Gaussian beams but with different

parameters (curvature and beam radius).

As can be seen in eq. (14), these parameters are determined by the distance

from the waist point z−zw and the Rayleigh range zR. It is convenient to

combine these two into a single parameter as

z(z) = (z−zw) + izR , (G52)

which is called the complex beam parameter. Using this, the parameters in

eq. (14) can be written as

1

z(z)
=

1

R(z)
− i

w2
w

zRw2(z)
exp {iψ(z)} = i

√
z∗(z)

z(z)
, (G53)

and a Hermite-Gaussian mode eq. (30) as

Ψlm(x, y, z) =

√
2zR/λ

z(z)

Hl

(√
2x

w(∆z)

)

√
2l l!

Hm

( √
2y

w(∆z)

)

√
2mm!

exp

{
− ik

2

x2+ y2

z(z)

}
ei [l+m]ψ(∆z) .

(G54)

A fundamental Gaussian beam Ψ′ with a complex beam parameter z′ can

be expanded to a series of Hermite-Gaussian mode with a different parameter z

described above. From eq. (36), this can be written as

alm =
〈
Ψlm

∣∣ Ψ′ 〉 =

∫ ∞

−∞
dx

∫ ∞

−∞
dy Ψ∗

lm(x, y, z) Ψ′(x, y, z)

=
2
√
zRz′R

λ z∗(z) z′(z)

exp{−i[ l+m]ψ(∆z)}√
2(l+m) l!m!

×
∫ ∞

−∞
dx

∫ ∞

−∞
dy Hl

(√
2x

w(∆z)

)
Hm

( √
2y

w(∆z)

)
exp

{
− ik

2

(
1

z′(z)
− 1

z∗(z)

)
(x2+ y2)

}
.

(G55)
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For example, the amplitude of the fundamental mode component (l=m=0)

can be obtained as

a00 =
〈
Ψ00

∣∣ Ψ′ 〉 =
2
√
zRz′R

λ z∗(z) z′(z)

∫ ∞

−∞
dx

∫ ∞

−∞
dy exp

{
−D(z) (x2+ y2)

}

=
2
√
zRz′R

λ z∗(z) z′(z)

{∫ ∞

−∞
exp

[
−D(z) x2

]
dx

}{∫ ∞

−∞
exp

[
−D(z) y2

]
dy

}

=
2
√
zRz′R

λ z∗(z) z′(z)

{√
π

D(z)

}2

=
i2

√
z′RzR

z′(z)−z∗(z)
=

i2
√
zRz′R

(zw−z′w) + i(zR+z′R)

where D(z) =
ik

2

(
1

z′(z)
− 1

z∗(z)

)
.

(G56)

This will be unity if and only if z′w=zw and z′
R
=zR, i.e. the two beams have

exactly the same complex parameter.

If the distances from the waist point are the same (z′w=zw), the ampli-

tude of the fundamental component is determined by the Rayleigh range or,

equivalently, the beam radius at the waist.

a00

∣∣
∆w

=
2
√
zRz′R

zR+z′
R

=
2www

′
w

ww
2+ w′

w
2 ≃ 1 − 1

2

(
∆w

w

)2

. (G57)

The relative power that does not contribute to the fundamental mode due to

the mismatch of the beam radius can be considered as a ‘loss’, which can be

written as

A∆w = 1 −
∣∣∣ a00

∣∣
∆w

∣∣∣
2

=

(
ww

2− w′
w

2

ww
2+ w′

w
2

)2

≃
(

∆ww

ww

)2

for ∆ww = ww−w′
w ≪ ww .

(G58)

Similarly, if the beam radii at the waist (not at the interfering point) are the

same, i.e. z′
R
=zR=πw2

w/λ, but the distances from the waist are different, then

the amplitude of the fundamental component and the loss due to mismatch are

given as

a00

∣∣
∆zw

=
i2zR

(zw−z′w) + i2zR

=

[
1 +

zw−z′w
i2zR

]−1

A∆zw = 1 −
∣∣∣ a00

∣∣
∆zw

∣∣∣
2

=

(
zw−z′w

2zR

)2/[
1 +

(
zw−z′w

2zR

)2 ]

≃
(

∆zw
2zR

)2

for ∆zw = zw−z′w ≪ zR ,

(G59)
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respectively.

In a similar way to eq. (56), the amplitudes of higher order components can

be rewritten as

alm =
〈
Ψlm

∣∣ Ψ′ 〉

=
2
√
zRz′R

λ z∗(z) z′(z)

exp{−i[ l+m]ψ(∆z)}√
2(l+m) l!m!

×
{∫ ∞

−∞
exp

{
−D(z) x2

}
Hl

(√
2x

w(∆z)

)
dx

}{∫ ∞

−∞
exp

{
−D(z) y2

}
Hm

( √
2y

w(∆z)

)
dy

}
,

(G60)

where D(z) is the same as in eq. (56). Since the exponential term in each integral

is an even function, the integral with a Hermite polynomial with an odd index

must vanish. Thus, the non-zero components are those with even numbers for

both indices.

From the definition of Hermite polynomials in eq. (20), some of the low

order terms can be obtained as follows.

2E a00 =
√

2 a02 =
√

2 a20

2E2 a00 = a22 =
√

2/3 a04 =
√

2/3 a40

2E3 a00 =
√

1/5 a06 =
√

1/5 a60 =
√

1/3 a24 =
√

1/3 a24

2E4 a00 =
√

2
35
a08 =

√
2
35
a80 =

√
1
10
a26 =

√
1
10
a62 = 1

3
a44

...

where E =
exp{−i2ψ(∆z)}

2
×

{
2

w2(∆z)D(z)
− 1

}

= −1

2

z

z∗

{
−i2zRz∗z′

|z |2 (z∗−z′)
− 1

}
=

1

2

z − z′

z∗− z′
=

1

2

(zw−z′w) − i(zR−z′R)

(zw−z′w) + i(zR+z′R)

(G61)

Note that E is a constant, i.e. not depending on z. This implies the fact that the

amplitude of each mode does not change along the propagation, as expected.
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Appendix H: Higher order local oscillators

When modulation-induced sidebands are used as the local oscillators, one

must be careful that there may be other components than those used as the

local oscillators. For example, if the sidebands are produced by a phase modu-

lation10), each component can be written, from eq. (2.20), as

al = Jl(ma) ei(ω0±lωa)t (l ∈ N0) (H1)

where ma and ωa are the index and the frequency of the modulation induced

to produce the sidebands, respectively.

What is usually used as the local oscillator are the first order sidebands,

i.e. those with l=1 in eq. (H1). In the case of external modulation, these first

order sidebands must be as large as possible in order to maximize the amount

of output signal. Then the required modulation index will be ma≈ 1.84 radian.

With such a high modulation index, the higher order sidebands with l≥2 in

eq. (H1) will have non-negligible amplitudes. The remaining carrier component

(l=0) also has a relatively large amplitude. Both of them may affect the amount

of the signal as well as that of the noise.

In the case of internal or pre-modulation schemes, the optimum modulation

index is determined as a compromise of the local oscillator amplitude and the

remaining carrier component (see Ref. [25]), and often not a small value (∼0.5).

Thus, higher order sidebands affect the signal and noise, although their effects

are less significant than the external modulation case. (In this case the carrier

component has no effect since that from two arms cancel each other and does

not hit the photo-detector.)

These higher order sidebands (and the remaining carrier component) be-

have as local oscillators, with, however, different frequency from the ‘main’ local

oscillators (l=1). Thus, these convert the optical information to the photo-

current but at different frequencies from those of the main local oscillators, i.e.

lωa instead of ωa. They will contribute to the output signal when these are also

(electrically) demodulated, i.e. multiplied by their frequencies lωa.

Note, however, that only the odd components (l = 2j+1) behave as the

phase detector simultaneously with the main (l=1) local oscillators, whereas the

10) This is what is commonly done because of its easiness and efficiency. Since amplitude
modulation requires the change in instantaneous power, it may result in the loss of the max-
imum available power.
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even components (l = 2j) detect the amplitude modulation. This is due to the

relative phase of 6 i=π
2

between the odd components and the even components

(see eq. (2.20) in 2.2.1).

What requires a more serious consideration is the noise. Even if these

higher order components are not multiplied by their frequencies, these produce

noise at the signal frequency range, because they interfere with the vacuum

fluctuation which causes the shot noise (see the discussion in 3.5.2). In the end,

the fluctuation in the detected power due to the shot noise is determined only

by the total amount of the detected power, including these components which

do not contribute to the signal. Thus, it is desirable to make only the local

oscillator contribute to the signal in order to optimize the signal-to-noise ratio.

For example, the noise at frequency ωn in the output signal is demodulated

from ωa±ωn in the photo-current (assuming demodulation only at ωa). The

ωa+ωn component in the photo-current is a result of the interferences of the

light at frequencies of ω0±ωn and ω0∓ωa. Similarly, the ωa−ωn component in

the photo-current is resulting from ω0∓ωn and ω0±ωa. Thus, these are the

components related to the output noise at ωn.

If higher order (optical) local oscillators with ω0±lωa are present, however,

the interference of, for example, ω0±(l−1)ωa+ωn and ω0±lωa also produces the

ωa±ωn component in the photo-current, and thus contributes to the output noise

at ωn. Even though there may not be any interesting signal at ω0±(l−1)ωa+ωn,

there are the vacuum fluctuations which contribute to the noise.

Furthermore, since these different frequency components interfere with the

same vacuum fluctuation, the fluctuation in the photo-current has correlations

among the different frequency components. For example, the vacuum fluctu-

ation at ω0+ωn interferes with all the components with ω0±lωa. This results

in the fluctuation in the detected power with correlation among the frequency

components with ωn±lωa.

When the photo-current is demodulated at ωa, only ωa±ωn components

contribute to the noise at ωn. When it is also demodulated at lωa, however,

other components also affect the noise in the demodulated output. This does not

necessarily mean that the amount of noise increases but it may decrease when

the correlated noise contributions are subtracted properly. Further discussion

on this topic can be found in Refs. [27] and [31].
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